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The time evolution of a quantum single-quartic anharmonic oscillator is considered. The study is

carried on in operational form by use of the raising and lowering operators of the oscillator. The
equation of motion is solved by application of a new integration method based on iteration tech-

niques, and the rigorous solutions that describe the time development of the displacement and
momentum operators of the oscillator are obtained. These operators are presented as a Laplace
transform and a subsequent inverse Laplace transform of suitable functionals. Finally, the results

are employed to describe the time evolution of a quasiclassical anharmonic oscillator.

I. INTRODUCTION

For many years the analytical as well as numerical
study of the one-dimensional anharrnonic oscillator has
been of considerable interest. This system was conceived
as a simple and yet nontrivial model on which many of
the basic field-theory axioms can be tested.

More recently, new problems in many branches of
physics, ranging from molecular dynamics to solid-state
physics and to optics, have intensified the interest in
anharmonic models. In fact, it is generally realized that
very interesting features of numerous systems are a
consequence of the anharrnonic nonlinear character of
their oscillations. The analysis of nonlinear problems
generally requires the study of systems with more degrees
of freedom; nevertheless, the study of a single quantum
anharmonic oscillator is a prerequisite for an understand-
ing of more realistic and complex systems.

In this paper we discuss the time evolution of a single-
quartic anharrnonic oscillator characterized by the Ham-
iltonian

H= p +—comq +—
q

2

2m 2 4

This Hamiltonian has been extensively studied in classi-
cal and quantum theories.

The exact solution of Newton's equation of motion for
H has been written in terms of Jacobi elliptic functions
and the period and action of this classical problem have
been expressed in terms of generalized hypergeometric
functions. Approximate solutions of Newton's equation
have also been obtained. The solution provided with the
classical Birkhoff-Gustavson normal-form approach ap-
pears to be in a form suitable for studying the relative
quantum problem.

'

A great many papers on approximate solutions of the
Schrodinger equation for this anharmonic oscillator are
available in literature. Energy levels and eigenfunctions
have been written by using the Rayleigh-Schrodinger per-
turbation theory or, more recently, by applying the
Krylov-Bogoliubov method of averaging and the thermo-
dynamic perturbation theory. At present the mean
values of powers of the displacement as well as the one of

the energy in both quantum and JWKB theories have
been obtained from a uniform algorithm by using the
Rayleigh-Schrodinger method.

The purpose of this paper is to study the time evolution
of the quantum single-quartic anharrnonic oscillator and
to give a detailed treatment of the new mathematical
techniques we have developed to analyze this nonlinear

problem, since the method employed is general enough to
be applied to many other nonlinear problems.

We will investigate the time development of the dis-
placement and momentum operators of the oscillator.
This study is made in operational form by introducing
the raising and lowering operators of the oscillator. No
particular representation is used and the final-operator
functionals are presented in normal order by means of as-
sociate functions of the raising and lowering operators.

First, we look for a solution of the equation of motion
of the displacernent operator by applying iteration
methods. Since the equation of motion is an operational
nonlinear second-order differential equation, a solution
expressed as a power series of time may be obtained only
if we are to overcome the following difticulties.

(i) To find a recursive operational relation among the
terms of the power series and, at the same time, to take
into account of the expansion factor [(n!) '] for the gen-
eric nth term of the series.

(ii) To order the displacement and momentum opera-
tors in each term.

We are able to find some integral operators that permit us
to deal with these difficulties in different phases of the
calculations, so that we can write a forrnal solution of the
motion equation.

Then we introduce a nonlinear first-order differential
equation suitably correlated with the equation of motion.
A comparison between the solution of this equation and
that of the motion equation permits us to condense the
resultant power series into an integral of an analytical
function. After further calculations we obtain a final ex-
pression in which the displacement operator appears in
the shape of a Laplace transform and of a subsequent in-
verse Laplace transform of an operator functional. By
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using this result the time development of the momentum
operator is easily obtained. These expressions of the dis-

placement and momentum operators allow us to analyze
the properties of the quantum anharmonic oscillator
without applying usual perturbation techniques.

The feasibility of the present approach is illustrated by
studying the time evolution of a quasiclassical anharmon-
ic oscillator for which the initial value of the momentum
operator is null. Conditions on the convergence are not
discussed.

Section II is devoted to introducing some useful
definitions of operational calculus. The exact solutions of
the equations of motion for the displacement and
momentum operators of the anharmonic oscillator is
presented in Sec. III. Finally, in Sec. IV on the basis of
these solutions the time evolution of a quasiclassical
anharmonic oscillator is analyzed. The paper concludes
with two Appendixes which contain problems of opera-
tional calculus necessary for our study of the anharmonic
oscillator.

II. INTEGRAL OPERATORS

I(t;t, )=f dt, ,
0

for which we let

(2)

i "(t;t„)=f''dt, f 'dt, f " 'dt„.

Obviously, we have

We will premise some mathematical considerations in
order to simplify the following study of the anharmonic
oscillator. We begin by noting that some theorems of
operational calculus, necessary to our purposes, are enun-
ciated in Appendix A.

Now we introduce the integral operator

is the Laplace transform of the function f (z) and

and

X(g;z)z"=n!g

'(z;rt)rt " '= z" .
n!

Consequently, we can write

8 I+ '(rt;z) =X(rt —';z)rt —'

and

d I-'(z;q) =Z -'(z;q-')q .

(7b)

(8a)

(8b)

It is trivial to note that the operators cP
'+' and d" ' can

be also expressed in other integral forms.

III. METHOD OF SOLUTION

Let us briefly review the equation underlying the
operator time evolution for a system described by Hamil-
tonian &. From elementary quantum mechanics the evo-
lution of an operator 0 is found by writing the solution of
the equation

[O,k] (9)

as
2

O(t)=O+ . [0,&]+— . [[O,&]%]+ih ' 2! ih

'(z;g)y(g) = f d g exp(zest)q(7)) =f (z)
2l w c —i oo

is the inverse Laplace transform of the function y(g), we
have

I n(t. t )(t )h th+nh!
(h +n)!

and, in particular,

I "(t)f:I "(t;t„)f=—
,

t "f,
provided the function f is chosen so that

(4)
(10)

provided operators & and 0 have no explicit time depen-
dence.

If the characteristic parameters of the anharmonic os-
cillator are expressed in suitable form, Hamiltonian (1)
can be written as

H=Pp +yg +Xq

dt,
=0

a'-'(z;q)q"= z" .
n! (6b)

We will give an explicit form to these operators, which
from definitions (6) we see to be integral operators. They
may be expressed, for instance, by using integral trans-
forms. If

X(r);z)f (z) —= f dz exp( —rIz)f (z) =y(rt)
0

Then we consider the operators 8'+' and d"' ' defined

by the following relations:

e ~+'(q;z)z"= n!q" (6a)

and

and

=2
dt

(12a)

dt
= —2q(2Xq +y) . (12b)

Consequently, the displacement operator q(t) satisfies the

A similar Hamiltonian is also obtained using the Syman-
zik suggestion of rescaling the anharmonic oscillator
variable q in Eq. (1).' This scaling process must be in-
troduced since a power expansion of the energy eigenval-
ues is divergent for any c & 0, no matter how small.

According to Eq. (9) the displacement and momentum
operators q(t) and P(t) of the anharmonic oscillator obey
the equations
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following equation of motion:

(13)

g (x ) = —4Px (2' +y ) . (14)
I

where the functional g (g ) is defined through the function

In order to study the time evolution of the operator g,
we must solve Eq. (13). For this integration we will use a
new mathematical technique which appears to be very
convenient to study nonlinear equations.

We begin by writing a formal solution of the system of
Eqs. (12). When Eq. (10) is applied, this solution is given
by

tI(t) = ~(t)+I '(t)g [ P(t)+I '(t)g [ $'(t)+I '(t)g [ j j j, (15)

where the operator I(t) has been introduced by Eq. (2)
and the operator $'(t) is defined as

(16)

with

$0 g(t——=0), po p(t——=0) .

It is trivial to verify that Eq. (15) is solution of the equa-
tion of motion (13), since the second derivative of Eq. (15)
gives

Now we must find the analytical function to which the
series (15} converges. For this purpose we consider the
simpler series

(21)

since the operator $'(t), introduced by Eq. (16), com-
mutes with all terms of the series (19}. We mean by sub-
script 0 that the function must be evaluated for /=0
When Eq. (20) is introduced into Eq. (21), we obtain

g(t)=exp[9'(t)8(g)]o"' '(t;rt)(P'+'(rt';r)G, (r;g)
~ 0 .

(22}

Therefore we have written the operator tI(t) in a compact
form.

Now we will free Eq. (22) from the operator I(t),
present in this equation through the operator P(t) With.
the help of the definition (6b} we see that

G (r' (}—(+I(r)g f )+I(r)g [f+I(r)g [
' ' '

j j j (17) where from Eq. (16) we have let

where g and r are independent c-number variables and
the function g is defined in Eq. (14}. Our first task is to
find the function to which the series (17) converges. In
Appendix 8 we see this function to be written in the fol-
lowing form:

G, (r;g) =exp[rg (g)8(g)]g,

where

Fn) =00+2PnPO (23)

We point out that the operational part in qo and Po of
Eq. (24) is completely held in the operator

Therefore we can write Eq. (22} as

q(t)=8' '(t;rt)exp[y(rt)8(g)](P''+'(rt;r)G)(r;g)
~ 0 .

(24)

D(x)=
dx ~ =expW(rt»(k) l . (25)

In the same Appendix, on making use of this result we
obtain that the auxiliary function G, may be expressed as

G, (r; g) =y'~ g exp( —4Pyr)

It is useful to introduce the raising and lowering opera-
tors of the oscillator, 8 and 8, which obey the commuta-
tion relation

[&,dt]=1 .
X [2Xg [1—exp( 8Pyr)]+y j—

Then we modify the function G, suitably. If we let

G, (t;()=/+I'(t)g [(+I'(t}g[(+I'(t)g j

(18)
On making use of the transformations for the displace-
ment and momentum operators of the oscillator,

go=~(8 +8) (26a)

(19) and

we see from Eqs. (6) and (17) that

G2(t;g)=cF' '(t;rt)g'+'(rt;r)G, (r;g) . (20)

po=i6}(a —&),

with

(26b)

In Eq. (19) we have used the function g and the operator
I, as in Eqs. (15) and (17), where we have defined q(t) and
G, (r;g). If we compare Eq. (19) with Eq. (15), we have
from theorem (A 1) that

1/4
fi

4 p

for the operator (23) we obtain the following expression:
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y(rt)=(o+i2pgqg (o —i2p0g)o .

Thus for the exponential operator (25) we have

E=exp[[ V(g)a + V*(g)a]D(g)j,

where

(27)

When Eq. (29} is introduced into Eq. (24), the associate
function of the displacement operator,

(q(t)) =(a
~
q(t)

~
a),

is readily obtained and is given by

V(g)=o +i2POg . (28)

If we apply theorem (A3) to Eq. (27}, for the exponential
operator E we can write

( q( t ) ) =8 I '( t; g )exp I
[a*V (7J ) +a V*(g) ]D ( g) j

X exp[ —,
' V*(7})V(g)D (g)]8' '(g;r)

XG, (r;g)
~ o . (31)

F. =exp[8 V(q)D(g)] exp[& V*( rt)D(g)]

Xexp[ —,
' V*(g)V(i})D (g)] . (29)

It is well known that an operator f(8,a ), a function
of operators a' and a, may be easily studied when it is
written in normal order, i.e., when in each term of the
series defining the functional f all annihilation operators
appear to the right of all creation operators. ' In order
to express the functional f(&,& ) into normal order we
can use the associate function f (a,a" ), which is obtained
by the diagonal elements of f(a, a ) in the coherent state
representation,

f(a, a')=(a
~

f(&,a ) a), (30)

with a
~

a) =a
~

a). We find the normal form of f(a, a )

if we replace a by 8, a* by a, and write each term in
normal order in the function f (a, a').

If this property is applied to Eq. (31) the associate func-
tion of the displacement operator becomes

(g(t)) =8' '(t; rt)8'+'( rt'; r)[2~
~

V(rt)
~

']

x f +"dgexp
2

[ V(vg)
i

XG, [r; g=g+aV*(g)+a" V(g)] .

Then a straightforward calculation yields

In Appendix A we study the operator exp[kD (g)] and
from Eq. (A5) we see for a function f (() that

exp[kD (g)]f (g)

2

=(4nk) '~' f dgexp — f (g) .

(q(t})=tt ' 8' '(t;rt)cF'+ (q;r) f d(exp( —g )Gi[w; g=v'2g
~

V(rt)
~

+av'(g)+a" V(rt)], (32)

where the functions G, and V have been defined in Eqs. (18) and (28), respectively. This result gives the desired expres-
sion that describes the time evolution of the displacement operator of the anharmonic oscillator.

Now we will write the associate function of the operator P(t),

(P(t)) =(a ~P(t)
~

a) .

From Eq. (12a) we see that

&P(t)) =(2P)-' —"&q(t)) .
dt

Since from the definition (6b) we have

(33)

—[+' '(t;g)f(q)]=ot' '(t;g)Iq '[f(g) —f(0)]j,
by using Eq. (32) we can write the following expression for the associate function of the momentum operator:

(P(t) ) =~ '"(2f3) 'of' '(t;q)J '+'(rt', —r)

X f dgexp( —g )rI 'jG, [r; (=&2(~ V(i)}
~

+av*(rt)+a*(rt)] —G, [r; g=V2go+(a+a*)o]j

(34)

For the sake of completeness we will rewrite Eqs. (32) and (34) in explicit form. By making use of Eqs. (8) we find
that the associate functions (q(t) ) and (P(t) ) are given by

and

(q(t))=sr '~'X '(t;g ')X(rt ', r)y' 'g

X f dgexp( —g )exp( 4pyr):-(g;g) j —X2[:"((;g))[1—exp( —8pyr)]+y j (35)
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(P(t) &
=~-'"(2P)-'2 -'(t;~-')Z(~-', r)y'"~-

X J dgexp( —g )exp( —4Pyr)(:-(g;ri)[2X[:-(g;r))] [1 —exp( —8Pyr)]+y]'

—:-0(PI »[:-0(&]'[I—exp( —ger) ]+y I
'"» (36)

exp— (37)

When we perform the integrations, from Eq. (37) we find

with

:-(k n) =&2k
I V(n) I

+aI"(n)+a'V(n)

and

:-0(g)=:-(g; ri=O) =(&2(+a+a" )0 .

The displacement and momentum operators of the oscil-
lator can be easily obtained by replacing the variables a
and a' with the operators 8 and 1 ~ in the associate func-
tions, as has been previously indicated.

We point out that the expressions (35) and (36) only
contain a Laplace transform, an inverse Laplace trans-
form, and an integration in g, which rises in the ordering
operation of the annihilation and creation operators.
Therefore these expressions can be applied to study the
properties of the anharmonic oscillator or to calculate
handy approximate values of the quantities which de-
scribe particular anharmonic systems. We note that the
expression which describe the displacement and momen-
tum of the classical quartic anharmonic oscillator are im-
mediately obtained from Eqs. (35) and (36) when in these
equations the function [exp( —f )] is replaced by
[&~s(p].

It may be of some interest to deduce from Eq. (35) the
we11-known expression of the associate function for the
displacement operator of the harmonic oscillator
(q(t))h„. In this case we must assume X=O, so that
Eq. (35) becomes

(q(t))„...=m-'"l -'(t;rl-')X(rl-', r)rl-'

I

(q(t))„„=(a+a')o cos[2(Py)' t]
' I/2

sin[2(Py )'/~t] .+i(a' —a)
. y.

Consequently, on making use of Eqs. (26) we can write
the following relation:

q„„(t)=cocos[2(Py)'/ t]
' I/2

+ — P Osin[2(P y)' /t] .
y

(3&)

Thus the expression that describes the displacement
operator of the harmonic oscillator is obtained.

IV. APPLICATION

We will verify the feasibility of the present method by
applying the results to a simple case. Therefore we study
the time evolution of an anharmonic oscillator which at
time t =0 is in a minimum-uncertainty state described by
a coherent state

I P) with 8
I f) =P

I
g). Moreover, in

order to simplify the following calculations the amplitude

g is assumed to be real and such that f »1. Therefore
the oscillator is initially in a quasiclassical state for which
the mean value of the momentum operator is null and the
one of the displacement operator is (2o'g).

We begin by considering the mean value of the dis-
placement operator

(q(t) )y——(q
I
q(t)

I y) .

To evaluate (q(t) )& we must perform the integrations of
Eq. (32) where we let a=a'=g. When we expand the
function G&(r;g) as a power series of g, we find that

G, (rg)=
2

where

1/2

g c«exp[ 4(2n +—1)Py r]
n =01=0

' 1/2 2(n +1)+1

(39)

( —1) (2n +2l)!
4"+'n!l!(n + l)!

Then, for G, (r; g) we write the relation

4'+'(g', r)G~(r;g) =4'+'(rt p)G~(p;g),

which is satisfied by the function
1/2 1/2 2(n + I)+ 1

with

2X „,cco(~s„ )l

n =01=0

2X

y
(40)

co„=2[(2n + 1)Py ]'/
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Now we consider the integral

Z), (g)=~ ' I dgexp( —g )[V2( i
V(rI)

i
+a V'(g}+a' V(i))] "+',

where the function V( g) has been defined in Eq. (28). For our particular oscillator the integral (41) becomes

Z =( P) "+' g (2h+1)' 1 + 4

, [2(h —s)+1]!s! 8q'

since the amplitude g is real. If we introduce Eqs. (39) and (42) into Eq. (32) we find that
n+l

(g(t) }&
——8' '(t;rt)d"'+'(rt;p) g c„)cos(co„p) Z„+)(rt) .

n, l

From the definitions (6) we see that Eq. (43) can be written after a straightforward calculation as follows:
' 1/2 ' 1/2 ' 2(n+I)+1

(g(t))~—— gc„( 2 oPy 2X

n, l

(41)

(42)

(43)

n+l
1 1x &-

s 1 8q2
[b'„),(a=1)cos(co„t)+b,(„')),(t; s= 1)],

where with

and

g(0) (&) (I fl —2)sD 2s(&)&2(n+i)+i
n, l s n b, '„"'=(2n+1)(1+(11') '[(2n+3)(1+4')—' —3] .

Here it is

&(„'I,(t')= g ( —1)'+'
g=0

Q„g$I

(s —g)!g!
(2n }!

2
2X

4"(n!}

' 1/2

with

X C (~„t)8"(s)s""+"+'

g —i [ (co„t) ]"—
Cs(co„t)= gg n

and

0„=o'co„ /2PO .

Then in order to give a compact form to this result we in-
troduce some approximations. We recall that the oscilla-
tor is initially in a quasiclassical state, so that it is P » l.
This condition allows us to neglect the terms of superior
order with respect to (8((( )

' in Eq. (44). Thus after a lit-
tle algebra we find that the mean value (g(t) )& can be ex-
pressed as

and for the convergence 4 (1. We point out that in Eq.
(45) the term Q~g)(t) represents the exact mean value of
the displacement for a completely defined classical anhar-
monic oscillator whose initial displacement is (2o lt ) and
the momentum is null, whereas the term Q'g)(t} is given

by the contributions of the commutation rule between I
and 8, which have been considered in the present ap-
proximations. The mean value of the momentum opera-
tor can be directly obtained by applying Eq. (33) to Eq.
(45).

For the sake of completeness we will evaluate the mean
values of other more complex quantities for the actual os-
cillator. As an example, we briefly analyze the mean
value of (g ),

Q(c)(t)
1/2

(X)

Cn
1+%2

and

(g(t))&=Q&' (t)+Q&"(t),
where

n +1/2

cos(co„t)

(45)
For our purposes it is useful to remember the following
property for the associate functions defined in Eq. (30). If
f, (a, a*) and f2(a, a') are the associate functions of the
functionals f)(8,8 ) and fz(&,8 ), respectively, the as-
sociate function f3(a,a ) of the functional

2X

1/2
i g( A)(8II2 q2) —)

n=0
n+1/2

gg2
x

1+%'

X [1—cos(co„t)],

f3(&,& )=f)(a, tt )f,(&,& )

is given by

fs(a, a*)=f, [a+8(a'),a']f2(a, a'), (46)

where the derivatives D(a*) act on the function
f2(a, a') only. ' Since our formulas must be specialized
for t/i » 1, we can approximate Eq. (46) as follows:
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Bf&(a,a') Bfz(a, a')
f, (a,a')= f, (a, a*)fp(a, a')+

Ba Ba"

Consequently, for the actual oscillator we obtain that

( t1'(t) )&=((Q(t) )&)'+ (8(a)g(t) )&(8(a")g(t) )&,
with

(D(a')g(t) )&=8' '(t;q)d''+'( 7);p)

2X
X g c„(cos(co„t)

n, l

XZ„' ', (q),

n+l

(47) Z~ '(ri)=(2h +1)(2$) '(2crg) "+' 1+i. 2 8

where, as written in Eq. (43) for (g(t) )&, it is After a straightforward calculation we find that

(D(a')q(t) )~
——[(8(a)q(t) )g]' =

' 1/2

(2P) ' g c„'(2n +1)(1+4 )

' n+1/2
Qy2

1+%2

X [cos(to„t)+iQ„'sin(to„t)] . (48)

When Eqs. (45) and (48) are introduced into Eq. (47), the
desired value for (g (t) ) &

is found. We note that in Eq.
(47) the term

[(8(a)g(t) )&(B(a')g(t) )&],

as the term Q~g'(t) of Eq. (45), is given by the contribu-
tions of the commutation rule for & and 8 ~. Therefore
for a completely defined classical oscillator Eq. (47) be-

comes

Since the preceding method of calculation can be applied
to every quantity, the complete description of the time
evolution of our particular anharmonic oscillator can be
obtained.

V. CONCLUSIONS

We have studied the time evolution of a single-quartic
anharmonic oscillator. The equation of motion for the
displacement and momentum operators of the oscillator
has been solved by using iteration methods. The solu-
tions have been presented as a Laplace transform and a
subsequent inverse Laplace transform of suitable func-
tionals of raising and lowering operators of the oscillator.
These solutions permit us to analyze the properties of the
anharmonic oscillator and to calculate handy approxi-
mate values of quantities which describe particular
anharmonic systems. In fact, the Laplace transform and
the inverse Laplace transform can be evaluated by using
the convolution law or one of the many approximate
methods of calculation reported in literature. So the
operators that describe the anharmonic oscillator can be
expressed in forms which facilitate the study of particular
problems and give the possibility of analyzing anharmon-
ic oscillators without applying the usual perturbation
techniques.

In order to illustrate the feasibility of the present ap-
proach we have analyzed the time evolution of a quasi-
classical anharmonic oscillator and in this particular case

we have been able to write the quantities of the oscillator
in analytical form. The necessary integrations have been
performed by using a suitable power expansion. Finally,
we speculate that many other nonlinear processes can be
studied by using a similar approach to that adopted in
this paper.
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APPENDIX A: SOME THEOREMS
OF OPERATIONAL CALCULUS

In this paper we make use of some theorems of opera-
tional calculus. For convenience we will list the state-
ments of these theorems.

Theorem 1. If f(g) is an arbitrary function and
dkldg=O, it is found that

exp[kB(g)]f(g)=f(g+k) . (Al}

Theorem 2. If A and S are two fixed noncommuting
operators, g a parameter, and f an arbitrary function, it
then follows that

exp(gA }f(8)exp( —gA ) =f [exp(gA )Bexp( —gA )] .

(A2)

Theorem 3. If A and 8 are two fixed noncommuting
operators and g a parameter, then we have

exp(gA )kexp( —gA )

p2
=S+([A,B]+~[A,[A,B]] +. . . (A3)

2

Theorem 4. If A and 8 are two noncommuting opera-
tors that satisfy the conditions



3256 SALVATORE CARUSO I I'0 38

[ A, [A, S]]=[8,[ A, S]]=0,
we have the following relation:

exp( A +8 ) =exp( A )exp(S )exp( ——,
' [A, S]), (A4)

which is a special case of the well-known Baker-
Hausdorff theorem.

Theorem 5. If f (g) is an arbitrary function and
dk/d(=0, it is seen that

exp[k8 (g)]f (g)

2

=(4nk) '~i f dg exp — f (g) . (A5)

BGi
=g(6) ),

with the initial condition

6, (r=0; g)=g .

Consequently, we can write

6, ( v", ()=exp[kg ( g)D (g) ]g,
where

(82)

The proofs of the first four theorems can be found in
literature, whereas the proof of the last theorem is given
as follows. If we put

p(g)=exp[k8 (g)]f(g)

and

4(x)=(2n. )
' f dgexp(iran)f (g),

we can write that

y(g) =(2m. )
' f dx exp( —ix))exp( kx )4—(x) .

It may be of interest to verify the assertion. By usual
rules of differentiatio we have

G,
a7. =exp[kg(g)8(g)]g(g) .

Then from theorem (A2) we obtain

Gi
=g I exp['rg (k)~(C)]k exp[

Since Eq. (83) can be written as

6 ('r'k) =exp[rg (k)~(k) l( exp[ —&g (()~(f}]

Since

exp( kx )=—(4@k) '~ f dgexp(ix))

(A6) it follows that the function 6& really satisfies Eq. (82).
Now we will evaluate the function G, . If we put

D(p) =g (g)~(g),

p can be written as function of g in the form

)& exp

from the convolution law of Fourier transforms we see
that Eq. (A6} becomes

p = — ln[2X('(2X('+ y ) '] .
SPy

We therefore have
' 1/2

2

y(g)=(4nk) '~ f d(exp — f(g) . 2X
exp( —4Pyp )[1—exp( —SPyp ) ]

' (84)

Therefore the effect of the exponential operator
exp[k8 (g)] on a function f (g) can be expressed by Eq.
(A5).

APPENDIX 8: AUXILIARY FUNCTION

In this appendix we study the function 6
&
(r;(), defined

in Eq. (17) as

G&(r;g) =/+I(r)g I /+I(r)g [/+I(r)g [
.

I ] ], (Bl)

where g and r are independent c-number variables, the
operator I(~) is given by Eq. (2), and the function g is ex-
pressed as

6, (r;p) =exp[re(p, )]

' 1/2
y
2X

exp( —4pyp)

X [1—exp( —Spy@)]

On making use of theorem (A 1) we obtain
' 1/2

Gi(rp)= y
2X

exp[ —4py(p, +~)]

X [1—exp[ SPy(p+ ~)]j—

and, when we express 6, (r;g) in terms of p, we find

(85)

g(x)= —4Px(2Xx +y) .

Let us write the function (Bl) in a more useful form.
Since it is

BG)

~, =g I (+I(r)g [(+I(~)g t
. .

I ] l

the function G, obeys the following equation:

Finally, on substituting Eq. (84) into Eq. (85) we can
write

G, (~;g) =y'~ g exp( —4Pyr)

X I 2X)~[1—exp( —Spy'')]+ y)
This is the desired expression of the analytical function to
which the series (Bl}converges.
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