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A self-consistent approach to the Lamm sedimentation equation is proposed for describing the
diffusion induced by a centrifugal (or gravitational) field in a two-component condensed system, par-
ticularly for a high solute concentration or a high centrifugal field. In this approach, the driving

force inducing the diffusion is expressed by introduction of the effective mass of the surrounding

mixture (solvent and solutes) which causes the buoyant force. It is self-consistently represented as a
function of concentration in place of the constant value in the Lamm equation. The theory is con-
structed on the basis of nonequilibrium thermodynamics and the Nernst-Einstein relation consider-

ing the effect of concentration change. The resulting diffusion equation is presented in a nonlinear

form instead of the hnear one of the Lamm equation. The concentration profile in equilibrium state
is found by solving the nonlinear diffusion equation. It is shown that the nonlinear effect is

significant with increase either in the solute concentration or in the centrifugal field.

I. INTRODUCTION

J =D —VC+
rto M, (1—vd)

RT

The transport phenomenon of macroscopic solutes
(macromolecules, small solid particles, etc.) induced by a
gravitational or centrifugal field in a liquid solvent is
widely known as sedimentation. This phenomenon has
been used as a method for separating or concentrating
matter and determining the molecular weight of macro-
molecules from the density gradient of a solution (the
density-gradient method). This kind of transport
phenomenon is expected to occur in another condensed
system, where atoms or molecules play the same role as
do macroscopic solutes in conventional sedimentation.
So far, no extensive theoretical or experimental studies of
these kinds of difFusion phenomena have been made.
There have been only a few reports of such diffusion in
the ultrafast diffusion system of Au atoms in very low
concentration in some metals (potassium, sodium, lead,
and indium). ' Almost all of these sedimentation phe-
nomena of both macroscopic solutes and atoms or mole-
cules have been analyzed by using the Lamm sedimenta-
tion equation, which was first proposed by Lamm in
1929. This classical equation was formulated for axially
symmetric macroscopic particles on the basis of macro-
scopic mechanics and thermodynamics, and it is present-
ed in a linear form.

The fundamental idea of Lamm is that the driving
force induced by a centrifugal field acting on a macroso-
lute is given by the difference between the centrifugal
force and the buoyant force caused by the surrounding
liquid solvent. This is expressed in a form independent of
the solute concentration. According to the theory, the
Aux of a solute crossing a unit area J is written in linear
form as

where C, D, M,~, v, and d are, respectively, the concen-
tration of solutes per unit volume, the diffusion
coefficient, the apparent molecular weight, the specific
volume of solute, and the density of solvent. R, T, r, and
co represent the gas constant, absolute temperature, the
radius measured from the axis of rotation, and the angu-
lar velocity, respectively. In this equation, the first term
is induced by the chemical-potential field and the second
term represents the external force induced by the centri-
fugal field.

Several approaches to the Lamm's theory have since
been made: for example, Brenner and Condiff extended it
for particles of arbitrary shape considering the rotation
effect. However, in these theories, self-interaction
effects among macroscopic solutes caused by the centrifu-
gal field are not considered, and, therefore, the driving
force is not expressed as a function of solute concentra-
tion. On the other hand, in the density-gradient method
which uses a liquid solvent consisting of two or more
components (atoms or molecules), the density of the sol-
vent is given without incorporating the centrifugal effect.
In previous studies on liquid solvent, ' the density was
either assumed to be constant or else experimentally
determined. In solids, the same kind of diffusion of
atoms has been analyzed similarly by using the Lamm
theory. ' However, when the constituent particles are
atoms or molecules, the density of the solvent mixture
must change with concentration, especially at higher
solute concentrations. Therefore, the Lamrn theory is
not strictly applicable to the sedimentation of atoms,
molecules, or other Brownian particles, particularly for
higher solute concentrations.

In this paper a self-consistent equation is proposed for
describing the diffusion of atoms induced by a centrifugal
field in a two-component condensed system, particularly
for a high solute concentration or a high centrifugal field.
Although the present theory is basically an extension of
the Lamm theory, it is constructed taking account of
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self-interaction effects among the solutes, on the basis of
nonequilibrium thermodynamics and the Nernst-Einstein
relation considering the effect of concentration change.
The resulting diffusion equation is presented in a non-
linear form, instead of the linear one of the Lamm sedi-
mentation equation. Furthermore, an equilibrium-state
solution for a special case is derived to demonstrate the
effects of nonlinearity.

II. FORMULATION OF THE SELF-CONSISTENT
SEDIMENTATION EQUATION

A. ES'ective thermodynamic force

In this section we discuss the interdiffusion of solute
atoms A in solvent B, for a two-component A-B system.
We start with the following assumptions: (l) no tempera-
ture gradient, (2) no gravitational field, (3) no electromag-
netic field, (4) no effects of stress upon material fiow or
density change, (5) no appreciable effects of the Coriolis
force, and (6) no effect of the shape of the solute particle.
We further assume the vacancy mechanism which is usu-
ally assumed for diffusion of metals. " The theory based
on this diffusion mechanism can immediately be applied
to metals, and it may also be applicable to molecular or
covalent matter. However, the assumptions do not strict-
ly hold for ionic matter, in which diffusion is generally
accompanied by electrical diffusion potentials.

In this theory the external force generated by a centri-
fugal field is formulated by using the buoyant force, as in
the Lamm's theory. For a macroscopic particle in a
liquid, the buoyant force is usually expressed as the
change of potential energy of a solvent (excluding solutes)
caused by the movement of solute; this is so that the
buoyant force is not affected by the existence of the other
solute atoms of the same species, and the term arising
from the buoyant force does not contain the variable con-
centration. Now, we suppose that the external force F,
per atom A induced by the centrifugal field is given by
the difference between the centrifugal force and the buoy-
ant force caused by the effective mass of the surrounding
solvent mixture including solutes acting on atom A, and
expressed as

F, =re (m, —m ), (2)

where m, is the mass of atom A, and m * is the effective
mass per atomic volume of A of the surrounding solvent
mixture which includes atoms A. According to the
present hypothesis, we can say that the buoyant force per
atom is expressed as the average change of centrifugal
potential energy, caused by statistically replacing a solute
atom by one of neighboring atoms regardless of its
species. This effective buoyant force defined in Eq. (2) is
affected by the presence of the other solute atoms of the
same species, and it is therefore self-consistently ex-
pressed as a function of concentration, as shown below.

The effective mass m* per atomic volume of A can be
expressed by using the masses and the concentrations of
atoms as follows:

C, m, +Cbmb
C +Cb

(3)

where C, and Cb are the concentrations, i.e., numbers of
A and B per unit volume, respectively, and mb is the
mass of B per atomic volume of A which is represented
by

mb ——(U, /Ub )mb ——amb, (4)

where v, and vb are the atomic volumes of A and B, re-
spectively.

Next, we suppose that the density of the solvent mix-
ture varies in proportion to the effective mass, ignoring
vacancy increase or phase transition. Hence the density

p is given by

Pl
p=po

mo

where the subscript 0 denotes an arbitrary reference
state. The density can also be expressed alternatively as

P=C, m, +Cbmb .

From Eqs. (3), (5), and (6), m is self-consistently given as
a function of concentration C, by the expression

m'(C, ) = tpo(C, +Cb )m&+(C, m, +Cb mb)(m, —mb)C,

+[pa(C, +C& ) m& +pa(C, +Cb )(C, m, +Cb m )(b4m, m& 2m, mb 2m—bmb)C-,
+(C m +C~ m~) (m mb) C ] J/2po(C +Cb )

According to nonequilibriurn thermodynamics, the
thermodynamic force per atom A induced by the
chemical-potential field is represented by

lny, Vc,
X, = —TV(p, /T)= —kT 1+

l inc,

atoms per unit volume, and the Boltzmann constant, and
the subscript 1 denotes the chemical-potential field. As a
result, the total thermodynamic force X, relative to the
local lattice per atom is expressed as

X, =X, +F,
where c, =C, /n. c„p„y„n,and k are, respectively,
the fraction of A per unit volume, the chemical potential
of A, the activity coeScient of A, the total number of

lny, Vc,= —kT l+ +re@ [m, —m (C, )] .
inc,

(9)
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B. Nonlinear diffusion equation

According to the phenomenological transport equa-
tions based on nonequilibrium thermodynamics, " the
flux induced by the chemical-potential field and relative
to the local lattice J, is represented as follows (see Ap-

1

pendix):

Dirc' [m, —m'(C, )]= —D]VC, + C,

D2rco [M, —M'(C, )]= —DiVC, + C, ,RT (13)

J, = —D, VC, , (10)

where D, is the diffusion coefficient relative to the local
1

lattice of A. On the other hand, if the Nernst-Einstein
relation holds for the whole range of concentration, the
absolute mobility A,, of A for the diffusion induced by a
centrifugal field is represented as

U, D,'2 '2

F, kT

where v, and D, are, respectively, the velocity of A and
2 '2

the diffusion coefficient relative to the local lattice of A,
and the subscript 2 denotes the centrifugal field. D, and

I

D, are given by Eqs. (A6) and (A14), respectively. The
2

flux induced by a centrifugal field and relative to the local
lattice J, is represented as follows:

2

with M, =Nm„M*(C, ) =Nm*(C, ), and R =Nk, where
M„M'(C, ), and N are the atomic weight of A, and the
effective weight of the surrounding solvent mixture per
molar volume of A, and Avogadro's number, respective-
ly, and the prime denotes the fixed parts of the lattice.
D& and D2 are the chemical interdiffusion coefficients rel-
ative to the fixed parts of the lattice of A for the diffusion
induced by the chemical-potential field and by the centri-
fugal field, respectively. These coefficients can be ex-
pressed in terms of the phenomenological coefficients L;,
the concentrations C, , etc. , as follows (see Appendix):

kT Cb C, n lny
Di = Laa+ Lbb —2Lab +

1 ClnC

(14)

kZ' Cb
Laa + Lbb —2Lab

J, =V, c,= (12)

By transforming the coordinate from the local lattice
to the fixed parts of the lattice (see Appendix), the total
flux J,' relative to the fixed parts of the lattice is given by
using Eqs. (7), (10), and (12), as follows:

It is noticed that the effect of concentration change on
the expression of the cruxes was incorporated by using
these chemical interdiffusion coefFicients in this theory.
The effective weight M"(C, ) is given from Eq. (7) as fol-
lows:

M'(C, )= IpoN(C, +Cb )Mb+(C, M, +Cb Mb)(M, —Mb)C,

+[poN (C, +Cb ) Mb +poN(C, +Cb )(C, M, +Cb Mb)(4M, Mb —2M, Mb 2MbMb)C-,
+(C. M. +C, Mb)'(M. Mb) C.—]'"]/2p0N(c. +Cb ) (16)

with Mb ——Nmb. From Fick s second law in a cylindrical-coordinate representation, the diffusion equation can be de-
rived as follows:

ac. a'C.
ar

=Di +
Di BDi BC,

r Bc, dr
+

BD2 BM (C, )
D2[M, M'(C, )]—+ [M, —M "(C,)]C, D2 —C,

aC.
Bp'

2' Dp
[M, —M*(C, )]C, . (17)

III. EQUILIBRIUM-STATE SOLUTIONS

The nonlinear equations derived in Sec. II are the fun-
damental equations for describing the diffusion of atoms
induced by a centrifugal field in a two-component con-
densed system. They are clearly different from the equa-
tions of I.amm, in that the former are nonlinear while the
latter are linear. As shown in the second term of Eq. (9),
the nonlinearity comes from the dependency of the buoy-
ant force upon the solute concentration.

In order to discuss the effect of this nonlinearity, we
derive the equilibrium-state solution for a special case in

I

which the ideal reference system ( y = 1, i.e.,
D=D, =D2) is assumed and the atomic volumes of the
two components are equal [a=1 in Eq. (4)]. In this case
the effective weight per molar volume of A of the sur-
rounding solvent mixture is written as

M, —Mb
M'(C, )=Mb+ C, .

ao+ bo

The flux crossing the unit area J" is given by
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re (M, —Mb)J"=D —VC. + C.— C.'RT C, +Cb

tion of the equation of Lamm [Eq. (1)],which is

C/Co=exp( Y'),

where

(21)

(19) Y'=(1 U—d)M, r co /2RT .

The equilibrium-state equation can be obtained from Eq.
(19) by setting J"=0. The solution of this differential
equation is given by the concentration ratio C, /C, (or

0
atomic fraction ratio c, /c, ) per unit volume

0

where

(1+P)exp Y

I+Pexp Y
(20)

P=C, /C„, Y=(M, —Mb)r co /2RT .

In this derivation we chose the reference state as Y =0 at
the equilibrium state. Equation (20) describes the final
concentration distribution as a function of Y for a given
value of P. Here P represents the concentration (atomic
fraction) ratio of A and 8 at the reference state. The cal-
culated results of the C, /C, distribution for several

0

values of P is shown in Fig. 1. The same solution for 8
can also be obtained in a similar way.

For a comparison, we show the equilibrium-state solu-
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FIG. 1. The C, /C, distributions vs
~

Y
~

at the equilibrium
0

state, when the atomic volumes are equal (a=1) in the ideal
reference system (y= 1). Here Y=(M, —Mb)r co /2RT and
P=c, /cb .

This solution corresponds to the solution of Eq. (19),
where the limit of P~O is taken. Figure 1 clearly shows
that the distribution C, /C, (except that for P~O) devi-

0

ates more from that of the Lamm solution with an in-
crease either in the concentration or in the centrifugal
field. Furthermore, when M, &Mb and

~

Y
~

~ee, un-
like those of the Lamm solution, each C, /C, value (ex-

0

cept that for P~O) approaches constant values of
I/P+1 (at which conditions the lattice space is occupied
by only one species of atom A). In other words, it is
pointed out that the diffusion is not allowed any further
at the point where only one species of solute occupies
part of the lattice space. In contrast, at low concentra-
tion of one component, the diffusion can be well analyzed
by using the Lamm sedimentation equation.

IV. CONCLUDING REMARKS

A self-consistent approach to the Lamm sedimentation
equation is proposed for describing the diffusion of atoms
induced by a centrifugal field in a two-component system
of condensed matter. This theory is constructed on the
basis of nonequilibrium thermodynamics, the vacancy
mechanism, and the following main assumptions: (1) the
external force is given by the difference between the cen-
trifugal force and the buoyant force which is caused by
the effective mass of the surrounding solvent mixture in-
cluding solutes; (2) the phenomenological transport equa-
tions and the Nernst-Einstein relation hold for the whole
range of concentrations; and (3) the density of the solvent
mixture varies in proportion to the effective mass. The
resulting nonlinear diffusion equations are different from
the linear equations of Lamm. The effect of concentra-
tion change on the expression of the fluxes was con-
sidered by introducing the chemical interdiffusion
coefficients in this theory. Furthermore, it is shown that
the nonlinear effect becomes significant with an increase
either in the concentration or in the centrifugal field.

In this paper we have limited our discussion to the
cases of a two-component condensed system where the
solute is atoms and the solvent is either of metallic,
molecular, or covalent nature. However, this theory can
also be applied to the diffusion of molecules and other
Brownian particles, and can be extended to cases with
three or more components, including ionic matter. In ad-
dition, if centrifugal field re is replaced by gravitational
field g, this theory is also immediately applicable to
gravitational-field-induced diffusion.

The diffusion phenomena of atoms induced by a centri-
fugal field in condensed matter may be used as a practical
method of changing both the concentrations of impurities
or solutes and the density distributions, of creating chem-
ically nonequilibrium steady states, etc. The present
theory is useful to analyze these diffusion phenomena of
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atoms, particularly for high solute concentrations or a
high centrifugal (gravitational) field. In addition, the
present theory may also be used in the field of conven-
tional sedimentation, to describe the behavior of Browni-
an solid particles, to analyze precisely the density distri-
butions of liquid solution solvent in the density-gradient
method, and further to compute the sedimentation pro-
cess in the planet, satellite, etc.
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If the vacancies exist everywhere in thermal equilibri-
um, fluxes induced by a chemical-potential field and rela-
tive to the local lattice of A and B crossing a unit area
are represented as follows (phenomenological laws):

J, =L„X, +L,bXb

b ab a + bb b)

(Al)

where I.; are the phenomenological coefficients, X; are
the thermodynamic forces, and the subscript 1 denotes
the chemical-potential field. Since temperature is uni-

form, the forces are related via the Gibbs-Duhem equa-
tion

c,X, +cbXb =0 (A2)

From Eqs. (Al) and (A2), we have
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so that we may call

kV.
D

a& n c,
Lb

Cb

in@,
1+

inc,
(A6}

the diffusion coefficient relative to the local lattice of A
for the diffusion induced by a chemical-potential field.
There is a corresponding expression for the coefficient
Db relating Jb to —Vcb, i.e.,

I I

kT Lbb L,b
Db ——

n cb ca

lnyb
1+

inch
(A7)

J,' =J, —c(J, +Jb),

Jb Jb Cb(J +Jb
1 1 I 1

(A8)

(A9)

In this ideal situation, the net flux of the atoms J, +Jb
1 1

is counterbalanced by an opposite bulk movement of the
lattice, and Eqs. (A8) and (A9) follow. From Eq. (A8)

J, = (cbD, +c—,Db )n Vc, = D, n Vc, . —(A10}

D, is called the chemical interdiffusion coefficient relative
to the fixed parts of the lattice of A. By Eqs. (A6} and
(A7) it is

kT cb c,
Dj —— L„+ Lbb —2L,b

n c cb

lny+
inc

(Al 1)

The similar chemical interdiffusion coefficient for the
diffusion induced by a centrifugal field can be derived by
using the Nernst-Einstein relation. If the Nernst-Einstein
relation holds for the whole range of concentration, the
absolute mobility A,, of A for the diffusion induced by a
centrifugal field is represented by

The concentration distribution will therefore yield a
diffusion coefficient linking the concentration gradient to
the flux of atoms relative to the fixed part of the lattice.
If the diffusion proceeds without the formation of pores
within the specimens and without the occurrence of
bumps or kinks on the surface, the fluxes relative to the
fixed part of the lattice J, and Jb are expressed by using

1 1

a ~ Jb, ca~ and cb as
1 1

J, = L„— Lb X, (A3)
Va

2
D,

kT
(A12)

X, =TV(p, , /T) . (A4}

The chemical potential of A can be written in the form

p, =po, (T,P)+kT In(c, y, ) . (A5)

The thermodynamic force induced by the chemical po-
tential is

where v, , F„and D, are, respectively, the velocity of'2' 2

A, the external force acting on an atom, and the diffusion
coefficient relative to the local lattice of atom A for the
diffusion induced by a centrifugal field; and the subscript
2 denotes the centrifugal field. Then, the flow J, relative

2

to the local lattice is written, like the Eq. (A3), as

Thus from Eqs. (A4) and (A5), Eq. (A3) becomes
ca

Ja = Laa Lab Fa =va nca =
D, F,nc,

2

kT
(A13)

ca

c, lny, Vc,J, = —L„— L b kT 1+
Cb inc,

Therefore the diffusion coefficient relative to the local lat-
tice is written as
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D, = kT L„
n c,

L,b

Cb
Db —— T Lbb L,

n Cb

(A14)

As a result, the chemical interdiffusion coefficient relative
(A15)

to the fixed parts of the lattice of A for the diffusion in-
duced by a centrifugal field is written in the same way as
in the derivation of Eq. (Al 1), as follows:

kT cb c,
D2 —— L„+ Lbb —2L,b

7l C Cb
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