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Shakeover probability for electron capture
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The simple shake probability for electron capture is formulated and evaluated for 1s-1s electron
capture at high collision velocity U for projectiles and targets of charge Zp and ZT, respectively. By
introducing orthogonalized wave functions, corresponding to asymptotically correct first Born cal-
culations, a shake probability is obtained that goes to zero when the electron screening s remains

unchanged during the collision. When ZT&ZP, our shake probability varies as Z, Z', s'/U, where

Z. .., is the smaller {larger) of Zp and ZT. First Born probabilities vary as ZzZT/U". A
minimum in the shake probability is predicted for charge-symmetric systems.

I. INTRODUCTION

Multiple electron transitions in atomic collisions can
sometimes give more direct insight into many-body
effects than transitions of a single electron where many-
body effects are often of secondary importance. Recent
studies' of double ionization in helium by protons and
antiprotons, for example, have led to new understanding
of the interplay of independent-electron and shakeoff
mechanisms for double ionization. For electron capture
some studies exist using the independent-electron approx-
imation, but no proper theory for a shake process in
electron capture has yet been developed. In this paper
we formulate and evaluate simple shake amplitudes and
probabilities for electron capture. This shake process,
called shakeover, occurs when a second electron is cap-
tured due to a change in nuclear screening accompanying
capture of a first electron by the projectile.

The shake concept has been used in multiple ionization
for many years. ' ' In the simple shake picture, the
probability for ionization of a second electron is

~ (Pf ~ P, )
~

. If there is a change in screening then the
unperturbed final-state Hamiltonian Hof differs from the
initial state Ho; and P; a superposition of final eigen-
states, i.e., P;=+&a;&P& When ther. e is no change in

screening then (P& ~ P; ) is zero for f&i In other wor. ds,
there is a physical cause for the nonorthogonality of P,
and P&, namely, a change in screening. This point re-
quires special attention in the case of electron capture. In
this simple shake picture the ratio of single to double ion-
ization cross sections, R =

~ (P& ~ P,. ) ~, is independent
of the projectile charge and velocity. For electron cap-
ture the electron is translating in the final state so that
( Qf ~ P, ) becomes velocity dependent.

Understanding of double capture rests to a large degree
upon the understanding of single capture. For total cross
sections for single capture most properties, such as the
charge and to some extent the velocity dependence, can
be understood in terms of simple first Born cross sections.

Quantitative agreement with most observations at high
velocity has been obtained by using a first Born approxi-
mation which is asymptotically correct. ' This ap-
proximation may be obtained from the simple
Brinkman-Kramer version of the first Born approxima-
tions by a Gramm-Schmidt orthogonalization of the final

state with respect to the initial state. ' In this paper we
shall use these first Born approaches as a standard of
comparison for total cross sections, ignoring for the most
part second Born effects which can be important in

differential cross sections and which, at very high ener-

gies, modify slightly the velocity dependence of the total
cross section.

Most existing calculations of double-electron cap-
ture are based on the independent-electron approxima-
tion in which the probability for capturing two electrons
(e.g. , from helium) is P, P2 when P; is the probability of
capturing the ith electron (i =1,2). Recently, Miraglia
and Gravielle have pointed out that at high velocities
the independent-electron approximations may not give
the dominant contribution to double-electron capture
and that proper treatment of the orthogonality properties
of P; and P& is important in understanding double cap-
ture at high velocities.

In this paper we formulate and evaluate the shakeover
probability for electron capture. Our formulation in-

cludes orthogonalization so that the shakeover probabili-
ty goes to zero as the change in screening goes to zero.
We also consider in screening in both the target and the
projectile. We discuss some of the limitations of one sim-

ple shake probability, and consider extension to a gen-
eralized shake probability including electron exchange
and initial-state correlation. Here we use atomic units
where e =A =m, = 1.

II. FORMULATION

In the impact-parameter representation the exact
probability amplitude for a transition from P; to Pf is
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given to first order in the electron-projectile interaction
Vby

a;/(B)=&pf
I

lp &

&pf I
UJ(+, — )

I

~exp —i V~ t dt

1 —i Vr tdt

Here Vz and the evolution operator U& are expressed in

the interaction representation where it is assumed that
the projectile trajectory R(t) is known, i.e., R=B+vt,
and that no transition occurs if there is no interaction
with the projectile so that the first term at the end of Eq.
(1) is zero.

We now consider the simple shake probability for a
two-electron system. For the simple shake probability
both correlation and antisymmetrization of the electron
wave functions are ignored, so that P=P(r, )P(r2). For
uncorrelated wave functions the asymptotic Hamiltonian
is a sum of single-particle terms, e.g., Ho = ——,

' V,
—Z~/r )

—
2 V2 —Z~/r2. For shakeoff to occur Ho; and

Hof must differ. In this paper the nuclear charge Zz is
set equal to Z~ —s in the initial state and Zz- in the Anal

state. Consequently, P& and P; are nonorthogonal unless
the change in searching screening s is zero. There is a
similar contribution from the change in screening of the
projectile as Z&~Z& —s, except that the screening in-
creases in Zz and decreases in Z~.

Now Vz ——Vz+ Vz in Eq. (1) and noting that Vz acts
only on P(r& ) and Vz on P(rz), we have

a;f ———i f r] f r2 Vz t+ V~ t;r, ;r2

i f rJ Vg ' r] t f r2 ' I 2 + f r2 Vg ' r2 t f r, ; r,

x &Pf(rsp) I 0 (r2r)&

=a„p&P/(r2p)
I
P&(r2r) &=a &S . (3)

In this amplitude one electron is captured and the other
undergoes a shake transition, corresponding to

Let us consider double capture and specify that elec-
tron 1 is captured and electron 2 is the shake electron.
Now P; and P& are most conveniently expressed in terms
of rz and rp where rz- ~z~ is the position of the electron
relative to the target (projectile) nucleus. Then

00 Zp
& P/(r~p) P;(r, r) &dt

I
B+vr —r)r I

The simple amplitude for double capture factors into a
capture amplitude and a shakeover amplitude S. Conse-
quently, a;f is uncorrelated. In particular, the time in-
tegration originating in Eq. (1) does not extend over the
shake amplitude in the impact-parameter picture. We
specify r2~ ——R+r2z- by specifying that Z~ —s changes to
Zz and Z~ to Zp —s' at t =0.

Next let us address the question of orthogonality. To
avoid spurious effects' ' due to nonorthogonality we
use a Gramm-Schmidt procedure ' to orthogonalize P&
to P, when s =s'=0. We note that this procedure gives a
first Born amplitude that corresponds to the asymptoti-
cally correct amplitude' and gives better agreement
with experiment than the simpler "nonorthogonal"
Brinkman-Kramer amplitude. Specifically we use

P/g(Zr, Zp —s ) =Pg (Zr, Zp —s ) —& P/(Zr, Zp —s )
I
Ni(Z Zrp —s ) &P&(Zr&Zp s )

or

This means that the final state P& where s =0 s'&0 is or-
thogonal to a ground state P,', where s =0 and s'&0. The
initial state P, corresponds to Zz. —s, and Zp, i.e., s&0
and s'=0, the reverse of P/ and P,'.

Now, the simple shakeover probability Pz may be ex-
pressed from Eqs. (3) and (4) by

~s=
I &0'/, I 0 & I

=
I &Py I

4'& —&0'y
I

4'l &&Pl I 0 & I

Here P'=P(Zr, Zp —s') and P=P(Zr S,Zp) and S' is—

an overlap of P,' and P/. As s and s' both go to zero, both

Sj and Pz reduce to zero. We note that s and s' are not
strongly dependent on Z. In a variational calculation
s =s'=

—,'„ independent of Z to first order in an expansion
in 1/Z for ls electrons.

III. EVALUATION

The evaluation of the shakeover probability of Eq. (5)
above is done by evaluating the overlap & P/ I P, & for ar-

bitrary Z~ and Zz-. First we vary the screening s in Zz-

and find the contribution which goes to zero as s goes to
zero. Then we do the same for a change in screening s' of
Z& and combine both effects.
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A. Overlap integral g

Following a standard technique, we consider for un-
screened ZT and Zp

g ( Pf ( I P )
I i',' ( r T ) )

= f e '"')}I)f*(r—) R))t), (r+ —,'R)dr

at R =B where e '"' is the translation factor for electron
capture. For 1s-1s capture using

(t)(p)=(2~) f (t(r)e'p'dr=&8Z / /m(p +Z )

one has

g — dk dK y *(k)y (K )e
—(1/2)'R ("+K)

(2m. )
e

—i r.(K —k+v)

fe
—((/2)iR v -d K (I) (K+V)()I) (K)e —iK B

(Z Z )'/ fdK e
—iK.B

[Z +(K+v) ] (Z +E )

where R=B and 8 v=0.
Using a peaking approximation to first order in U/Z

and standard integrals, we have

g (z z )5/8 1

22+ 2

1

7T V [Zp+ (K+v) ] (ZT+ I(: )

(ZpZT) / 2nK . dK + f e' "'~d(cosp)1 1 iKB cos

~'U' o (Z'+K')' (Z'+K')'

8(ZpZT)
4

8
(ZpZT ) lim

477 . —1 d

7TV A ~Zp

—ZPB —ZTB
e ' e+

ZP ZT

4m l. —1 d ~ K sinKB
k2+K2

(8)

For screened ZT one simply replaces ZT by ZT —s. Screening in ZP is treated similarly.

B. Shake overlap S—S' at s'=0

Here we evaluate S' —S for no change in Zp, i.e., s'=0. In Sec. III D we add the contribution for Zp ~ZP —s'. This
enables us to consider the effect of target and projectile screening separately. Finding S—S' at fixed s' is simply done
by subtracting Eq. (8) with ZT ~ZT —s from Eq. (8) with ZT. Setting ZT —s—:ZT(1 —e) we have, expanding to first or-
der in e=s/ZT,

Zp

—ZpB

S—S, p
=

4 [ZpZT(1 —e)]
U

e
—Zr(1 —e)B 8(z Z )5/2

P T+
ZT(1 —e} U

—ZpB
e

Zp

—ZTB
e+ Z

—8(zpZT) s

U ZT

—ZpB —ZTB

+( ', ZTB}——5 e 3 e

p T

$2+0
ZT

(9)

Here Zp does not change.

C. Ground-state overlap ( P,' ~ P; )

For 1s hydrogenic ground-state wave functions we
have, again using e=s/ZT,

(y,' ~ y;) = f «it),*(z )y;(Z )—
=[Z Z (1—e)]' 'f e ' ' r'dr

0

[Z (1—e)] =1—— +0
[ZT(1—e/2)]' 8 ZT ZT

Since the correction from s is of order e =s /ZT it may
be ignored to first order in s/ZT. A similar result holds
for Zp ~ZP —s'.

D. Amplitude with changes in both ZT and Zp

The shakeover amplitude for ZT —s ~ZT and

Zp~zp —s' may be found subtracting from Eq. (9) a
similar amplitude with ZT replaced by Zp and s by s'.
The amplitudes are subtracted because the screening in-
creases for Zp and decreases for ZT during the collision.
The result is readily found to be
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(s —s')= (z,z, )'"
4 P T

s' 5 S e
X ( —,

' —ZpB )
Zp 2 Z7 Zp

—ZTB
e

ZT

This is the shakeover amplitude to first order in s/Zp
and s'/Zp.

E. Shakeover probability Pq

The shakeover probability Pz, for 1s-1s capture is now
readily found from Eqs. (5), (10), and (11),namely,

P,(8)= Is, I'= Is —s (qs,'. Iy, ) I'
=

I
s —s'

I

I

s Zpzr ( —,'—ZpB )
V P T

—ZpB
e

Zp
+ — —(-', —ZrB }

5 $3 S

P T

—ZTB 2
e

ZT
(12)

This corresponds to Z7- —s changing to Z7- and Zp
changing to Zp —s' at t =0. It is useful to note that at
B =0 one has

(13)

Ps(8) goes to zero as both s and s' go to zero.

IV. RESULTS AND DISCUSSION

The simple shakeo ver probability, unlike simple
shakeoff and shakeup, is dependent on the parameters
describing the projectile. That is, Ps in Eq. (11) varies
wfth u, Zp, and 8, as well as the target parameters Zz.
and s. The v dependence comes from the e'"' transla-
tion factor in Eq. (6), and the Zp and 8 dependence also
arises because the electron leaves in the ground state of
the projectile. The effect due to the change in screening s
is linear in the shakeover amplitude and quadratic in the
probability. This corresponds to a first-order perturba-
tion effect in s. In this regard, shakeover, shakeofF, and
shakeup are similar, namely, the shake efFect in the prob-
ability varies as s /Zr to first order.

At sufficiently high velocities shakeover will dominate
over direct double capture. For simple estimates, we
compare our simple shakeover probability to the
Brinkman-Kramer (SK}probability for direct ls-ls elec-
tron capture given by

4zpzr [X E (X)] 2' Zpzr
Zz. u (1+S /4) u'

where

X=BZT(1+S'/4) '"
(14)

u (ZT Zp}-S= 1—
ZT

o i+EA+ =2m J P„p(8)P„p(8)8dB,

os++ =Ps(0)2n f P„(B)BdB
0

16 5 5 s s
ZpZ7 3

V Zp Z7

2

+ (s' —s)
P P

(15a)

(15b)

where cr+ is the single-capture cross section. To first or-
der in s/Z, our shakeover probability goes to zero when
s =s' and ZP ——ZT, i.e., for charge-symmetric systems.

A very rough estimate of the velocity above which
shakeover dominates direct double capture is found by
noting that the BK cross sections and probabilities are
often an order of magnitude too large. Taking s'=s and

Ps( } v 10(3s) 1
1&

)'()PH~(0) 2' Zp

1

Z

V ~+) 2 1 1
(16)

10s Zp

for s =0.3 and Zp&zr, we have v ~ 5Z . For Z =2
this corresponds to velocities above 10 MeV/amu. Since
the numerical coefficient of the simple shake probability
could easily be in error by a factor of 10, crossover veloci-
ty could be in error by a factor of 10 or more.

A comparison for double-capture cross sections and for
the ratio of double- to single-electron capture,
R =o ++/o. +, is given in Table I. The continuum-

Note that as v increases the mean impact parameter con-
tributing to capture becomes small, i.e., B &&ZT and Zp.
This suggests that to a good approximation we can take
8 «Zr in the shakeoff probability in Eq. (1). Then for
double-capture cross sections due to the direct (or
independent-electron approximation) and shak cover
mechanism we have
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TABLE I. Charge and velocity dependence of double-electron capture.

Model

Independent-electron

approximation (first Born)

Shakeover

(first Born)

CDW (TEM)

[Gravielle and Miraglia Ref. 8(b)]

Z 10Z 10
P T

22

Z10Z10 2
1 1

U20 Z2 Z2P T

Z 10Z 10
P T

U "(ZT+Zp)4

R =a++/o-+

ZpZT
10

ZpZTS ]
v' Z' ZP T

ZPZT

U'(ZT+ Zp )

distorted wave (CDW) calculations of Gravielle and
Miraglia, ' ' using peaking approximations, also include
effects of the second-order Thomas peak which modify
the U-dependence single-capture cross sections by one
power of U at asmptotically high v. The various results in
Table I differ in the Zp Zz and U dependences.

Experimental tests of double-electron capture at high
velocity could provide a helpful guide in understanding
this phenomenon. The cross sections are very small. For
10-MeV protons on helium a strong potential Born (SPB)
calculation gives a single-capture cross section of about
10 cm, and using Eq. (13) we estimate a double-
capture cross section of 5)&10 cm . However, the de-
velopment of storage rings may make these experiments
feasible. We point out that determination of the velocity
and/or charge dependences of the ratio of double to sin-

gle capture at high velocity would provide useful infor-
mation.

Our shakeover probability can also be used to evaluate
cross sections at high collision velocities for simultaneous
capture and ionization of two electrons, i.e., transfer ion-
ization. This gives a transfer ionization cross section
which varies as P;,„P,h,k, -v U =U ' . In this case
the ratio of transfer ionization to single capture,
R =a++/0+, varies as u (or U' if we include the Tho-
mas peak). Then the ratio R is predicted to increase
slightly with increasing velocity and this mechanism
eventually dominates over single capture plus shakeoff.

Our simple shakeover calculation has a number of limi-
tations. The simple shakeover calculations do not in-
clude initial-state correlation or antisymmetrization of
the e1ectron wave functions, both of which should be in-
cluded in generalized shakeoff probabilities. ' Initial-
state correlation significantly alter the numerical
coefficient of our shakeover probability, and possibly the
Z~ and Z~ dependence, but we do not expect the u

dependence to change significantly. Final-state correla-
tion and Coulombic distortions in the wave functions
could affect the shake probability somewhat if the veloci-
ty is not too high. Second-order effects such as the singu-
larity that gives rise to the Thomas peak could become
important at energies above 100Zz- MeV/amu where the

Thomas peak begins to inhuence the total single-capture
cross section. However, we have found no reason to ex-
pect the simple shake probability of Eq. (11) to be
affected. We do expect the shakeover result to be the
same in the wave picture as in our impact-parameter pic-
ture first order in Z/v and s/Z. At energies above one
may expect radiative electron capture (REC) to play a
significant role, although we expect the analysis given
here to apply to radiative as well as nonradiative electron
capture.

For double-capture cross sections, which are quite
small at high velocities, it is difficult to rule out the possi-
bility of processes not yet considered. Perhaps there is
four-body amplitude, possibly analogous to the Thomas
singularity, which is larger than the small effects con-
sidered here. Experimental data, when it is possible to
obtain, would be quite helpful in guiding our understand-
ing of double-electron capture at high velocity.

V. SUMMARY

We have formulated and evaluated the simple shake-
over probability for electron capture at high velocity.
Shakeover of a second electron occurs when there is a
change of screening in either the target or the projectile
when a first electron is captured. Our simple shakeover
probability for 1s-1s capture with Zz and Z& changing by
—s and +s, respectively, varies at small impact parame-
ters as

Z Z s

v Zp Zy

with a minimum at Zz ——Zz-.
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