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We perform discrete-mode calculations for a parametric amplifier with a quantum pump and dis-
cuss some of the limitations on calculations of this sort in quantum optics. We calculate corrections

to the squeezing due to pump quantum fluctuations to order N~

, for a pump initially in a coherent

state with average photon number N. We find that the llmlt to the variance of the squeezed quadra-
ture due to the quantum nature of the pump goes as N

I. INTRODUCTION

The parametric amplifier? (PA) is a basic device in
quantum optics and quantum electronics. It couples a
pump field at frequency o, to signal modes at frequencies
near o=, /2. In this paper we are mainly interested in
the application of the PA for generating squeezed
states,> > i.e., quantum states for which one of a pair of
canonically conjugate variables has its quantum noise
(uncertainty) reduced below the vacuum level (zero point
noise). The main purpose of this paper is to show that
the ability of a PA to produce squeezed light is limited by
the initial phase noise in the pump.

When the signal modes are initially in vacuum states,
only the pump’s phase can determine which quadrature
will be squeezed. If the pump’s phase fluctuates, then
the quadrature chosen will have a slight admixture® of its
conjugate quadrature—the noisy quadrature. This argu-
ment is treated more carefully in Sec. II for the case of
phase noise in a classical pump. Calculations of the
corrections to semiclassical order (i.e., to order 1/N in
the matrix elements, where N is the average photon num-
ber of the pump) have been previously performed for
both the one-’ and two-mode? PA.

Hillery and Zubairy’ studied the one-mode PA with an
interaction Hamiltonian

ﬁim:i%"—<a*zap—aza;) (1.1
(up to a phase rotation of the variables), where @ and @,
are the annihilation operators for the signal and pump
modes, respectively, and « is a coupling constant which is
proportional to the second order nonlinear susceptibility
X? of the medium in which the interaction is taking
place. They used a path-integral technique’ to obtain
corrections at the semiclassical order. They did not
claim to get the full semiclassical correction,'” and the
dominant terms they obtained for the fluctuation in the
squeezed quadrature were
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where X, = —i(@—a %)/2 is the quadrature (analogous to
the position operator) which is squeezed by the interac-
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tion in Eq. (1.1), and u =N "%kt is a dimensionless time.
This yields a minimum variance, and hence a limit to the
squeezing, of

1
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which is just what the argument of phase noise in the
classical pump gives (see Sec. II).

Scharf and Walls® studied the two-mode PA whose in-
teraction Hamiltonian is (again up to a rotation of the
variables’ phases)

A, =italala,
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where @, and @, are the annihilation operators for the
two signal modes. They used an asymptotic method
developed by Scharf''~!3 to arrive at the dominant
correction to the variance of the Hermitian variable

(1.5)

as
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where 6+E(6,+62)/\/§. They concluded that the
minimum variance obtainable by the two-mode PA
would be

(1.6)
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How can we compare these calculations? If one
rewrites Eq. (1.4) in terms of the variables
1
6+:‘/—§(6,+62) , (1.8a)
a_zv%(al—az), (1.8b)
then the interaction Hamiltonian may be written'*
ﬁim_z%(a*za ~a%a))—i% i ata,—a’al).
(1.9)
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If the pump is now treated classically then the @ and
@_ modes become completely independent, each de-
scribed by the one-mode PA Hamiltonian equation (1.1).
Thus we might expect the same correction to the squeez-
ing due to a quantum pump as found by Hillery and Zu-
bairy [see Eq. (1.2)]. In fact, since the pump is allowed to
be quantum mechanical, the @, and 2_ modes can in-
teract with each other by modifying their common pump.
Thus these modes cannot completely decouple. Even so,
Scharf and Walls’s results of Egs. (1.6) and (1.7) are
surprising; for a pump with N=10° there is a large
discrepancy
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The purpose of this paper is to resolve the apparent
discrepancy between these two calculations, first noted by
Caves and Crouch.!” We will use three different methods
to calculate the semiclassical corrections for the one- and
the two-mode PA.

This paper is divided into seven sections. Section II
justifies our use of discrete-mode calculations for a
traveling-wave device which in principle should be given
a full continuum treatment, and also reviews the argu-
ment for the contribution of phase noise in a classical
pump. In Sec. III we discuss the symmetries of the
discretized PA system and how they can be used to sim-
plify our calculations.

The first method of calculation (Sec. IV) involves in-
tegrating the Heisenberg equations for the quadrature-
phase amplitudes up to the required order. What is novel
about the approach presented here is that we work out
first the form of all the terms, and then we identify the
dominant terms and proceed to calculate only those
terms. This calculation yields the dominant terms up to
O(1/N ?). By calculating these terms we can estimate
when the semiclassical correction breaks down. We find
that the semiclassical corrections [for instance, Eq. (1.2)]
are valid so long as they are much less than 1.

The second method (Sec. V) is numerical. However,
we are able to obtain analytic expressions for the full
corrections to O(1/N ?). We can do this since the gen-
eral form of these corrections has already been worked
out in Sec. IV. This calculation uses a new algebra which
can be viewed as a semiclassical approximation to the or-
dinary commutator algebra for annihilation and creation
operators. This algebra is used in order to normal order
the annihilation and creation operators of the pump.

The third method (Sec. VI) uses the positive-P distribu-
tion'® to derive Fokker-Planck equations for one- and
two-mode parametric amplifiers. Standard methods of
stochastic calculus!” are then used to derive Ito stochas-
tic differential equations (SDE’s) from the Fokker-Planck
equations. An approximate solution of the SDE’s is ob-
tained by iteration, and the full semiclassical correction is
then calculated analytically.

These three methods agree with each other. The latter
two show that Hillery and Zubairy have in fact calculat-
ed the exact semiclassical corrections to the parametric
approximation for the one-mode PA, namely,
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Similarly, the exact semiclassical expression for the two-
mode PA is found to be
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where X,=-—i(@,—a 1)/2 is the quadrature-phase
operator for the squeezed quadrature, and
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The dominant corrections for the one- and two-mode cal-
culations are the same, and agree with the dominant
correction obtained by Caves and Crouch!® from a con-
tinuum calculation.

I1. DISCUSSION

The conventional approach to problems in quantum
optics typically makes use of a mode expansion to de-
scribe the electromagnetic field. Using this approach,
one can derive from an appropriate Hamiltonian tem-
poral differential equations for the modal creation and an-
nihilation operators, the spatial dependence being carried
by the mode functions. Such an approach is suitable for
cavity devices in which one has well defined standing-
wave modes (the eigenmodes of the cavity), but not for a
traveling-wave device in which such modes are nonex-
istent. One would like to derive spatial differential equa-
tions governing the evolution of the field operators
through the medium, in analogy with classical nonlinear
optics; the conventional approach is clearly unsuited to
this purpose. Tucker and Walls'® and Lane et al.'® recog-
nized these problems with the conventional approach and
developed a continuum wave-packet formalism in an at-
tempt to deal with them.

In this section we briefly describe a discrete-mode ex-
pansion of the electromagnetic field in terms of wave-
packet modes that enable us to derive spatial equations of
motion for PA’s. We assume that the wave packets are
short compared to the nonlinear medium through which
they propagate, so that they “fit” inside the medium, al-
lowing us to ignore boundary effects. Physically, the in-
dividual wave packet propagates from free space through
the entrance boundary on a time scale short compared to
the time it will spend inside the nonlinear medium; in this
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way the interaction is “turned on.” This method is
preferable to the technique often used in the conventional
approach in which the interaction is suddenly turned on
throughout all space, either at time ¢t =0 or at some time
in the remote past. We also present a heuristic argument
for the dominant effect of pump quantum fluctuations on
J
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the variance of the squeezed quadrature in a PA.

We will give a brief outline of the derivation of the
discrete wave-packet mode equations of motion for the
PA; details will be given elsewhere. The discrete-mode
expansions of the signal and pump magnetic field opera-
tors in a dispersionless medium are given by

M hod 2mnofio —iw —nyz/c)—k
Bifzn= 3 3 —cc—roT—n a,(z)e nllf oz /e) Tf]f((t—noz/c)——kTs) , (2.1a)
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k=—o )4
[
where the pump frequency, and o is a cross-sectional area we
use to account crudely for the transverse structure of the
[204(2), 8,020 1= [ B (2), i (2)] =0, (2.2a) field. The discrete-mode expansions described by Eqgs.
(@, (2),8 n'k'(Z)]=5nn'5kk' , (2.2b) (2.1a) and_(2.l‘b) are obtained from a continuum descrip-
~y tion by dividing the signal and pump bandwidths into
[Bk(z),b (2)]1=06k (2.2¢) “bins” of width Aw, and Aw,, respectively, with signal
d center frequency @, = +nAw and pump center frequen-
an cy ©,=20.% Each signal (pump) bin corresponds to a
sinmt /T train of wave packets (corresponding to different values
fj(z)-_—————’ , j=S,p (2.3) of k) in the time domain, each of approximate duration
wt/T; T,=2m/Aw, (T,=27/Aw,) with envelope given by Eq.

is the wave-packet envelope function. Here n, is the in-
dex of refraction of the dispersionless medium, Q, =2Q is

J
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(2.3).
By substituting Eqgs. (2.1a) and (2.1b) into Maxwell’s
equations, we obtain the spatial equations of motion

bo(zra’ ,(2), (2.4a)

dz .= m(kT,—k'T,)/T,
db,(z) K M > o Tkt sin[7(k'T,—kT,)/T,]
__ K p (k' T —kT, p P ) )
“a 5 2_ =2_ e k'T,—kT,)/T, A (2)8_ 0 (2) (2.4b)
[
here th ling constant k' is given b da,(t)
where Hhe coupting given >y " ka,nat (0, (2.72)
, 41TQX(2) Zfrnoﬁﬂ,p 2.5) dt
K = .
nge coT, da,( . M
=71, 2 (0a_ (1), (2.7b)

Here we have assumed that Aw, <<Aw; (or T, >>T) to
avoid coupling among energy nonconserving modes. By
restricting our observations to the region of spacetime
near t —nyz /c =0, we can discard all wave packets (both

s1gnal and pump) with k0, since f;(kT;)=8,, With
a,0z)=a, (z)andb (z)=a,(z), we ﬁnd
da,(z) .
el a,(z)a_,(2), (2.6a)
da,(z) 1M
P K
=—— . 2.6b
i 5 > a,(za_,(z) ( )

n=-M

Assuming that the wave packets are narrow compared to
the scale of variation set by «’, we can replace z by ct /n,
and obtain the temporal equations of motion

where k=ck’/ny. Equations (2.7a) and (2.7b) are identi-
cal to the Heisenberg equations of motion that are de-
rived from the multimode Hamiltonian

M
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(2.8)

when the conventional approach is used.

The Hamiltonian equation (2.8) correctly describes the
interaction of a discrete pump mode with 2M + 1 discrete
signal modes, but it does not provide a completely accu-
rate description of traveling-wave parametric amplifi-
cation, since it ignores the interaction of the pump wave



packet k =0 with signal wave packets other than k =0.
Ignoring as it does interactions with these wave packets,
the Hamiltonian cannot correctly describe nonlinear
effects such as pump depletion; it does, however, correct-
ly describe the effect of the initial pump quantum fluctua-
tions on the signal modes. We will show, first by a
heuristic argument and then by the results of detailed cal-
culations using the Hamiltonian equation (2.8), that the
initial pump quantum fluctuations are responsible for the
dominant correction to the squeezing due to the quantum
nature of the pump. We also calculate higher-order
corrections. By the argument just given, the exact form
of these corrections cannot be related to the physical pa-
rameters of a traveling-wave PA; these corrections are of
physical interest, however, in showing how nonlinear
effects affect the squeezing, and of mathematical interest
in demonstrating the computational tools we have
developed to calculate them.

The wave-packet approach gives us a new and more
realistic way to deal with traveling-wave problems in
quantum optics; it also leads one to realize that the con-
ventional Hamiltonian approach can lead to misleading
results when used blindly. We will, however, ignore dis-
tinctions between the conventional and the wave-packet
approaches through much of this paper. The point we
wish to make is that the wave-packet modes are an ap-
propriate set of modes for describing the spatial evolution
of quantized electromagnetic fields in traveling-wave de-
vices without resorting to continuum calculations.

We will now give a heuristic argument for the effect of
pump quantum fluctuations on the squeezing produced
by a parametric amplifier. Our treatment of parametric
amplification has thus far treated the pump quantum
mechanically. Under certain circumstances, one can
treat the pump classically, in what is known as the para-
metric approximation; in this approximation, one re-
places the pump operator by a ¢ number «, =N 172,
The interaction Hamiltonian for a one-mode PA, where
we ignore all modes in Eq. (2.8) except for n =0, is

kN '/
Hy=i="—

—id

[a e —ane ", (2.9)

where @,(t)=a(¢); two resulting equations of motion are

da(t)

dt Nl/2 pa (t) (2103)
+ )
dﬁdt(t) —xN 1/2e_'¢p alr) . (2.10b)

We define two sets of quadrature-phase amplitudes, *

2,(n=2lan+2 (0] (2.11a)

2,(0=——=[a(n—a (1] (2.11b)
and

2 4(n=late " +a e, (2.12a)
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the two sets being identical when ¢,=0. The two sets of
quadrature-phase amplitudes are related by the rotation

t)cos(d, /2)—R y1)sin(é,/2) ,  (2.13a)
(2.13b)

X ()=x |
%,(8)=% 3(t) cos(¢, /2)+X \(t)sin(¢, /2) ,

pictured in Fig. 1 for ¢,/2=A¢. By substituting Egs.
(2.12a) and (2.12b) in Eqgs. (2.10a) and (2.10b), we see that
the quadrature-phase amplitudes X j(¢) and X (¢) decou-
ple the equations of motion:

dﬁ ’l(t) 1/2a 1 s oo

at =kN X [()=X {(u)=% 1(0)e" (2.14a)
d‘/x\ll(t) 5 1/2a 1 At A

” =—kN "X 3(t)=Xx5u)=%x50)e ", (2.14b)

where u =N /%t is a dimensionless time. For a vacuum
input, one easily finds that

(AR H(u)) =1e?
(AR 4% u))z%e_ us,

(2.15a)
(2.15b)

the X  quadrature exhibits maximum squeezing when the
pump’s phase is ¢,. The corresponding noise in the
quadrature-phase amplitudes X, and X,, from Egs.
(2.13a), (2.13b), (2.15a), and (2.15b) is described by

(A% {(u)) =1e* cos’(,/2)++e ~*sin’(4,/2) , (2.16a)

(AR 3(u))=1e " cosX($,/2)+ Le?sin*(¢, /2) . (2.16b)

Suppose we allow the pump’s phase to fluctuate. For
the quantized pump in a coherent state |N 1/2) with
mean photon number N, the phase fluctuations are
characterized by

(Ag2Y=(g2) = —1:

(2.17)
since we may choose without loss of generality (:b ) =0.
Because N is large (A¢2) will be small; we can thus
approximate cos’(¢,/2) by 1, sin’(¢,/2) by (&}/4)
=1/16N, and the variance of the X, quadrature by

(AR 3(u)) ~Le 24 L o
64N

(2.18)

The pump can be considered classical and the parametric
approximation valid when the correction term is small,
that is, when

N >> Lexp(4N '%t) , (2.19)

where we have used the definition of . The second term
of Eq. (2.18) is the dominant correction to the variance of
the squeezed quadrature due to pump quantum fluctua-
tions. Because of the quantum nature of the pump, phase
fluctuations are unavoidable; Fig. 1 illustrates their effect.
The solid ellipse represents squeezing with a classical
pump (i.e., the parametric approximation) with a well
defined phase ¢,=0. When ¢,70, the ellipse is rotated
by an angle ¢,/2, as demonstrated by Egs. (2.13a) and
(2.13b). Pump phase fluctuations cause the orientation of
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FIG. 1. The effect of pump phase fluctuations on squeezing.
The ellipse with solid lines represents ideal squeezing, in which
the pump has a well defined phase. Phase fluctuations in the
pump cause the orientation of the ellipse to fluctuate about
¢,=0, with the characteristic angle Ap=1/(4N '7?), feeding
noise from the amplified quadrature into the squeezed quadra-
ture.

the ellipse to fluctuate about ¢, =0 with the characteris-
tic angle A¢=<¢§ /4)72=1/4N 2, as represented by
the dotted ellipse in Fig. 1, feeding noise from the
amplified quadrature into the squeezed quadrature. One
also sees why amplitude fluctuations are unimportant.
Amplitude fluctuations merely produce fluctuations in
the gain (or rate of squeezing); they do not couple noise in
the amplified quadrature into the squeezed quadrature.

The above argument is for a one-mode PA, but it is
easily extended to any number of modes; the same argu-
ment has been given for a continuum-mode PA,"* yield-
ing the same dominant correction as given by Eq. (2.18),
but with a bandwidth determined by phase mismatching
that allows one to relate N to the pump power. In the
parametric approximation, the signal modes interact in
pairs at frequencies Q+nAw and Q —nAw; there are no
interactions among different pairs in this approximation,
and each pair can thus be considered separately. The
correction that we have been discussing is due to fluctua-
tions in the initial state of the pump, and has nothing to
do with back action from the signal modes—pump de-
pletion being one example of such back action—which
would depend on the number of signal modes. The initial
fluctuations act on each pair of modes in the same
manner as described in Eq. (2.18) for the one-mode PA,
yielding for each pair of modes a correction identical to
that of Eq. (2.18). This correction is then independent of
the number of signal modes, justifying our one-mode
treatment.

The arguments given above are not rigorous; we have
cited quantum mechanics as the ultimate source of pump
phase fluctuations, yet we have treated their effect on
squeezing classically. What we have given is a plausibili-
ty argument for and a physical picture of the dominant
effect due to such fluctuations. The validity of our argu-
ments will be confirmed by our detailed calculations
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showing the correction terms in Eq. (2.18) to be the dom-
inant effect of pump quantum fluctuations on the squeez-
ing, independent of the number of signal modes.

III. SYMMETRIES OF THE MULTIMODE PA

We shall begin our analysis by studying the symmetries
of the multimode PA, with the pump in a coherent state
and all signal modes initially in vacuum states. This will
allow us to concentrate on the few matrix elements that
are not constrained by symmetry. Since the multimode
PA combines the one- and two-mode PA’s as subsystems,
we will be able to study the symmetries of these subsys-
tems along with those of the larger system.

From Eqgs. (2.7a) and (2.7b), the Heisenberg equations
of motion in the interaction picture are

da
- =xg,al,, (3.1)
da M

/4 K
—2=-= 3 aa_,. (3.2)
dt 2,2y

The quantities that are measured by a balanced homo-
dyne detector are the variances of the quadrature phase
amplitudes,'*

Ran=71a,+a",), (3.3a)

,?(,,)zz—%(a,,—a t) (3.3b)
Inverting these definitions gives

a,=X,+i%m (3.42)

at =R =R » (3.4b)
and similar definitions for the pump yield

a,=ay+P, +iP, , (3.5

where the coherent amplitude a; of the pump has been
written explicitly (a; is chosen real for convenience). It is
worth noting that

Roi=X!

(—n)i »
and that ﬁ,- and X (0); are both Hermitian. The equations
of motion [Egs. (2.7)] in these new variables are

(3.6)

(n)i

dX 1 N s oA
d:m =f?(n)|+;0‘(/?(n)1P1+X(n)2P2) ) (3.7a)

d’?(n)Z 1 5 5

—Fz_’?(n)2+a_o(f(n)lpz —XmP) (3.70)

dﬁl 1 M

- —5&‘0 > (fmlj?:rnn—f?(n)zf? T2 » (3.7¢)
n=—-M

dﬁz 1 M /? ,?T a ot

—;17=—T¢0 S (XX (2t XX () » 3.7d)
n=-M

where u =kayt.
We are interested in symmetries of the time evolved
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matrix elements. Thus we want symmetries which
preserve both the equations of motion and the initial state
of the system. The coherent part of the pump has been
subtracted out in our choice of variables [see Eq. (3.5)]; in
terms of the pump quadrature-phase amplitudes ﬁl and
ﬁz, the effective initial state of the pump is vacuum. As
any phase shift, reflection, or rotation of the quadratures
leaves the vacuum invariant, we seek such transforma-
tions which leave the equations of motion [Eq. (3.7)] in-
variant.

The symmetries may now be classed as follows. (i)
Time-reversal:

f?(nn‘—’/?mz ) (3.8a)
P,—~—P,, (3.8b)
Uu——u . (3.8¢)

One consequence of this symmetry is that the squeezed
quadrature is simply the time-reversed amplified quadra-
ture,

Cl AR 1 () |2 =C | AR (—u) [ 2) . 3.9

(ii) Reflection:

Rn— =K (or Ripp——Kiup ), (3.10a)

P,——P,, (3.10b)
which tells us that

(R () =X (u))=(Py(u))=0. (3.11)

Hence the pump’s phase does not drift, and the signal
modes do not acquire a coherent piece. A similar sym-
metry for the pump amplitude ﬁl is absent because the
pump may, for example, become depleted. Another
consequence of this symmetry is that the conjugate quad-
ratures remain uncorrelated, e.g.,

(R ()R () =0. (3.12)
(iii) Time stationary noise:'*

Y(n)l(u)*eienz?(,‘)l(u) , n#0, (3.13a)

Ro)—e " Rnu), n0. (3.13b)

f?(nn(“)=eu/?(n)l(0)+i_foud“'e~”'[/?(n)1(“')ﬁl(l")"‘f?m)z(“')ﬁz(“')] )

0

/?(n)z(u)=e_"z?(n)z(o)—kia;foudu'e"'[z?“,),(u')ﬁz(u')—f(",z(u’)Pl(u')] ,
0

o o u M
Biw) =Py 0= [“du’ 3[R u)R o) =R ()R [pau)]
2ay Yo neM

a

o u M
Pyu)=By(0)— = [“du’ S [Rimy ()R )+ R ® 1n(u)] .
2a0 Y n=-M

We cannot apply this symmetry to the one-mode PA
(corresponding to n =0) since the quadratures X (0 and
X (02 are Hermitian [see Eqgs. (3.3)]. But we can say that
matrix elements like

(R (i ()R ()
and

(R (i ()R ()R Lok (20))

are identically zero for n£0. With a combination of the
above symmetries we may determine all quadratic matrix
elements given only

( l A’?(n)Z \ 2>=(/?(n)2/? Fn)Z

At this point it is worth asking how the quantity
(A 2) [Eq. (1.6)] calculated by Scharf and Walls® is re-
lated to the quadrature-phase amplitudes. They con-
sidered the two-mode PA and the quantity

(3.14)

sym *

~ 1
J’z=7=2‘(/?(1)2+231)2) (3.15)

[Egs. (1.5), (1.8), and (3.3)]. When the time stationary
noise and reflection symmetries are used one finds

(A?p:%(’?(zm)+%<1?I12)2>+<1?<1»21? (Tl)2>sym-(.’y\2>2
=(|a%,, 1%, (3.16)

which is just the variance of the squeezed quadrature-
phase amplitude.

IV. DOMINANT TERMS FOR THE MULTIMODE PA

In this section we shall determine the dominant time
behavior of the squeezed quadrature-phase amplitude due
to the quantum nature of the pump. As in Sec. III we
study the multimode PA, extracting the one- and two-
mode results at the end.

The clear way to proceed in obtaining an expansion in
ay ! is to take the Heisenberg equations [Eq. (3.7)] and
iterate them. It is easier first to write them as integral
equations:

(4.1a)
(4.1b)
4.1¢)

(4.1d)

By substituting the quadrature-phase amplitudes correct to O(1/ag) into Eq. (4.1), we will obtain expressions for them
correct to O(1/af*1!). Although this procedure is easy up to O(1/N) [i.e., O(1/a3)], it becomes prohibitive in obtain-
ing even the O(1/N 2) correction, this correction requiring around 1000 terms. Instead of keeping every term we shall
determine which terms can yield a dominant contribution and then calculate them.
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Our objective is to determine the time dependence of the various terms that appear at each order in the expansion.
Thus we start by keeping only information about time dependence in the integral equations (4.1). This leaves us with the

“equations”

u e” u 1, —u' ’
X, (u)=e +Z;f0 du'e “'[X,(u" )P, (u')+X,(u

Xz(u)ze‘“+%foudu'e"'[Xl(u')Pz(u’)+X2(u’)P1(u’)] ,
0

1 ru,,
P](u)zl-i-a—ofodu [X,(u

1 u ’ ’
Pz(u)%1+a—ofo du'[ X (u')X,(u

where we have thrown away numerical coefficients and
sums over different modes. We shall even treat these
equations as c-number equations. Next we define the
symbol

T'=u"4+u"" '+ u+1 (4.3)

to represent an arbitrary polynomial of order n in the
scaled time with all its coefficients suppressed. With
these simplifications Eqgs. (4.2) become easy to iterate.
The information we are left with is the form of solution at
each order in the expansion; for instance, the squeezed
quadrature-phase amplitude has the form

—u 1 U |~ —U 1 U ~2,—u —3u
Xy=me '+ —(etae )+ —(e"+u‘e "+e )

a a

0 0

+*1—(e “yulet+a e U4 ie %)
ao

+_1_( e3u+ﬁ—3eu+a4e~u+ﬁ2e—3u+e—5u)+ e
‘10

(4.4)

J

NPyu"],

’)X](u’)+X2(ul)X2(ul)] ,

VX, (u)X,(u)],

(4.2a)

(4.2b)

(4.2¢)

(4.2d)

[

to O(1/a8). Squaring this expression gives us the form of
the variance:

(X%>ze—2u+%(e2u+ﬁ+ﬁ Ze—2u_+_e—4u)
1
+_—( “paletymd4ute 2
N?
+i e Mo ) - - 4.5)
The terms multiplied by an odd power of a; ! contain an

odd number of quadrature operators, and thus vanish by
the reflection symmetry. The dominant terms at each or-
der in 1/N are pure exponentials. Thus when we calcu-
late the dominant terms for the squeezed quadrature, we
may throw away any polynomial times an exponential if
the polynomial is nontrivial.

We now use these simplifications to iterate Eq. (4.1), re-
taining only the dominant term at each order:

eBu ~ M P 3
,?(,,Hw)ze",?(,,n(o>—§a—2x(,,,l(0) S R, (00X (0+0(1/ad), (4.6a)
0 m=—-M
a e o e3u M o ST a
Xiplu)=e /?(,,)2(0)4—2 X1 (0)P,(0)— 16 w0 3 X1 (00X (,,1(00P,(0)+0(1/af) , (4.6b)
0 m=—
N eZu M N o 3
Pl(u)zPl(O)— 4 E X(m)l(O)X(m)l(O +0(1/a0) ) (4.6¢)
X0 m=—_m
~ ~ e2u M ~
Pz(u )zPZ(O)— 4 2 2 X(m)l(O)X(m)l(O)Pl( )+0(1/a0) (4.6d)
Ay m=-M
This gives the variance for the quadrature f(,,,z as
2u
< !AX(n)2 !2>~e 2u<X(n)2 0)X rn)Z(O))sym+Z—N<’?(n)l( (n)1(0)>sym< %(O)>
e4u a N A a
64N2<2X("” )EX(mn(O)X:mn(O)X:nn(OH”X m(0)X (0 EX(n)l X(n)l(o)
S R0 (012 (012,00 ><ﬁ§(0))+0(1/N ) @.7)
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Restricting this calculation to one mode (M =0; n=0
only) gives

e—2u e2u 3e4u

(A% Yu)) = - — (4.8)
aan 4 T 64N 1024N2

and for two modes (n ==1 only)

—2u 2u 4e4u
(AR, | DmE— g e 22— 49)
| A 4 " 64N 1024N:?
When M > 0 the full M-mode calculation gives
—2u 2u M)e
(AR ) |yt £ BxaMe® 0y 4

4 64N 1024N 2

which confirms our argument that the dominant semi-
classical correction is independent of the number of sig-
nal modes.

For the M-mode PA the dominant term at O(1/N ?)
(and higher orders) is small compared to the O(1/N)
term when

o2 16N
<3iaMm -

This is similar to the restrictions for the one-mode PA
(i.e., M =0) calculations done by Hillery and Zubairy,’
except that they need the added restriction on their re-
sults that u S 1.

Our result shows that so long as the condition in Eq.
(4.11) holds, the semiclassical approximation is sufficient
to determine the limit to the squeezing, and thus the
squeezing is limited by the pump phase noise. If the con-
dition of Eq. (4.11) does not hold, the semiclassical ap-
proximation breaks down, and only a full quantum treat-
ment to all orders can be relied upon.

4.1

V. SEMINUMERICAL METHOD

The central theme of this paper is to determine the be-
havior of the squeezed quadrature’s variance { | AX )
as a function of the scaled time u. Looking at Eq. (4.5),

we can see that we have already derived the form of this
variance to O(1/N ?), and in Egs. (4.8) to (4.10) we have
also calculated the coefficients of the dominant terms to
this order. It is nonetheless worth calculating the
coefficients for the subdominant terms appearing in Eq.
(4.5), since this allows us to check directly whether or not
these terms have coefficients large enough to overcome
their smaller relative growth at times when the phase
noise begins to dominate. Further, we shall show that it
is relatively simple to derive the exact expression for
(| A%, |?) to O(1/N ?) (or higher) using a new algebra
and some numerical assistance. We hope that exposition
of this new technique will be an adequate motivation for
presenting the exact form of { | AX, | %) to O(1/N 2) for
the one- and the two-mode PA. In Sec. II we showed
how to discretize a continuum mode calculation. Clearly
the fineness of this discretization should not appear in
any physical quantities relevant to the continuum system.
We find, as we argued in Sec. II, that all but the dom-
inant correction at O(1/N) do depend in detail on the
discretization prescription. If ever these terms become
important, then the discrete-mode equations no longer
model accurately the continuum system.

Let us see how we might proceed in finding the un-
known coefficients in Eq. (4.5). To O(N°) there is 1
coefficient, to O(1/N ') there are 7, and to O(1/N?2)
there are 17. We can calculate the first terms in a
power-series expansion of { | AX, |2) in the scaled time
u; similarly we can do a power-series expansion of the
form given in Eq. (4.5) with a set of unknown coefficients.
By equating the coefficients of u and N in these expan-
sions, we can obtain sufficient simultaneous equations to
solve for the unknown coefficients of Eq. (4.5).

Since at O(1/N?) we must find 17 unknown
coefficients, we will need an expansion of { |AX, |?)
=(|X,]?) to O(u'®). To avoid repetition we shall de-
scribe the calculation only for the one-mode PA with in-
teraction Hamiltonian A int =1 k(a'b—a?")/2; the vari-
ance of the evolving quadrature-phase amplitude may be
written

(000 | & A1) | O;ag) = 0;aq | expliuf;,, /kay)R Jexp( —iul,, /kay) | 0;ay)

R3+iu

= <0; ao

where the scaled time is wu=kay, and
|0;a0) =] 0)® | @) is the initial state (vacuum for the
signal mode and coherent state for the pump mode). The
signal and pump mode annihilation operators are a and b,
respectively. Since the signal mode is in vacuum its an-
nihilation and creation operators may be treated directly
as ladder operators on a number state. For the pump
mode we need to normal order its annihilation and
creation operators.

Our first simplification comes from only needing the
next to semiclassical approximation, i.e., O(1/N ?), for
the calculation. Thus when we are normal ordering the

pump mode operators we may throw away all terms gen-
erated by more than two applications of the commutation
relation [b, b*]zl. This can be done automatically by
using a new algebra which we now present. For simplici-
ty we start with a description of this algebra good to
semiclassical order [i.e., O(1/N)].

Let us start with more general considerations: many
calculations in quantum optics require the expectation
value of a product of creation and annihilation operators
in a coherent state, e.g.,

(B bbb | B) . (5.2)
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If we are interested only in calculating this to semiclassi-
cal order, then we need only keep the terms up to

O(1/|B|?) times the dominant (“classical”) term. The
dommant term is given by replacing the operators b and
b" with the ¢ numbers B and B*, respectively. For the
semiclassical correction we need only perform the first of
a series of commutation relations — never performing
more than one for each term [since we are only interested
in terms to order # or equivalently O(1/|B|?) times the
classical piece]. To do this we make use of the commuta-
tion relation

[6,67]1=1 (5.3)
and the notation
”m_bfnbm_'_a,bfn‘lbm—l ; (5.4)

the creation and annihilation operators are written as
(5.5a)
(5.5b)

+
BYo=b",

B0,1=

To semiclassical order in the amplitude |S3| the follow-
ing relation allows us to normal order any expansion:

o o' c7+0' +mn’
B?, B, =B

n+n',m+m’

(5.6)

Clearly m X n’ is just the number of times the commuta-
tion relation is required in order to pass m annihilation
operators from B, past the n' creation operators in
B,‘,’,:mt. As an example, the evaluation of the matrix ele-
ment in Eq. (5.2) can be worked out to semiclassical order
in the coherent state of complex amplitude S:

(B|b7b2 %0 | BY=(B| BS,BS sBY, | B)
=(B| B3¢ |B)
=B* B +1B*B+0(|B|") .

(5.7)

For calculations at next to semiclassical order, we sim-

ply extend the algebra to be good to O(1/N?). In this
case we modify the notation so
BGr=b"b" 4o b o™y rpt-2pm=2 (5.8)
BYS=b", (5.92)
Bg? b. (5.9b)
After some calculation we find
B BZT
Baia +rzn i T+ 7T +o0'+olm—Dn'+o'm(n'—1)+(m, n')
n+n,m m' ’
(5.10)
J
(A% ? 4 6 “2_ (14 8u —8u?)e M—
. S
1024N 2

+(33+4+48u +96u)e ~**—45¢ % /4] .

[3e* —(19/4—24u +32u?)e®* + 60— 112u —(80+ 58u —48u?
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where
(m,n)=m(m —1)n(n—1)/2. (5.11)

This extended algebra allows us, for example, to deter-
mine the O( | B|7) term in Eq. (5.7) to be 88*38*.

In calculating (X 3), rather than proceeding precisely
as suggested by Eq. (5.1), we used this “B algebra” to ob-
tain instead the time evolved state of the system

2p _a27)/2]|0;0)

5
- |o;a0>+-22130

explu(a

?|2;a0)

2 _
+“T<\/4!ngg | 4300) —2B%0 | ;o) )+ - - -

(5.12)

Here |n;ag)=|n)® |a,) is the outer product of a
number state for the signal with the pump’s initial
coherent state. Equation (5.12) shows us the first terms in
a power-series expansion in u, although we actually re-
tained the first 17 terms. To get (X 3) we need only
wedge the operator X 3 between pairs of the time evolved
states given by Eq. (5.12).

Even after these simplifications the calculation would
still be very tedious to do by hand, so we calculated Eq.
(5.12) on a computer. The evolved state was represented
by a multidimensional array, and numbers were calculat-
ed with limited accuracy. This allowed us to generate the
power-series expansion of (%32) and hence the coeffi-
cients of Eq. (4.5) up to the accuracy used in the compu-
tations.

The final step comes in estimating the accuracy neces-
sary to reproduce the rational coefficients that should ap-
pear in Eq. (4.5). That they are indeed rational can be
seen by looking at how they would arise if we were to
iterate the Heisenberg equations [Eq. (4.1)] in full. This
also allows us to estimate an upper bound on the numera-
tors and denominators for each fraction. In the worst
case, to O(1/N), the numerator could come from all of
the 16 terms that appear at that order, and the denomina-
tor from the factors of 2 in the definition of the quadra-
ture phase amplitudes and from factors due to the time
integrations. An unambiguous calculation of this worst
case rational number requires only about four significant
figures in the final answer. Similarly at O(1/N ?) we need
to keep ten significant figures in the final coefficients.

For the one-mode PA we find at next to semiclassical
order that

3e ~ 4]

—128u3/3+32u*)e ~

(5.13)
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For the two-mode PA the same technique yields a next to semiclassical result

e2u

—2u

(1A%, |)=%

A%, | 4 64N
1

 1024N 2

+(28+32u +128u?)e ~* —18e ~] .

VI. STOCHASTIC DIFFERENTIAL EQUATIONS

A. The one-mode PA

The dynamic evolution of a one-mode PA is described
by von Neumann’s equation in the interaction picture

opy(t)

ot  #

where the interaction Hamiltonian H,,,(¢) is given by Eq.

(1.1). All operators are now in the interaction picture.

We will assume that initially the signal mode is in the

vacuum state, and the pump is in a coherent state of real

amplitude ay:

A0, 8, (0], 6.1)

To solve Eq. (6.1), it is convenient to project the densi-
ty operator ,;(t) onto a suitable set of basis states. The
positive-P representation'® is an off-diagonal representa-
tion obtained from an expansion on a coherent state
basis:

pro= [ [ [ [ Pa,a,.B.8,t)A(a,a,,,8,)
X d*ad’a,d’Bd’B, , (6.3)

where the operator Ais given by

|a;a, ) {B*;B; |

(BB | za,)

+ T
e —(aB+apo )eaa +apiip

Aa,a,,B,8,)=

% 10;0)¢0;0| ™ %% .

(6.4)
By substituting Eqgs. (1.1), (6.3), and (6.4) into Eq. (6.1)
and integrating by parts, we find the Fokker-Planck equa-
tion

P d 3 a® 9

or | %P aa P T2 Bq,
B3 % ¥ B ¥
E 2o % & T 9 5
w2 a2 o P, (6.5

where 7=«t and PEP(G,GP,B, p,'r) .

In its present form, Eq. (6.5) is a complex eight-
dimensional Fokker-Planck equation. The analyticity of
Azx(a,aP,B,Bp), however, allows us some freedom of
choice in interpreting the derivatives.?' By properly inter-
preting the derivatives in Eq. (6.5), we obtain a real

+ S —[14+(4—8u)e 2 —(1412u —8u?)e ~* —4e ~®]

[4e* —(5—28u +40u?)e?+96 —160u — (1054 112u —48u>—224u>/3+32u*)e =

(5.14)

—

Fokker-Planck equation with positive-semidefinite
diffusion. Using the standard methods of stochastic cal-
culus,!” this eight-dimensional Fokker-Planck equation
yields a set of eight real, first-order Ito stochastic
differential equations (SDE’s). When written in complex
notation, the resulting SDE’s are

da=a,Bdr+V a,dW, , (6.6a)

dB=aB,dr+V B, dW, , (6.6b)

da,= —%asz R (6.6¢)

dB,=—1p"dr, (6.6d)
where, in the Ito calculus,

dW?=dWi=dr . (6.6€)

The Wiener increments dW, and dW, are real and in-
dependent.

Although we cannot solve Egs. (6.6) analytically, an
approximate solution is possible for a nearly classical
pump. We assume that the stochastic pump mode vari-
ables @, and B, consist of a mean amplitude a, (chosen to
be real) plus fluctuations Aa and AfS:

a,=ay+Aa, (6.7a)
B,=ay+AB . (6.7b)
We define new variables x;, p;, x,,and p, by
xi=Ya+h), x=—3a—p), (6.82)
pi=4Aa+4B), py=—3(Aa—BF).  (68b)

It is convenient to change variables once again. We
define the variables z, and z, by

zl =xle"u ’ (6.9a)
(6.9b)

u
Zz=xZe N

where u =a,7. The resulting SDE’s are
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1
dz,=—I(z,p,+2z,p,e %) du
Ay
. 1/2
+1
el 1 2R gy
2 ag
P—lP 172
+ 1+ 4dv,|, (6.10a
Ao
1 2u
dz,=—0I(z1p,e”"—z,p,)du
Qg
. 1/2
. 4
_Leu [ + pl “""p2 dVl
2 a,
p P 172
— 1+ 2—22 av,|, (6.10b)
%o
J
zy(u)=2,(0) +—f [2,(x)p (%) 42,5 (x)py(x 2"]dx+

1 .
zz(u)=zz(0)+;0—f [21(x)py(x)e? *22(X)P1(X)]dx—‘/;§

—2x_

+—f[

— f“zl(x)zz(x)dx .
ay Yo

pi(u)=p (0 z3(x)e™]dx ,

p2(u)=p,(0)—

Here we have defined two new independent Wiener incre-
ments

dV,(x)+dV,(x)

dv(x)= 75 , (6.13a)
dV,(x)—dV,(x)
dW (x)= _ . (6.13b)
V2

The new Wiener increments defined in Egs. (6.13) corre-
spond to a rotation of the old Wiener increments, dV,
and dV,, and hence retain the same correlation matrix.!”

We can ignore the initial values z,(0)=x,(0),
z,(0)=x,(0), p,(0) and p,(0) in subsequent calculations
because all moments involving these quantities are zero.
To see this, we observe that the P function gives normally
ordered averages for all moments a” and ", and all nor-
mally ordered averages are initially zero for the case
studied here. By extension, all moments involving the in-
itial values x,(0), x,(0), p,(0), and p,(0) are zero.

The formal solution [Egs. (6.12)] yields an approximate
solution, valid for short interaction times and large pump
amplitude, when the stochastic variables are expanded in
a perturbation series in the reciprocal of the pump ampli-
tude:
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dp,:-z—:x—o(z%e‘z“—zfez")du , (6.10c)
dpy= ——z,2,du (6.10d)

Ay
where dV, =V a,dW, and dV,=1"a,dW,.

We use an iterative procedure to obtain an approxi-
mate solution of Egs. (6.10). The square roots are ex-
panded in a Taylor series:

pitip, 1 pi1tip;
+—| =l+———
a, ay, 2
(p,xip,)
LA 6.11)
ao 8

Substituting Eq. (6.11) into Egs. (6.10) and integrating
formally, we find

L 1

f v+ ——p,(x)dV+—p2(x)dW :
(6.12a)

“or | gwa L |1 i

fo e |dW + ag | 2P AW+ paxIAV | - ] ,
(6.12b)
(6.12¢)
(6.12d)

[

i L (6.14)

By substituting the expansion Eq. (6.14) into the formal
solution Egs. (6.12) and equating equal powers of a; ", we

obtain an approximate solution to the set of SDE’s: (i) to
zeroth order,
2 u)———f e *dv, (6.152)
(0 i u ox

= — w 6.15b
2=~ Jleraw, (6.15b)
P (w)=pP(u)=0; (6.15¢)

(ii) to first order,
2\ (u)=2z"(u)=0, (6.16a)
piw=1 [ [z —2{V%x)e]dx ,  (6.16b)
PV (u)=— fouz‘lm(x)z(zo’(x)dx ; (6.16¢)

and (iii) to second order,
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Nu)= f [22x)p P (x)+22(x)ps (x)e =P )dx + —= 2‘/2 f e *[p\V(x)aV+ipt(x)dW], (6.17a)
f [z (x)p P (x)eP —z 0 (x)p | x)]dx—wi f e p"(x)dwW+ipV(x)dV], (6.17b)
p P (u)=p¥(u)=0 (6.17¢)
M
) (z2(w)z? ()22 ()22 (2))
The SDE’s corresponding to the zeroth-order solutions
z{9(u) and 25V (u) are ={(zw)z? (), (2P (W)z 2 (2))
20 = L —ugpy (6.182) +{(z2(u)z P (w)) (22 (0)z2(2)),,
‘/— ’ .
2' +{z2(u)z(2)) , (22 ()2 (w) ), , (6.22b)
0) _
dzy’ =-— \/3 e'dW . (6.18b)  where ( )ay denotes an average in the positive-P repre-
. sentation.
We define the new variables The squeezing in the signal mode is easily calculated by
A () =29 () e (6.19a)  the repeated application of (i) and (ii). The signal-mode
! ’ quadrature-phase amplitudes are defined by Egs. (2.11),
Ay(uw)=iz(u)e ", (6.19b)  and the pump mode quadrature-phase amplitudes are
. . defined by Eq. (3.5), or more explicitly by
with the resulting SDE’s ‘
P =La,+al), P,=——=@,—al). (6.23)
dA1=A1du+—‘/l—.2.dV, (6.20a) 1=+ 2 2 P T
1 The expectation values of the signal-mode quadrature-
dA,=—A,du+—=dW . (6.20b)  phase amplitudes X; and X, are zero when the signal is
2 2 P 1 2

V2

Equations (6.20) describe two independent Ornstein-
Uhlenbeck processes, each with zero mean. Thus z&O)(u)
and zY(u), apart from the exponential factors e* and
e Y respectively, are themselves Ornstein-Uhlenbeck
processes. They are Gaussian variables; all higher-order
moments can be expressed in terms of second-order mo-
ments. With this in mind, we can formulate a pair of
rules to guide us through the remaining calculations: (i) a
rule for quadratic moments,

initially vacuum, as shown by Eq. (3.11). We then find
that the uncertainties in X; and X, are

(AR D =14+ (x3(u)),, =1+ (z3(u)),, e, (6.24a)
(AR D=1 4(x3w) =1+ (23(u)) e 2. (6.24b)

We see from Eqgs (6.24) that x; and x, are the c-number
equivalents of the quadrature-phase amplitudes X, and
%,, respectively. To second order in a5 !, the uncertain-
ties are

2y __1 (0)2
(zPwz P (W) =11—e" ) u>w, (6.21a) (AR D) =5+ ) e
+—17(2z‘1°>(u>z‘,2’(u)>ave2“ , (6.25a)
(z20(u)z P (w)) yy=—1(e®—1) u>w,  (6.21b) %o
(AR D) =14+ (2P %u)), e
<Z(10)(u)2(20)(LU)>aV:0 ’ (6.21¢) _12_(22 (u)z(22)(u)>ave— (6.25b)
ap
and (i) a rule for quartic moments, Application of (i) yields the ideal squeezing:
()20 ()@ (0)
(z2(wz P (0)z P (w)z*(2)),, (Af%>idea1=%+(2(10)2(14))3\,92":%92" , (6.26a)
— (0 (0) (0) (0)
=z (w)z (), (2P (w)zP(2)),, (A% 2 idean=%+(2(20)2(14))“6’_2":%6"2"- (6.26b)
(0 (0
{20z ) (21 (01217 (2)), Repeated applications of (i) and (ii) yield the quadrature
+{z22(u)z2(2)) ,, (2P (0)z{(w)),, , (6.22a)  variances correct to semiclassical order ag2=N ~
]
(AR ])=1e™+ SN[uz e+ u(e?41)—(3sinh’u +2)sinhu e*—sinh’u ], (6.27a)
(Afc‘%):%e“2“+—%[uze"z"—u(e"z"+l)+(3 sinh’u +2) sinhu e ~“—sinh%] , (6.27b)



4708

which are exactly the results obtained by Hillery and Zu-
bairy.” Equation (6.27a) also agrees to O (N ~!) with the
result calculated via the seminumerical method [Eq.
(5.13)]. The variance of the squeezed quadrature, includ-
ing the dominant correction for at best moderate squeez-
ing only, is
(ARZ)=te 2y 1o
64N
which agrees with Eq. (2.18), validating our heuristic pic-
ture of the effects of pump fluctuations on squeezing.

(6.28)

B. The two-mode PA

The analysis of the two-mode PA is similar to that of
the one-mode PA. The equation of motion is again von
Neumann’s equation in the interaction representation,
Eq. (6.1), with the two-mode interaction Hamiltonian
A int(?) given by Eq. (1.4). Initially, we assume the signal
modes are in vacuum states, and the pump mode is in a
coherent state:

pl0)=p,(0)= | 0;0;0) (0;0;00 | . (6.29)

By substituting the two-mode versions of Egs. (6.3) and
(6.4) into Eq. (6.1) and integrating by parts, we find the
Fokker-Planck equation for the two-mode PA:
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da,=B,a,dr+V a,dW, , (6.31a)
da,=Ba,dr+V a,dW?} (6.31b)
dBy=a B, dr+V/B,dW, , (6.31¢)
dBy=a,B,dr+V/'B,dW}3 , (6.31d)
dapz—alazd‘r s (6.31¢)
dB,=—BB,dr . (6.319

The complex Wiener increments dW,; and dW, are
defined by

dW . +idW

dWl =—1—‘-/—-§———1—y' , (6.32a)
dW,, +idW

dWF%;Z—ZL , (6.32b)

where dW,,, dW,,, dW,,, and dW,, are independent,
real Wiener increments, and, in the Ito calculus,

dW? =dW3 =dr, s=x,y . (6.32¢)

The complex pump amplitudes , and B, are again as-
sumed to consist of a large, real mean value a, plus small
fluctuations, as in Egs. (6.7). We define the new variables
X,Y,X,,7Y,,P,and P, by

oP d ) 3 d i
or = | 7P Ga, P 3p, TP% Ba, ~ P 35, Xi=slathy), Ky=—gla=h), (633
3 3 Y=o +B), Yy=—ta,—B), (6.33b)
+aa; g 3 +B1B; 35, +% B0, 2‘
32 P,=1(Aa+A4B), P2=—é(Aa—AB) . (6.330)
+B, 552 | P (6.30)
B19B, It is convenient to change variables one more time:
where r=xt and P=P(a,,a5,a,,B1,8,,B8,,7) . Ui=Xe™, U,=X,e", (6.342)
Proceeding as in the one-mode case, we can derive a Z,=Ye ™", Z,=Y,e*, (6.34b)
set of Ito SDE’s from the Fokker-Planck equation, Eq. ’
(6.30): where u =a,7. The resulting SDE’s are
J
. 1/2 . 12
P, +iP P,—iP
dU, =~ (U,P, + U,Pye =) du ++e~* l + 1720 av 4 e —2 | ary|, (6.35a)
ag 2 a a,
. 172 . 172
1 2 1 _, Py +iP, . P,—iP,
dZ,=—(Z\P,+Z,Pre ") du+—e +—2 avt+ |1+——2| av,|, (6.35b)
Qg 2 ag ag
. 172 . 172
i P, +iP P,—iP
dU,=—(U,P,e®—U,P,) du — e [ [1+; av,— 1+ —2| av:|, (6.35¢)
a, 2 ay a,
. 172 . 172
1 2u iy P, +iP, . P, —iP,
dZ,=—(Z\Pye™—Z,P)du—~e* | 14— | aVi— [1+— | dV,|, (6.35d)
ao 2 ao ao
P, = L (U,Zye 2~ U\ Z,e*) du (6.35¢)
o
dPy=— 1 (U,2,4 0,2, du , (6.350)

27)
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where dV, =V aydW, and dV,=1"a,dW,. PO(u)=PP (u)=0 (6.36€)
We can obtain an approximate solution to Egs. (6.35) (ii) to first ord
just as we did in the one-mode case; we formally integrate 1 to first order,
Egs. (6.35), expand the square roots, and substitute the  U{’(u)=2Z{"(x)=0 (6.37a)
expansion Eq. (6.14) . We have found the approximate (D ()
solution up to second order in ag ': (i) to zeroth order, Uy (w)=23"(u)=0 (6.37b)
u P(”(u)= u U(O)( )Z(O)( ) —2x
UPw)=1 [“e=ds,+ids,) , 6362) INCEEEEE
° —UP(x0)Z?(x)e>]dx , (6.37¢)
(0) (0) , (6.36b)
(u)= (u) PV (u)= — f [U(O)(x)z(o)(x)+U(0)( x)]dx ;
(0) 1 [ x .
U (u)=1 fo eX(dS,—idS,) , (6.36¢) 6.37d)
ZOu)=-UP*(u) , (6.36d)  and (iii) to second order,
J
U (u)= fou[U‘IO)(x)P‘l”(x)+ U‘2°’(x)P‘2”(x)e—2’c]dx+;f0“e—X[P‘l”<x)(dsl+idsz)-P‘21><x>(ds3—ids4)] ,
(6.38a)
2(u)= fou[Z(,O)(x)P‘ll (x)+ZPP (x)e ~>]dx + 4 f e *[P{V(x)dS,—idS;)+ Py (x)(dS;+idS,)],  (6.38b)
UP (u)= fou[U‘lo’(x)P(z”(x)ez"—U(zo’(x)P‘l” x)]dx +7f0 e [P\ (x)(dS;—idS,)+ PS5 (x)(dS, +idS;)],  (6.38¢)
ZP(u)= fou[Z‘l(”(x)P‘z')(x)ez"-Z‘zm(x)P(l”(x)]dx—} fo“eX[Pg“(x)<ds3+ids4)—1>g”(x)(dsl—idsz)], (6.38d)
PP (u)=PP(u)=0. (6.38e)
f
Notice that in Egs. (6.36) and Egs. (6.38) we have re- (Q(w)Q;(u)),,= i£j (6.41¢c)
placed the complex noise increments by the real Wiener . .
increments dS,, dS,, dS,, and dS,, where, using Eqgs. and (i) a rule for quartic moments,
(632), <Ql(u)Ql(v)Ql(w)Ql(Z)>av
alsl=ﬂ/u—\j-iwi , S;:fﬁ%m—zy ., (6.39) =(Q1(1)Q(v)),(Q1(w)Q,(2)),,
2 (W0, () (@, ()@, (2)),,
dW1y+dW2y dWlX‘_dWZX
dSy=———, dSy=—"17—". (63%) +(0,(1)0(2)) (@ ()Q (W), , (6.42a)
Also note that, as in the one-mode case, we have dropped (0, ()0, (1)Q,(w)Q,(2)),,
all contributions arising from the initial conditions.
By comparing Egs. (6.36) \(&(f)i)th Egs. (6.15), v:'Oe) see that =(0,(1)Q,(v)Q,(w)Q,(2)),,, (6.42b)
the zeroth-order solutions U'” (1), Z\¥(u), U (u), and
Z©(u) have real and imaginary parts that are Gaussian (Q3(w)0;(1)Q3(w)Q3(2)),,
variables. Let =(Q03(u)Q;3(1)),.{ Q3 (w)Q;(2)),,
UP(u)=ZP*(u)=Q (1) +iQ,(u) (6.40a) +{(03(u)Q3(w)) . Q5(v)Q5(2)),,
U ()= —Z5 " ()= Q3(u) +iQ4(u) , (6.40b) +(03(1)05(2)),, ( Q3 ()Q5(w)),, (6.42c)
where Q(u), Q,(u), Qs(u), and Q,(u) are independent
Gaussian variables with zero mean. We can use Egs. (Q4(1)04(0)Q4(w)Q4(2)),,
(6.40) to generalize the one-mode rules [Egs. (6.21) and =(0;(u)Q;(1)Q;(w)Q5(2)),, . (6.42d)

Eqgs. (6.22)] to the two-mode case: (i) a rule for quadratic
moments,

(Ql(u)Ql(W)>aV=<Q2(U)Q2(W)>av

=%(1—e_2“’) , U>w, (6.41a)
(Q3(u)Q5(w)) . = ( Q4 u)Q4(w)),,
=Le™-1), usw, (6.41b)

We can calculate the two-mode squeezing by repeated
application of (i) and (ii). The two-mode quadrature-
phase amplitudes are defined by

S

£=-@+a)), Ry=—L@-a), (643

L
2

Pi=J@+al), B=—2@,-a}).  (643v)

N"—' [T
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The two-mode signal quadrature-phase amplitudes are
not Hermitian operators. In terms of the stochastic ¢
numbers, the mean-square uncertainties in the two-mode
quadrature-phase amplitudes are given by

( |Ai\’1 '2)=%+<X1Yl >av_<X1 )av< Yl >av ’
< lAI?Z l2)=%+(X2Y2)av—(X2)av( Y2>av .

(6.44a)

(6.44b)
J

(1AR D) =1 4+(UQw)Z P (u

(| AR, | D) =14+ (UPLW)ZP (1)),

since the expectation values of X, Y,, X,, and Y, are zero.

) e+ (U Z P )+ UP()Z (1)) ,, e,

e~ (U (WZP () + UP w)ZP)(
aj
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From Eq. (1.13) and Egs. (6.44) we see that X, and Y, are
the c-number eqmvalents of the operators 1? and its Her-
mitian conjugate X! 1» Tespectively, and X, and Y, are the
c-number equxvalents of the operators /? and its Hermi-
tian conjugate f Substituting Egs. (6.14), (6.36), (6.37),
and (6.38) into Eqs (6.44), we have to second order in
ag!

(6.45a)

u)), e, (6.45b)

Repeated application of the two-mode rules (i) and (ii) yield the mean-squared uncertainties correct to semiclassical

order ay =N ~
< |Af1 '2)=%€2u+—1:-[u232“+u(3 2u+1)

(1A%, |?) =42

le
7€

+—=[u?
8[

which is slightly different from the one-mode result, Egs.
(6.27), and agrees to O(N ~!) with the result calculated
via the seminumerical method [Eq. (5.14)]. When the
dominant correction only is kept, the uncertainty in the
squeezed quadrature is

1
( AX 2>gi —~2u+ _6‘2",
A% 17 =3 64N
which is the same as the dominant correction found for

the one-mode case, Eq.(6.28), in contrast to the result ob-
tained by Scharf and Walls.®?

(6.47)

VII. CONCLUSION

We have calculated, for the one- and the two-mode
PA, the explicit corrections for squeezing to order 1/N 2,
due to a quantum pump in a coherent state with an aver-
age photon number N. We found that the pump’s phase

(4 sinh’u + %) sinhu e*

e —u(3e +1)+(4sinh’y + 3)sinhu e ~“—3sinh?u ],

—3sinh?u], (6.46a)

(6.46b)

[

noise is responsible for the dominant contribution to the
limitations on squeezing for any number of signal modes.
We also briefly discuss when traveling-wave calculations
can be treated by Hamiltonian methods in the most
direct way. This was done by discretizing the continuum
problem. Finally, the limitation to squeezing in the
discrete-mode calculations we performed was shown to
be insensitive to the details of our discretization process.
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