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Calculation of spectral line profiles of multielectron emitters in plasmas
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A theoretical formalism and computer code have been developed to calculate spectra of mul-

tielectron emitters in plasmas. The plasma electron broadening is treated by a quantum-mechanical
relaxation theory. The static-ion approximation is used to treat plasma ion broadening of the atom-
ic levels. Calculated lithiumlike and berylliumlike krypton spectra are compared to experimental
spectra obtained in laser implosion experiments at the Laboratory for Laser Energetics, University
of Rochester.

I. INTRODUCTION

In this paper we describe a formalism and computer
code which have been developed to calculate theoretical
spectral line profiles for a general multielectron emitter in
a plasma, using data for atomic energy levels and radial
matrix elements calculated by atomic structure programs.
These line profile calculations are presently done using
the static-ion approximation, in which the plasma ions
which perturb the emitting ion, or radiator, are assumed
to have negligible motion during the average lifetime of
the radiator excited states. The microfield due to the
plasma ions can cause shifts and splittings of the energy
levels of the radiator; and it can mix radiator states of op-
posite parity, permitting transitions which are not al-
lowed in the absence of the field. A quantum-mechanical
relaxation theory is used to calculate the plasma electron
broadening of the spectral lines. ' The form of this line
profile calculation could also permit an impact or unified
theory treatment of electron broadening to be employed.
It should also be possible to include the effects of ion dy-
namics within this formulation.

We use this program to calculate the N=3 to 2 and
N =4 to 2 lithiumlike and berylliumlike krypton spectra
in plasmas having electron densities of 10 to 10 cm
and a temperature df 1100 eV, and compare our theoreti-
cal spectra to experimental spectra obtained in laser-
produced plasma experiments at the Laboratory for
Laser Energetics, University of Rochester (LLE).

II. I.INE PROFILES IN THE STATIC-ION
APPROXIMATION

The spectral line profile, in the static-ion approxima-
tion, is given by

I(co)=I P(e)J(to, e)de, (l)
0

where P(e) is the static-ion microfield probability distri-
bution and J(co,e) gives the electron-broadened profile
for a given ion field strength e:

J ( to, E ) = ——Im g p; dI; [co Ltt ( e ) M— ( to ) ]—,'I,Id,I .1 —1

ifi'f'

Here, i,f represent initial and final radiator states, L„(e)
is the radiator Liouville operator, which is a commutator
of the radiator Hamiltonian:

LR (e ) = [Hit (e), ],
d is the radiator dipole operator, p is the radiator density
operator, and M (co) is the electron broadening operator.

The sum in Eq. (2) can be considered as the trace of the
product of two matrices, d d and [co Ltt (e) M(co—)]-
where the rows and columns of the matrices are indexed
by the pairs (i,f) If a field-.dependent atomic basis set
were used to calculate the line profile, forbidden transi-
tions would appear explicitly for nonzero field as diagonal
matrix elements of the dipole transition matrix, d d.
Since the trace of a matrix is invariant under unitary
transformations, the same result can be obtained using a
field-independent basis set, which is what we have done in
this calculation.

For the work presented here, M(co) was calculated to
second order in the radiator-electron interaction for
which the dipole approximation was used. Higher mul-
tipoles might be significant in the electron broadening, '

but they were not considered. The electron widths ob-
tained here were less than those due to Doppler and
source broadening for electron densities less than 10
cm, so the dipole approximation should not cause
significant errors in our experimental analysis. Using
these approximations, elements of the tetradic electron
broadening operator can be written in the form
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(3)

where n, is the plasma electron density, I is the electron mass, R is the radiator electron position operator, and 6 (i')
is a function which represents the effects of the perturbing electrons. The calculation of 6 (co) involves a trace over per-
turbing electron wave functions, which were taken to be Coulomb wave functions. To obtain this form for M(co), the
no-quenching approximation has been made; i.e., all matrix elements of R between initial and final radiator states are
set equal to zero. When this approximation is not made, M (co) takes on a more complicated form.

III. MULTIELECTRON RADIATORS

In order to calculate a spectral line profile for a multielectron radiator using Eqs. (l}—(3), matrix elements of the
atomic operators d, R, and z are needed. Matrix elements of d (and similarly for R) are given by

J; 1 Jf
&r;JM; Id, lrfJfMf& e( I} M q M &r;J;IIP"'llrf f&

l
(4)

where & y;J; IIP'"llyI JI & is a reduced radial matrix element of the radiator electron position operator,
P"'=g~, r'"(i); and d is a spherical tensor component of d. The ket

I y;J, M, & represents a state of the radiator: J;
and M; are angular momentum quantum numbers and y; represents all other quantum numbers of the state. The nota-
tion used here is from Cowan's text on atomic physics.

Using Eq. (4), the term d,ydI. ;., which appears in Eq. (2), can be written

J; 1 J J ~ I J;.
d. d =e ( —I}'J +J~,—MI —M f f'

if f'i ' —Mi MI —Mf Mf Mf ™fM

The term

«r;J;IIP"'llr~JI&&yI JI IIP"'llr; J; &5~,. w, ,~, M,

g R ' R -'6 ( hco -I),

which appears in Eq. (3) for M(co), can be written as

g R;,- R;-; 6 ( b,ro;-& )

= X ( I) ' '"(2J—;+I) '5J, ;,5~M, , &y;.J;IIP'"llr;-J;-&&y; J; IIP'"llr; J; &6(~~, „&„,» ) .
y,.„J,.„

The radiator Hamiltonian in the presence of an ion
6eld is given by

H„(e)=H„(0)+ee R

or by

Htt, (e)=H„(0)+eez

the atomic data that are needed as input are the radiator
energy levels —matrix elements of H„(0) in Eq. (8), and
the reduced radial matrix elements,

&r; J;IIP"'llr; J; &

&r J IIP'"llrfJI&

if the z axis is chosen to be in the direction of e. The ma-
trix element of z is

and

& rfJf IIP' "llr f'Jf'&

&y, J,M, lz lr, ,J, ,M,'&

J; 1 J;
Mi 0 M M~,

x &y, J, IIP'"lly, 'J,'& . (9)

With this formulation of the line broadening problem,

which appear in Eqs. (5), (6), and (9).

IV. SELECTION OF ATOMIC STATES
FOR THE LINE PROFILE CALCULATION

In general, the indices i, f, i', f' of Eqs. (2) and (3)
would each range over all states of the radiator. In a
practical application, only a small subset of the matrix
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elements of d and R contribute significantly to the line
emission in a given range of energies. The significant ele-
ments of d are those which correspond to transition ener-
gies which lie within or near the spectral energy range to
be studied. All other elements of d can be neglected.
This usually restricts the sets of initial states and final
states to two nonoverlapping energy ranges. Again, usu-
ally these ranges are separated suKciently so that the ma-
trix elements of R of the form R;f are negligible in com-
parison with those of the form R,,'. The no-quenching
approximation is the neglect of the elements R,f in the
calculation of M(co). In Eq. (3) a term of the form
R,;- R, , or Rff. Rf .f. appears. The states i",f" are
called perturbing states. All perturbing states which con-
tribute significantly to the electron broadening must be
included. Usually, this only includes states i" (f")

within or near the energy range of the set of initial (final)
states.

In calculations presented in this paper the no-
quenching approximation is used; and it is assumed that
the energy range of the set of initial states plus initial per-
turbing states does not overlap the energy range of the set
of final states plus final perturbing states. The formalism
can easily be extended to include quenching, but the size
of the calculated matrices will increase greatly.

V. MATRIX CALCULATIONS

The tetradic operator [co Lz(e) —M—(co)], which ap-
pears in Eq. (2), must be calculated and inverted to obtain
the spectrum. The neglect of matrix elements of the form

d;;, dff. , and R,f greatly simplifies the calculation of
[M Lg ( 6) —M ( co ) )—; only elements of the form
[cu Lq(e) M—(co)] f —'f' are req'u'ired. The operator can
be put into the form of a matrix if each pair of subscripts
i,f is represented by a single integer j which indexes the
rows and columns of [co Lz(e) —M—(co)]. The inversion
can then be done by numerical matrix inversion.

The matrix [co LR (e) M(co—)] can b—e quite large, but
it does have, at least in certain approximations, a block-
diagonal form. The computer program which calculates
the spectrum determines the block diagonalization and
does the calculation using the matrix blocks.

Further approximations which are optional in the pro-
gram but which may be necessary due to limits of com-
puter size or time are the neglect of lower state broaden-
ing [the second term of Eq. (3)], the neglect of interfer-
ence terms [the last term of Eq. (3)], and the neglect of
ion field induced shifts of the lower states [matrix ele-
ments (f

~

z
~

f') in Eq. (8)]. These approximations are
good if, as is often the case, the final states of the transi-
tions of interest are much less affected by plasma pertur-
bations than are the initial states.
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FIG. 1. Lithiumlike krypton spectrum, 2200-2350 eV, N =3
to 2 transitions. Electron density, 1.5)(10 ' cm; temperature,

1100eV.
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in these experiments contain spectral lines from hydro-
genic and heliumlike argon, and also lines from lithium-
like and berylliumlike krypton. Here we show theoretical
spectra for the N=3 to 2 and N=4 to 2 transitions of
Li-like and Be-like Kr, and compare them with the LLE
time-integrated spectra. We examine the density depen-
dence of these spectra in order to determine their sensi-
tivity and hence their usefulness as a density diagnostic
for laser implosion experiments.

The atomic data used in generating these spectra were
calculated with the atomic structure codes of Cowan.
The microfield probability distributions were calculated
with the codes of Tighe and Hooper. The approxima-
tions of no lower state broadening, no interference terms,
and no ion field induced lower state shifts were used in
calculating the spectra presented here. Sample calcula-
tions were done for the Li-like Kr N =4 to 2 spectra in-
cluding lower state broadening and lower state shift; and
they were found to be in close agreement with the spectra
in which these effects were omitted. The radiator density
operator p was taken to be the Boltzmann factor in this
work; but it could be changed to represent non-LTE plas-
ma conditions.

In Figures 1 and 2 we show theoretical Li-like and Be-
like Kr spectra for N =3 to 2 transitions in the energy
range 2200-2350 eV. These are calculated for an elec-

VI. COMPARISON KITH SPECTRA
FROM LASER-PRODUCED PLASMAS
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Laser implosion experiments have been done recently
at LLE using targets which contained a mixture of argon
and krypton gases. Details of these experiments are dis-
cussed by Delamater et al. ' The x-ray spectra obtained

FIG. 2. Berylliumlike krypton spectrum, 2200—2350 eV,
N =3 to 2 transitions. Electron density, 1.5&10 cm; tem-
perature, 1100eV.
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tron density of 1.5&(10 cm and a temperature of
1100 eV. In all theoretical spectra in this paper, the
Stark-broadened profiles have been convoluted with a
Doppler profile and with a 1.5-eV half-width at half max-
imum (HWHM) Lorentzian to simulate the source
broadening which is present in the experimental spectra.
Figure 3 shows a comparison of the combined spectra of
Figs. 1 and 2 to the LLE x-ray spectrum from shot 11582
for the energy range 2200-2350 eV. The experimental
spectrum in this energy range is composed predominately
of lines from Li-like and Be-like Kr N =3 to 2 transi-
tions. The plasma conditions used for these theoretical
spectra were indicated by analysis of the hydrogenic and
He-like Ar spectral lines from shot 11582.' The
linewidths obtained in this figure are due predominately
to Doppler and source broadening. Even at electron den-
sities of 10 cm there is little change in the calculated
spectra; so for densities g 10 cm, the Stark broaden-
ing of the N =3 to 2 Li-like and Be-like Kr lines is too
small for these lines to be of use as a density diagnostic.

The Li-like Kr spectral lines from N =4 to 2 transi-
tions do, however, show significant Stark broadening at
10 cm; and the N =4 to 2 Be-like Kr lines show
significant Stark broadening at 10 cm . Figure 4
shows theoretical Li-like Kr spectra for the energy range
2900—3100 eV, a temperature of 1100eV, and densities of
10, 2g10, 4)(10, and 10 cm . Over this density
range there is a large change in the linewidths and
shapes; at the upper end of the density range the ion
microfield splits each of the two main peaks into two
components. This broadening and splitting of the Li-like
peaks should be a fairly sensitive density diagnostic for
densities & 10 cm . Figure 5 shows theoretical Be-like
Kr spectra for electron densities of 1.5&10 and 10
cm, and a temperature of 1100 eV. At 1.5&(10
cm, the broadening is mainly Doppler and source
broadening, but at 10 cm, Stark broadening is the
predominant broadening mechanism. At 10 cm, the
ion microfield has significantly changed relative peak in-
tensities from those at 1.5)&10 cm . At this highest
density, errors due to the neglect of electron degeneracy
will be on the order of 1%." Figure 6 shows combined
spectra for Li-like and Be-like Kr at densities of 2)&10
and 10 cm, and a temperature of 1100 eV. In Fig. 7
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the effect of the ion microfield on the Li-like N =4 to 2
lines is shown. The dashed line shows the combined-Li-
like and Be-like N =4 to 2 spectra, including ion
microfield effects, and the solid line shows the spectrum
resulting when the ion microfield is neglected in calculat-
ing the Li-like lines. It can be seen that the ion microfield
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FIG. 3. Comparison of combined Li-like and Be-like Kr
theoretical spectra; electron density, 1.5X10 cm; tempera-
ture, 1100 eV {dashed line), with LLE shot 11582 {solid line),
2200-2350 eV.

FIG. 4. Li-like Kr spectrum, 2900—3100 eV, N =4 to 2 tran-
sitions. Temperature, 1100 eV; electron density: {a) 10 ', {b)
2&(10; (c) 4)(10; (d) 10 cm
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tions in Figs. 7 and 8, the large ion broadening indicates
that the lines are becoming hydrogenic (exhibiting a
linear Stark effect). In that case, the criterion for validity
of the static-ion approximation is that the characteristic
time for the radiator state, 1/b, co, be much less than the
time scale for motion of the ion which produces the Stark
shift Ace. The time scale for the ion motion is r /vp,
where r is the ion-radiator separation and vp is the ion-
radiator relative velocity. This can be written'

3fiZ~ ( n; q; nf—qf ) u~

2Zq pal p

Here, Z„ is the nuclear charge of the radiator, Z is the
charge of the perturbing ion, and n;q;, nfqf are the prin-
cipal and parabolic electric quantum numbers for the ini-
tial and final radiator states. Eliminating r gives

2' vp Zr
6N ))

3hZ&(n;q; nfq—f )

Using pu /2=3kT/2, where p is the ion-radiator re-
duced mass, this becomes' '

2mkTZ„
Eco ))co

pAZ (n, q; nfq—f )

For the Li-like Kr lines in Figs. 7 and 8, m, ranges from
0.0024 eV (q; =3) to 0.0071 eV (q; =1). The shift of the
final state due to the microfield was negligible so qf was
set equal to zero. Since the line half-widths were approxi-
mately 3-4 eV before convolution with the 1.5-eV
Lorentzian, ion dynamic effects should be negligible for
these spectral lines.

VII. CONCLUSION

We have described a theoretical formalism and com-
puter code for the calculation of multielectron ion spec-
tra and shown applications of the code to analysis of Li-
like and Be-like Kr spectra obtained in laser implosion
experiments. In its current form or with minor
modifications, this code can be used in the analysis of
spectra from various multielectron radiators in plasmas
aveI a large range of densities and temperatures.
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