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The strong-potential Born approximation to the single-electron capture amplitude in asym-

metric ion-atom collisions is discussed in the context of a realistic atomic potential. When final-

state binding effects of the captured electron are neglected, a simple connection between the am-

plitude in the actual atomic-potential case and the one obtained employing a scaled-hydrogenic
model'is derived which involves the competing effects of an off-shell multiplicative term depending

on the residual, target-ion charge and a phase factor containing the difference of the s-wave phase

shifts for the two potentials.

The plane-wave Born approximation (PWBA) to the
inner-shell ionization amplitude has long been an estab-
lished cornerstone of atomic-collision theory. Numerous
corrections to this basic nonrelativistic scattering ampli-
tude have been enumerated and applied, including bind-
ing, polarization, recoil, and relativistic effects. While
more elaborate methods for treating ionization now exist,
the conceptual simplicity of the PWBA and its overall
good agreement with experiment support its use as a
lowest-order ionization theory.

Surprisingly, a similar picture of electron capture from
inner shells has taken much longer to be developed even
though conceptually the capture process can be viewed as
an ionization of the electron into the projectile's outgoing
direction followed by attachment. Difficulties stemming
from the long-range nature of the Coulomb interaction
have slowed progress in this area. In recent years, the
strong-potential Born (SPB) approximation to the
electron-capture amplitude has been discussed in a certain
limits as the PWBA analogue. Specifically, the SPB am-
plitude can be shown to represent the folding of an ioniza-
tion amplitude with the final bound-state momentum dis-
tribution in the limit of negligible final-state binding
e8'ects of the captured electron.

Implementation of the PWBA has often involved using
a scaled-hydrogenic (SH) model in place of the computa-
tionally more demanding true atomic potential. Applica-
tion of the SPB theory has to date used only the SH mod-
el. Calculated SPB cross sections for electron capture
agree well with experiment, ' but at lower impact ener-
gies in less asymmetric situations, e.g., in proton-carbon
collisions, theory diverges from experiment sooner than
with the PWBA for ionization. Since the SPB theory is so

closely tied to the PWBA, this is somewhat puzzling.
In this paper, the low-energy discrepancy is explained

by correctly relating ' the SH model to the actual
atomic-potential case. As a result, theory and experiment
are seen to agree much better in the carbon example while
for protons on argon, where larger impact velocities are
encountered in a more asymmetric system, results are not
altered greatly, in agreement with the conclusions of Ma-
cek. 'n A consistent, unified treatment of ionization and
capture within the Born approximation is thus obtained.
In the following discussion atomic units are used.

Consider the transfer of an active electron to a bare
projectile ion from a target ion consisting of nonactive
electrons plus nucleus. The incident-channel perturbation
Vp, +VpT is a sum of the electron-projectile potential
Vp Zp/r and the interionic potential VpT which
reduces asymptotically to Coulomb form with charge
Z,Zp, ~here Z, is the asymptotic target-ion charge. The
shielding of the target nucleus of charge ZT by the nonac-
tive electrons leads to the value Z, . For neutral targets
Z, is unity; consequently, the initial perturbation is di-
polelike.

The SPB approximation to the exact transfer amplitude
is obtained by replacing the full Green operator with the
Green operator for the target spectrum plus plane-wave
projectile motion, and, in contrast to the general case"
where infinities arise, the resulting amplitude is well
defined in the neutral-target case because the initial per-
turbation is dipolelike. Furthermore, if final-state binding
eNects involving the captured electron are neglected, the
intermediate off-energy-shell electronic scattering state
tit, , is reduced to a single continuum state Qtlv, of the tar-
get with wave vector s. The off'-shell energy is e p /2.
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The factor Q has the same form, namely,

Q(z, s,p) e*"i I (1 —iv) [(s —p)/(s+p)]'",

regardless of whether the assumed potential is pure- or
modified-Coulomb in character. ' The charge Z in the
modified case is the asymptotic one Z, and v denotes Z/p.
It is assumed that s &p. Use of this "near-shell" wave-
function approximation in the amplitude introduces ' er-
rors of order (s —p 2)/(s+p) 2. The interionic terms are
removed from the amplitude using Wick's theorem. '

An amplitude is thus obtained which represents the
capture analogue of the PWBA for ionization:

ABPB dkpf (k)Q(z~, I v+k I,p)
x ApwBA(v+ k, k —K),

where

~PwBA(s, q) v, (q)&y, (r) I
e' 'I p;(r))

is the PWBA amplitude for the ionization of an electron
in the direction s with a transfer of momentum q. The
momentum spread k about the projectile velocity v in the
continuum wave function in Eq. (1) is accounted for also
in the momentum transfer in the ionization. The momen-
tum transferred to the projectile is denoted by K with
K K, +K& and K, —v/2 —(BB+ef)/v; K, is taken to
be parallel to v. The experimental binding energy BB is
used in defining K, . The final bound-state wave function
is pf and the off-shell energy is p /2 v /2+v k+sf with
ef the final binding energy. A momentum-space function
is denoted by a tilde.

Evaluations of Eq. (1) have so far used a scaled-
hydrogenic model where y, (r) is calculated for the
scaled-Coulomb potential VT, (r ) - Z—,/r+ Vo. The
constant Vo is chosen, as in ionization case, so that the ac-
tive electron's initial binding energy corresponds to the ex-
perimental value the scaled charge Z, is determined
by Slater's inner screening rules. ' Since the scaled-
Coulomb potential differs only slightly from the true
atomic one in the inner region r &1/Z„ the form of the
wave function y, (r) also varies little there.

Although the forms of the two continuum wave func-
tions in the inner region are quite similar, they do possess
an overall phase difference, viz. , exp[ioo(z„p) ] compared
to exp[i[oo(z„p)+ho(z„p)]j Th.e s-wave Coulomb
phase shift an(z, p) for charge Z and wave vector p is
argI (1 —iz/p), and bo(z,p) denotes the short-range
phase shift (relative to Coulomb waves). In the PWBA,
this difference of phase has no bearing on the cross section
since the latter is proportional to I APwBA I . In the SPB
approximation, the presence of ApwBA in a momentum in-
tegral leads to a different result.

For the SH model the asymptotic charge Z, in

Q(Z„ Iv+kI, p) is Z, (or possibly Zr). In the actual
atomic-potential case for neutral targets Z, is unity.
Since Z, is much greater than one, the factor Q can be ex-
pected to produce quite a different effect in the two mod-
els. In order to maintain a general discussion in the fol-
lowing, Z, is kept in the atomic-potential amplitude.

The local version' of the Hartree-Fock approximation
due to Slater and here denoted Hartree-Fock-Slater
(HFS) is chosen as a realistic atomic potential. Ampli-
tudes for the scaled hydrogenic (SH) and HFS pictures
are then given by

with

Afj@ „dkpf (k)Q(Z„ I v+k I,p) AP~wBA(v+k, k —K),

~KB „dk pf (k)Q(z', I v+k I,p)'e '" 'wPwBA(v+k, k —K),

I

point at iZp exists. If k, is set equal to iZp in the in-
tegrand except for tjjf and Q, the amplitude becomes

A(p) -ao(z„p) —oo(z. ,p) —bo(z„p) .
App"B e APwBA(pov, iZpv —K)I, (4)

The label SH indicates use of a scaled-hydrogenic contin-
uum wave function in a matrix element. Equation (3), the
key result of this paper, correctly relates the near-shell
SPB amplitude for a realistic atomic potential to the SH
amplitude.

Cross sections derived from various evaluations' of Eq.
(2) have appeared previously; the first results obtained us-
ing Eq. (3) are presented here. The evaluation of Eq. (3)
employs the dominate peaking of the k integrand aboutk-+ iZp, which follows from the presence of Pj(k).
The k integration is carried out in cylindrical coordinates
with k, taken to be parallel to v. Neglecting the kp depen-
dence of the integrand except in pf* (k) and
Q(Z„ I v+k I,p) and performing the kp integration, the
peaking in pf is seen to translate into poles at k, - ~ iZp.

The k, integration is performed by closing the integra-
tion contour in the upper half-plane where only a branch

where

I
~ dkgj(k)Q(z„ I v+kI, p)*

and po v+iZp with ef —Zp/2 for a Is final state. The
approximation in Eq. (4) is much less severe than for a
pure SH evaluation because the exponent v in the
energy-phase factor of Q is given by Z, /p and not Z, /p.
Reference 6 presents a fuller discussion of this
"transverse-peaking" approximation.

With this approximation, the phase difference becomes
a function of the complex wave vector po. Rather than at-
tempt the difficult task of obtaining exact complex phase
shifts for a modified-Coulomb potential and since a com-
parative study of Eqs. (2) and (3) is of interest, the small-
ness of Zp/U is used to perform a Taylor expansion of the
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phase shifts about v,

A(Z, po ) =A(Z, v) i—ZpLL'(Z, v),

(5)

Phase factors which cancel when the amplitude is squared
have been dropped.

Only the second-order variation of the phase shifts as a
function of the wave vector plays a role. Figure 1 shows

I

The prime denotes differentiation with respect to the wave
vector. The real, short-range phase shifts are obtained by
numerical integration of Schrodinger's equation for the
HFS potential. ' To order (Zp/v) it follows from Eq.
(4) that

+LB ~ +itwBA(ppv, lZpv K)L

the derivative of the difference of the s-wave phase shifts
for the K-shell, scaled-Coulomb, and Hartree-Fock-Slater
potentials in carbon and argon. The difference increases
as the continuum threshold of the scaled-Coulomb poten-
tial is approached; the larger difference seen in the carbon
case, which leads to a greater reduction of the cross sec-
tion, results from the impact energy lying relatively closer
to threshold.

For an initial ls state, an explicit evaluation of the ion-
ization amplitude is given by Eq. (5) in the paper by Al-
ston. s Assuming Z, ~ Zp, de6ning v, Z, /(v+iZp),
and writing [(k +Zp)/(2po) 1

"' for [( I v+k
I

-p)/(I v+k I +p)l '" to order (Zp/v), one 6nds for I
the expression

(2 ~ Zp / ) '"' 1(l —iv, )(2po) ' dk(k +Zp) "' tr'~ (2Zp) (2po/Zp)""'e'"' 1"(-'+&v )/(1+t'v )

which gives

I I I x (2Zp)'[2/(1+e ' ' ")]

to the same order.
Cross sections integrated over transverse momentum

transfers, de6ned as

+ OO

0'spa (2m ) ' dK~Ki I ~spB I

'
~

are shown in Figs. 2 and 3. Results of HFS and SH calcu-
lations' make use of Eq. (5), with Eq. (6), and Eq. (2),
respectively. The argon curves agree quite well with the
abundant experimental data of Horsdal-Pedersen et al. s

I

and differ only slightly from one another. This close
agreement supports Macek's general conclusion that the
scaled-hydrogenic model does not give greatly different
results from a realistic potential model. The phase-
derivative term in A@g generally compensates the larger
reduction from Q found in APL Thus, the two models
provide approximately equal results.

In the less asymmetric collision of protons on carbon,
results show that good agreement between the two models
is again found at higher energies. For lower energies,
however, the phase-derivative term gives a relatively
larger reduction in the HFS cross section compared to the
SH one. Much better agreement with the experimental
data of Rsklbro, Horsdal-Pedersen, Cocke, and Mac-
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FIG. 1. The derivative with respect to the wave vector of the
difference of the s-wave scaled-Coulomb and Hartree-Fock-
Slater phase shifts are sho~n vs a proton-impact energy de6ned
to be 25 keV times the square of the continuum wave vector v in
atomic units.

FIG. 2. Strong potential Born cross sections for the capture
of a EC-shell electron from an argon atom by an incident proton
are shown for the scaled-hydrogeaic (SH) and more realistic
Hartree-Fock-Slater (HFS) models. Experimental data are
taken from Horsdal-Pedersen et al. (Ref. 8).
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FIG. 3. Strong potential Born cross sections for the capture
of a EC-shell electron from a carbon atom by an incident proton

are shown. Experimental data are taken from Rqkibro et al.
(Ref. 7). See Fig. 2 for curve designations.

donald' is found. The sharp rise in the carbon curve in
Fig. 1 corresponds directly with the cross-section reduc-
tion seen in Fig. 2. The 0.2-0.6 MeV energy range in car-
bon is rather closer to the threshold of the scaled-
Coulomb potential than the 2.0-6.0 MeV range is in ar-
gon and, consequently, the phase difference is larger for
carbon. The overall phase difference of the HFS and SH
wave functions combined with the final-state momentum
integration leads to different cross sections. Clearly, pre-
vious SPB calculations for less asymmetric collisions
should be reconsidered in the light of the present
analysis. '

The good agreement now found between the realistic
atomic-potential model and experiment for both carbon
and argon mirrors more closely that found between the
PWBA ionization results and experiment, but previously
unattained in the SPB capture results. A careful
reanalysis of the relationship of the scaled-hydrogenic
model to the atomic-potential model has produced the im-
provement. Although the present evaluation of the SPB
amplitude is approximate, the modification of the ampli-
tude seen in Eq. (3) is independent of this. A more accu-
rate calculation could be obtained by employing an HFS
version of ApwaA which, however, appears under the lr in-
tegral. As the connection between the PWBA and the
SPB, which has been strongly emphasized here, is a direct
one [Eq. (5)], corrections ' to the PWBA can be readily
incorporated into the present SPB approximation.
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