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Two-electron excitations in atomic calcium.
III. High-lying resonances above the 4p threshold
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A theoretical prediction of the photoionization spectrum of atomic calcium from the 4p threshold

up to nearly the 6s threshold is obtained by an eigenchannel R-matrix calculation of the final-state

multichannel quantum-defect parameters in LS coupling. The calculation shows how strong in-

teractions are distributed among a large number (10-16)of channels and predicts an intricate spec-

trum of overlapping Rydberg series. Further calculations show that the 'P Wannier-ridge states

up to 11s11p obey a two-electron Rydberg formula, but that they are unusually difficult to excite

directly from the ground state.

I. INTRODUCTION

In recent years steady progress has been made in the
study of calcium photoabsorption both theoretically and
experimentally. ' The highest-resolution measurement
of the calcium spectrum between the 4s and the 3d
thresholds was given by Newsom. ' At energies between
the 3d and 4P thresholds, the experiment of Connerade
et al. was the best until very recently. A number of
theoretical calculations achieving various levels of agree-
ment with these experiments have been reported.

Recently we published two papers on two-electron ex-
citations in atomic calcium. ' " The first paper, ' re-
ferred to as paper I hereafter, accounted for the dominant
experimental spectral features up to the Ca+(4p) thresh-
old. Paper I treated the two valence electrons of calcium
in LS coupling. A small-scale eigenchannel R-matrix cal-
culation' ' described the excitation dynamics in terms
of a short-range reaction matrix. Standard multichannel
quantum defect theory (MQDT)' ' was then used to
calculate physical observables such as the photoioniza-
tion cross sections. Excellent agreement was obtained be-
tween the length and velocity results for the cross sec-
tions, and good agreement with experiment was also
achieved in that calculation. A second paper, " referred
to as paper II below, used a geometrical transformation
to describe effects of the spin-orbit interaction, including
additional narrow resonances coupled to the final state by
the spin-orbit interaction and also the photoelectron an-
gular distribution and ionic alignment. In paper II the
agreement with the experiment is markedly improved by
including fine-structure effects. Nevertheless, paper II
shows a noticeable discrepancy between the calculated
cross section and the 1982 experiment of Connerade
et a/. A very recent measurement by the same group
has now eliminated virtually all of these discrepancies.

The present work extends our calculation to provide a
theoretical prediction of the photoionization spectrum of
atomic calcium at higher energies still, from the 4p
threshold up to nearly the 6s threshold. This energy
range shows numerous multichannel Rydberg spectra of
striking complexity, and includes several of the lower-

lying Wannier-ridge-type states. '

In fact a major goal is to explore the properties of these
ridge states and compare them to the better-known states
of helium. Using our R-matrix procedure we identify the
SsSp and 6s6p autoionizing levels, analogs of the lowest

states ' that dominate the spectrum of helium. ~2 ~3

For reasons not fully understood these play an unexpect-
edly minor role in the photoabsorption spectrum of calci-
um. (See Secs. IIIA and IIIC.) It appears that reso-
nances such as 4d5p and 4d4f are much stronger than
Ss5p and play the role of + -type states for calcium. In
addition we have complemented our R-matrix calculation
of the SsSp and 6s6p levels by a more straightforward di-
agonalization procedure to predict level positions up to
the 11s11p state. This procedure cannot easily predict
the width or strength of these high-lying states. It does
show, however, that the nsnp series of autoionizing ridge
states obeys the same modified two-electron Rydberg for-
mula which describes helium level positions so accurate-
ly. We are not aware of any measurement of the calcium
spectrum in this energy range, and hope that our present
work will stimulate efforts in this direction.

The method of calculation used in this paper is basical-
ly the same as the one used in papers I and II. However,
it is not just a trivial extension of our previous work. Be-
cause of the higher energy range, much larger reaction
volume, greater number of basis functions, and much
larger number of open and weakly closed channels,
several new problems arise. For these reasons this study
sheds new light on fundamental aspects of R-matrix and
multichannel quantum defect technologies. We take this
opportunity to examine the growing energy dependence
of the smooth, short-range parameters of MQDT in the
presence of a large number of strongly interacting chan-
nels.

II. METHOD OF CALCULATION

A number of studies using a noniterative reformulation
of the eigenchannel R-matrix calculation in conjunction
with MQDT have been reported previously. 2 The
theoretical background and details of implementation are
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discussed in these references. We focus the present dis-

cussion on aspects especially relevant at high energies,
where the large number of channel-interaction parame-
ters poses some additional problems.

The calculation is performed in two distinct steps: a
variational R-matrix calculation followed by an MQDT
calculation. The first step obtains a short-range reaction
matrix I(;- and dipole matrix elements for each eigen-
channel. Reaction matrix eigenquantum defects p and a
matrix of eigenvectors U; are then obtained by diagonal-
izing E,". These dynamical parameters are all energy
dependent and are calculated at selected energies to pro-
vide benchmark data for interpolation. The second step
is a standard MQDT calculation on an arbitrarily fine en-

ergy mesh using the interpolated MQDT parameters. A
common approach used frequently in MQDT calcula-
tions starts with a set of short-range MQDT param-
eters which have been fitted to the observed spectrum in
a certain energy range so as to reproduce experimental
results. Such calculations normally assume these param-
eters to be energy independent, or else to have a simple
(e.g., linear) energy dependence over some spectral range.
As we have demonstrated in papers I and II, these as-
sumptions are not valid over a wide energy range. At the
higher energies considered in the present study, these
short-range parameters acquire an energy dependence
which is more complicated than at lower energies. One
major aim of our calculation is to document this growing
energy dependence as the excitation energy increases and
as the number of channels increases. It should be
stressed, however, that the short-range MQDT parame-
ters remain simpler and smoother than the intricate mul-
tichannel Rydberg spectrum which we predict.

We treat the energy range from E = —0.32 to —0.12
a.u. , measured relative to the threshold for two-electron
escape. This range is extremely broad in the sense that it
covers four different ionization thresholds 5s, 4d, 5p, and
4f, and the number of open channels increases from 5 to
12 as the energy varies from the lower end to the higher
end of this range. It is preferable not to use a fixed num-
ber of channels for the entire energy range because of
reasons considered in Sec. II D. Therefore we divide the
energy range into several subregions and perform the cal-
culation separately for each subregion using an appropri-
ate number of variational trial functions and ionization
channels.

The R-matrix calculation is done within a finite volume
of configuration space called the reaction volume. The
variational basis for the calculation consists of a series of
two-electron configurations of the form nln'l' for all pos-
sible excitation channels. Each basis function is an an-
tisymmetrized product of two independent-particle wave
functions, numerical eigenfunctions of the one-electron
e-Ca + Schrodinger equation. The spin and angular
functions are, of course, coupled to form a definite spin
(S) and orbital angular momentum (L). The number of
basis functions used for different subregions varies slight-
ly depending on the number of open and weakly closed
channels used in that subregion.

Next we turn to some new features encountered in the
course of this calculation.

A. Binding energies of Ca+

A good description of the e-Ca + interaction is very
important for our calculation as the one-electron poten-
tial dictates the phase of a valence electron orbital emerg-
ing from the closed-shell ionic core. The detailed correla-
tions between the two electrons outside this core depend
sensitively on these phases. It is, therefore, important to
find a potential which can reproduce the experimental
one-electron energy levels of Ca+. We have used in pa-
pers I and II a potential consisting of a screening term
and of an empirical core-polarization term:

v&(r)=vI (r) —
f 1 —exp[ (rl—r,&) ]I .

2r4

The screening term UI is obtained from a standard
Hartree-Slater program. ' The core polarization acp and

the 1-dependent cutoff radius r,I are adjusted to obtain

optimum agreement with the known spectrum of Ca+.
The values of acp and r,&

used in paper I produce excel-
lent s and p energy levels. However, the 4d and 5d levels

are a little too low when we utilize the value of r, I opti-
mized for the 3d level. For the low-energy spectrum
treated in papers I and II, this is adequate but for the
higher energies considered here we have readjusted the
two parameters to obtain better 4d and 5d energy levels.
The new values are acp ——6.8, r,o=2.15, r„=2.75, and

for I & 2, r,&
——1.835. There is a misprint in Eq. (2) of pa-

per I. The exponent 6 should lie outside the curly brack-
ets like the one found in Ref. 32. However, in the present
study we use the equation with the exponent inside the
square brackets, exactly as written in paper I and in Eq.
(1) above.

B. Basis functions and photoionization channels

The variational R-matrix calculation requires the
determination of Hamiltonian matrix elements and the
solution of the generalized eigenvalue problem:

I C=bAC . (2)

The time needed to calculate the elements of I and A in-
creases as the square of the number of basis functions,
while the time required to solve Eq. (2) at each desired
energy E increases as the cube of the number of basis
functions. Clearly it is important to keep the basis set as
small as possible. Explicit expressions for I and A can be
found in Refs. 10 and 25 —27.

Each basis function can be labeled as nln'l', where n

and l are the principal quantum number and the angular
momentum quantum number of the inner electron and n

'

and l' are the quantum numbers of the outer electron.
These basis functions can be divided into several groups
according to the quantum numbers n, l, l', e.g. , 4sn'p,
3dn'f, etc. which define the ionization channels of
MQDT. The radial wave function for the second elec-
tron in each basis function is one of two types, either the
"closed type" or the "open type. " Open-type wave func-
tions for the second electron are nonzero at the boundary
of the reaction volume (r =ro), while the closed-type or-
bitals vanish at ro. For any particular channel to be
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treated as an open or weakly closed ionization channel in
the MQDT sense, both open- and closed-type basis func-
tions must be included for that channel. On the other
hand, only closed-type basis functions should be included
for a channel to be treated as strongly closed. (See Refs.
10 and 14 for further discussion of this aspect. )

All matrix elements involve integrations only over the
finite-reaction volume. The wave function of the escap-
ing photoelectron outside the reaction volume is
represented by linear combinations of regular and irregu-
lar Coulomb functions in each channel, as always in
MQDT. This implies that the radius of the reaction
volume must be large enough so that the exchange in-
teraction between the two electrons can be neglected out-
side the reaction volume. Higher-order electric multipole
interactions between the two electrons are also neglected
in the outer region, whereby the potential seen by the
outer electron is Coulombic to an excellent approxima-
tion.

In this study we have utilized a reaction volume
boundary of ro ——31 a.u. This is roughly the smallest dis-
tance beyond which the 6p radial wave function can be
neglected. This criterion is appropriate because 6pns is
the highest channel we have included in our MQDT cal-
culation as a weakly closed channel. Test calculations us-

ing the much larger boundary ro =43 showed only minor
differences in the final cross sections. Using a value of ro
which is larger than necessary should be avoided if possi-
ble, of course, because it increases the number of basis
functions needed to attain convergence.

A somewhat surprising result of our tests was the ob-
servation of a dependence of the short-range quantum de-
fect matrix on ro. This ro dependence of p; was especial-
ly noticeable when a strongly closed channel was treated
as weakly closed in the calculation. A similar ro depen-
dence emerged in Ref. 27. Apparently it derives from the
fact that treatment of a strongly closed channel as if it
were a conventional MQDT weakly closed channel leads
to exponential growth of that channel component even
within the reaction volume. The variational R-matrix
calculation would seem to be slightly unstable as a result,
causing this undesirable ro dependence. Nevertheless, in
all cases we considered, this ro dependence disappeared
from all final results after the large-r boundary conditions
were imposed by MQDT procedures. In particular the
total and partial photoionization cross sections were al-
ways insensitive to ro, implying that this apparent insta-
bility causes no practical difficulties.

The present calculation requires a substantially larger
basis than the lower-energy calculations of papers I and
II. Three factors account for this. First, there are simply
more channels involved in this higher-energy range than
at lower energies. For E ~ —0.135 a.u. there are 16 open
or weakly closed channels, while in the previous work we
had a maximum of five such channels in the 'P calcula-
tion. Second, the two-electron wave functions containing
one highly-excited electron orbital become much more
important as the energy increases, primarily to represent
the continuum of the lowest channels such as 4sep.
These play a smaller role at low energies. Normally, the
energy of the highest one-electron orbital in each channel

should be well above the total energy at which the R-
matrix calculation is desired. Finally, because of the
larger boundary ro, the density of Ca+ bound states
confined within the reaction volume is larger. While a
maximum of seven closed-type one-electron radial func-
tions for each I was sufficient in paper I, here it is neces-
sary to use 10—12 closed-type radial functions for each I.

Increasing the number of basis functions further does
not appreciably affect the final results but increases the
computing time. In the final calculation we used 137
two-electron basis functions for the lowest subregion and
167 basis functions for the highest subregion.

We have no precise general criterion for choosing the
number of basis functions to use in each channel. The
eigenvectors of Eq. (2) provide some insight. We begin
the calculation with a large basis, after which it is possi-
ble to eliminate basis functions whose contributions are
clearly negligible. Note that the eigen vectors corre-
sponding to different eigenvalues can be very different
and that a basis function with a small component in one
particular eigenvector may contribute significantly to
other eigenvectors. Of course, the eigenvectors also de-
pend on the energy E.

C. Interpolation of the MQDT parameters

as these are normally expected to be smooth, slowly vary-
ing functions of E. (The superscript T denotes the matrix
transpose. ) As E approaches the double-escape threshold
and as ro increases, however, the dimension of the short-
range reaction matrix increases and its parameters ac-
quire a more complicated energy dependence. With this
growth in channel number the p have numerous avoided
crossings. These crossings pose particular difficulties
when they are narrowly avoided as the U, change very
rapidly in their vicinity. For this reason, the p and U;
do not seem to be the smoothest quantities to work with.
The best choice we have found after some experimenta-
tion is the quantum-defect matrix p;., defined as in paper
I by

I";J ——g U(.dna(U )ag . (4)

This matrix has no poles and its elements normally

As we stated above the short-range MQDT parameters
are functions of the total energy. To obtain the fine de-
tails of the cross section it is necessary to use a fine ener-

gy mesh for the MQDT calculation. It is unpractical to
perform the R-matrix calculation at every energy when a
large number of basis functions are included. Thus it is
imperative to obtain the short-range parameters on a
coarse energy mesh and in the smoothest possible form,
followed by interpolation when the MQDT calculation is
performed on a fine energy mesh. The reaction matrix'
EC; might be a candidate for this interpolation, but its
poles would require very careful treatment. A preferable
choice is the set of eigenquantum defects p and eigen-
vectors U; defined by the following equation:

K,"=g U; tan(vrp )(U )
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remain smooth near avoided crossings of the p .
Knowledge of the p;- matrix is equivalent to knowledge
of the K matrix, and p; is better suited for interpolation.
In the actual calculation, we obtain p and U; by di-

agonalizing the K matrix at each selected energy. By
connecting the appropriate branches of p at each energy
we obtain continuous eigenquantum defects p as func-
tions of energy. A smooth p matrix is then constructed
using Eq. (4).

The smoothness of the quantum-defect matrix depends
to some extent on the branches chosen for the p . Since
they are only defined modulo 1 by Eq. (3) and p can be
shifted by an integer without affecting the reaction ma-
trix. Such changes do affect the smoothness of p, ,
though, as can be seen from Figs. 1 and 2 for an eight-
channel calculation. With the choice of branches made
in Fig. 1(a), an avoided crossing between a = 1 and a =8

at F. = —0.208 a.u. is less obvious than the corresponding
avoided crossing between the lowest two curves in Fig.
1(b). These two sets of p differ only in the branch of one
curve, namely the highest curve in Fig. 1(a) and the
lowest in Fig. 1(b). Figure 2 shows that the branch
choice in Fig. 1(b) leads to a smoother quantutn-defect
matrix than that of Fig. 1(a}. This is because two eigen-
quantum defects p which -have an avoided crossing
should preferably be located on the same branch at the
crossing, as this produces the smoothest possible p; ma-
trix. Clearly the quantum-defect matrix elements in Fig.
2(b) are better suited for interpolation than those of Fig.
2(a), and consequently the matrix elements in Fig. 2(b) re-
quire fewer energy mesh points. This is only a minor
technical point concerning the interpolation. The final
cross sections are not affected by such differences in the
choice of branches in the p, if enough energy mesh
points are used.

D. MQDT calculations

cal in the sense that fairly consistent results can be ob-
tained using different numbers of channels. Note that the
choice of channels to be included as weakly closed chan-
nels must be decided before the R-matrix calculation is
performed, as we must include in the variational basis
some open-type basis functions for those weakly closed
channels as well as for all open channels. (See Sec. II B.}

As an approximate rule of thumb, a specific channel
(e.g. , 5ped) is treated as strongly closed at energies well
below the lowest resonant state (Sp5d) in that channel.
At higher energies it is normally treated as weakly closed.
To treat a channel as strongly closed means that this
channel is not included in the MQDT calculation. How-
ever, each resonance of this channel will still show up
correctly in the photoionization cross section if the
"bound portion" of the corresponding two-electron wave
function fits entirely into the volume defined by the
boundary ro. It is also essential to have appropriate basis
functions in the R-matrix calculation.

Including strongly closed channels by treating them as
weakly closed MQDT channels does not affect the final
cross sections or other observables, but it complic@tes the
calculation by causing additional avoided crossings of the

p and a generally stronger energy dependence of the p .
This also causes near degeneracies of the p, associated
with the strongly closed channels. Inclusion of too-few
channels, i.e., failure to include all weakly closed chan-
nels, on the other hand, will distort the final results. In
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For any MQDT calculation it is necessary to decide
which channels should be treated as open or weakly
closed in each energy region. The choice is not very criti-
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FIG. 1. Eigenquantum defects JM are shown as functions of

the total energy E. (a) Smooth p obtained from an eight-
channel calculation. Note the avoided crossing between the
lowest and the highest curves. (b) p obtained by subtracting 1

from the uppermost p at all energies. Now there is no avoided
crossing between the highest and the lowest LM .
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FIG. 2. Dependence of the quantum-defect matrices p;, on
the branch chosen for the p . (a) Some elements of the p;J ob-
tained with the p of Fig. 1(a}; (b) the same elements obtained
with the p of Fig. 1(b).
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particular, resonances in the omitted channels will lie
much too high in energy unless the wave functions
representing these channels fit into the box defined by the
boundary ro. In Fig. 3 we show a comparison of three
calculations performed using different numbers of chan-
nels. The p and the photoionization cross sections are
shown for each calculation. Figures 3(a) and 3(b) show
an eight-channel calculation which includes five open
channels (4sep, 3dep, 3def, 4pes, and 4ped) and three
weakly closed channels (5sep, 4dep, and 5pes). A ten-
channel calculation including two more weakly closed

channels (4def and 5ped) is shown in Figs. 3(c) and 3(d).
Finally a 16-channel calculation treating six more chan-
nels (4fed, 4feg, 6sep, 5dep, 5def, and Spes) is shown in
Figs. 3(e} and 3(f). The ten-channel calculation has in-
cluded all weakly closed channels in the energy range.
The six additional channels treated as weakly closed
channels in the 16-channel calculation are actually
strongly closed for the energy considered. The two calcu-
lations [see Figs. 3(d} and 3(f)] show no significant
difference in the final cross sections, whereas several
differences between the eight-channel and the ten-channel
result are quite obvious. This is because the two weakly
closed channels 4def and 5pEd have resonances which
are pushed above this energy range in the eight-channel
calculation since they do not fit inside the R-matrix box.
The ten-channel calculation therefore seems to be the
best choice. Compared to the ten-channel calculation,
both the eight- and 16-channel calculations show [see
Figs. 3(a), 3(c), and 3(e)] strong energy dependences of the
p, and their avoided crossings are narrower and more
severe. Figure 3(e) also shows near degeneracies among
some of the p associated with the strongly closed chan-
nels. These strong energy dependences and avoided
crossings show up in the quantum defect matrix p; as
well, making it more diScult to perform the interpola-
tion. In fact, for the eight- and 16-channel calculations it
was necessary to calculate the R matrix by solving Eq. (1)
on a much smaller energy mesh.
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E. S matrix

The short-range scattering matrix is

S, = g U,,exp(2iirp, )(U )
~

. (5)
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FIG. 3. Comparisons of p and photoionization cross sec-
tions obtained from (a), (b) eight-channel calculation; (c), (d)
ten-channel calculation (e), (f) 16-channel calculation.

This can be interpreted as the quantum-mechanical am-
plitude that an electron which collides with the target ion
(Ca+) in channel j will recoil from the ion in channel i
It is not, however, the physical scattering matrix which
connects only the open channels. This S matrix is con-
structed from the reaction matrix and does not incorpo-
rate any boundary conditions at r ~ 00, whereby it nor-
mally remains a smooth function of energy and does not
display resonance effects associated with weakly closed
channels. Equation (5) is clearly symmetric. The diago-
nal elements

~
S,, represent the probability that an

electron remains in the same channel after colliding with
the ionic core. The off-diagonal elements

~
S;

~

provide
an index of the mixing of channels i and j. By examining
elements of

~
S,

~

as functions of the total energy, we
see how the interaction between successive channels
"turns on" as the total energy increases.

F. Resonances and the wave functions at the resonances

One of the purposes of this work is to classify the
high-lying resonance series. Positions of resonances are
not always easily extracted from the photoionization
spectra, and some resonances fail to show up in the cross
section. The energies at which resonances occur can be
determined by the following equation
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Energy
(a.u. )

—0.32 ——0.28
—0.28 ——0.25
—0.25 ——0.22
—0.22 ——0.20
—0.20 ——0.17
—0. 17 ——0.15
—0. 15 ——0.135
—0. 135——0.12

Number
of channels

5

6
7
9

10
12
13
16

Channels added

4sep, 3dep, 3def, 4pes, 4ped
5$Ep

4dup
4d ef, 5pas

5ped
4fed, 6sep

4fEg

Sdep, 5def, 6pes

TABLE I. Ionization channels included in the MQDT calcu-
lations. Items listed in the third column are the channels added
to the energy region in addition to the channels already includ-
ed in the preceding subregion.

These resonances would be uniformly spaced on an
effective quantum number scale ( —e) '~ . The three in-
terlopers 4d4f, 4d6p, and 4d 5f cause the 5snp series to
deviate from an otherwise regular distribution. Each
threshold is marked in the figure as n = Do.

Above the 5s threshold, the dominant features are the
4dnf and 4dnp series. They are perturbed strongly by
SpSd, 5p7s, and Sp6d. The spectra between the 4d and
the 5p thresholds consist primarily of Spnd and 5pns reso-
nances. The lowest four resonances of these two series
are below the 4d threshold. Above the 4d threshold the
only interloper is the 4f5d resonance at E = —0.165.
The 6s6p resonance does not give any noticeable feature
in the cross section, even more surprising than the weak
5s Sp resonance.

the p . Note that two-electron basis functions represent-
ing strongly closed channels must be included in the 8-
matrix calculation as in papers I and II.

We have attempted to identify all the resonances in
this energy range, including several which are hardly evi-
dent in the photoionization cross section of the ground
state. Because of strong mixing among channels it is not
always meaningful to label a resonance with the quantum
numbers of independent-particle states. For example, the
states 4d5p and Ss6p are almost equally mixed with each
other. We used Eq. (6) to find the "position" of each res-
onance, which is normally adequate to locate the reso-
nance position with an error comparable to its autoioni-
zation width. At each resonance energy, Eq. (7) helps to
identify the dominant channel, though in some cases it is
not necessarily the channel having the maximum Z;. At
energies near a threshold, the effective principal quantum
numbers of successive levels in a resonance series are
separated by an integer except near perturbing energy
levels from other channels. Analysis of a Lu-Fano plot
can also be used to identify some resonances. Despite the
use of all these methods, it was still very diScult to classi-
fy all resonances with proper labels. In any case the la-
bels given to resonances in this work should not be taken
too seriously.

The cross section exhibits a variety of profiles in
different energy regions. Just above the 4p threshold, the
cross sections are featureless until the 5sSp resonance
occurs. The absence of resonances for a wide range
below Ss5p relates to the relatively large gap between the
4p and Ss threshold energies (about 0.13 a.u. ) causing the
5s5p resonance to lie well above the 4p threshold. The
surprisingly small 5s5p resonance is followed by the first
resonance of the 4dnp series (namely, 4d5p) which is in
turn followed by Ss6p and Ss7p. These three resonances
are much stronger than 5s5p apparently because of bor-
rowed strength from 4dSp. At these energies the 4dSp
and 5s6p have nearly equal mixing. As the energy in-
creases [see Fig. 4(b)], we reach the 5p6s resonance. Ow-
ing to the strong interactions among the Ssnp, 4dnp, and
Spns channels, the spectrum appears somewhat unusual,
with line shapes varying from one resonance to the next.
As the energy approaches the 5s threshold, the 5snp reso-
nance series shows a regular high-n Rydberg behavior.

B. S matrix

The absolute squares of elements of the S matrix are
shown in Fig. 5 as functions of energy. The S matrix
used here is taken from a separate ten-channel calcula-
tion covering an energy range from E = —0.23 to
E = —0.17. In each figure, the value of each element

S;
~

is represented by the height of a vertical bar. The
horizontal axes are labelled by the appropriate ionization
channels. Diagonal elements represent the probability
that an electron remains in the same channel after collid-
ing with the core, while off-diagonal elements measure
the strength of interaction between any two channels.
For an energy at which a particular channel i is strongly
closed, the corresponding diagonal element

~
S;;

~

is very
close to 1, indicating that only elastic scattering is possi-
ble through this channel. Electrons from other channels
cannot get into this energetically forbidden channel. All
off-diagonal elements connecting to this channel are very
small. When the energy increases so that this channel be-
comes weakly closed, the size of its diagonal element is
reduced and the off-diagonal elements connecting to this
channel begin to grow.

Consider first the scattering probabilities connecting
the first five channels, 4sep, 3dep, 3def, 4pes, and 4ped
only. These are shown in the lower-left corner of each
picture in Fig. 5. This portion of

~

S;.
~

does not change
much with energy, because each of these five channels
has already been open at much lower energies and the in-
teractions among them are hardly affected by new chan-
nels. Note the exceptionally large scattering probability
connecting the 3def and the 4ped channels, nearly 70%.
The interaction between these two channels was seen in
paper I to become strong already at energies below the 3d
threshold. Similarly, the pairs of channels 3dop-4sep and
4ped-3dep are strongly mixed. Our present results con-
nect smoothly with the results obtained at low energies in
paper I, although the value of the boundary ro is very
diFerent for the two calculations (as is the number of
channels).

Now consider the portion of the S matrix connecting
the remaining five channels to each other, i.e., Ssep,
4dep, 4def, 5pes, and 5ped This part o. f the S matrix is
shown in the upper-right corner of each figure. At low
energy [Fig. 5(a)] all elements except those on the diago-
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nal are very small. The energy is far below the point
where the interaction between these channels "turns on"
and still further below the thresholds where these chan-
nels become open. This proximity of the diagonal ele-
ments to unity indicates that these channels are strongly
closed. As the total energy increases [see Figs. 5(b) and
5(c)] we see the off-diagonal elements becoming non-
negligible, as channel interactions grow. The size of the
diagonal elements are reduced accordingly. In Fig. 5(b)
the diagonal elements remain fairly large while in Fig.
5(c) they are all reduced significantly except for the ele-
ment corresponding to the 5ped channel. At E = —0.17
[see Fig. 5(d)] the Ssep, 4dep, and 4def channels are
open. The 5pes and 5ped are weakly closed. Strong in-

teractions are established among different channels.
There is no longer a large-amplitude diagonal element.
As for the interactions between the first five channels and
the second five channels, we find that they are generally
weak compared to the interaction within each group
though they also grow slowly as the energy increases.
We expect that this near-block diagonality of channel-
interaction strength is a general feature, present to some
extent in all systems.

C. Wannier resonance series

4(Z ——,
' —cr )E=-

(n +-', —p)'
(9)

Here Z is the charge of the residual ionic core, in this
case Z=2, while the principal quantum number n takes
on positive integer values. The quantum defect p is an
unknown constant dependent on specific interactions be-
tween the electron pair and the ionic core. Finally o. is
an effective screening parameter. Molina has shown 0.

to have the following Z dependence for an electron pair

To predict energy positions for still higher-lying
Wannier-ridge states up to 11s11p, we have used the
standard method of diagonalizing the two-electron Ham-
iltonian in a discrete basis, all of whose orbitals vanish at
a finite boundary ro = 120 a.u. By inspecting the resulting
eigenvectors the ridge states can be located in the eigen-
value spectrum with reasonably good certainty. Previous
studies have shown that the total energy of such states
satisfies a two-electron Rydberg formula' of the form
(in a.u. ):

(a)

(c)

Spy~
P&s
f

~b Fp Cy g$~P

FIG. 5. Squared S-matrix elements for several selected energies. (a) For E = —0.227; (b) for E = —0.215; (c) for E = —0.202; (d)
for E = —0.17. Each figure has the same scale. The highest peak of (a) has unit height. Note the general increase of channel-
interaction strength and the decrease of diagonal elements with increasing energy.
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IV. CONCLUSION

0
4 10

FIG. 6. Effective quantum numbers of nsnp energy levels of
calcium atom. The calculated values are marked by solid cir-
cles. The straight line is from the two-electron Rydberg formu-

la [Eqs. (9) and (10)] with the quantum defect IM fitted to the cal-
culated value at n=7.

moving in the field of a point nucleus of charge Z:

tr =Z/2 —0. 166—(2Z)' /50 . (10)

The applicability of Eqs. (9) and (10) to calcium nsnp lev-
els can be tested by plotting our calculated energy levels
on an effective quantum number scale, i.e.,
v=( —2E) ' . This plot of v versus n should then be a
straight line with slope [2&2(Z ——,

' —o)] '. The calcu-
lated levels in Fig. 6 clearly do lie on a straight line.
Moreover, the slope is reasonably close to the value ex-
pected for helium (Z=2) on the basis of Eqs. (9) and (10),
differing by about 8%%uo. It is not clear at present whether
this difference is related to a fundamental difference be-
tween calcium and helium, such as the nondegeneracy of
Ca+(nl) levels, or whether it derives from inaccuracies in
the calculation. Experimental efforts should help to de-
cide this matter, although the weak nature of 5s5p and
6s6p suggests that these ridge states will be difficult to ob-
serve.

The present paper and the earlier papers I and II have
shown that the complex photoabsorption spectra of
atomic calcium are generally well described by eigen-
channel R-matrix methods combined with MQDT. This
includes the nonperturbative channel interactions
rejecting strong correlations between the valence elec-
trons, considered in I and the present paper (paper III),
and the conspicuous spin-orbit effects described by a
frame transformation in II. Comparable success is antici-
pated for the other partial waves relevant to e-Ca+
scattering processes, though we have not explored these
other symmetries in detail.

We have shown in this paper that it is possible to push
the technology to deal with the larger reaction (volumes

(rc ——30—50 a.u. ) and larger numbers of channels (10—20)
relevant at higher energies, but the practical difficulties
grow rapidly with the energy. The difficulties involved in
extending this analysis to still heavier open-shell atoms
like the transition metals remain to be assessed.

A surprisingly large fraction of the present effort has
been spent just in classifying and interpreting the calcu-
lated photoionization spectrum of Fig. 4. In fact this was
more time consuming than the R-matrix and MQDT cal-
culations themselves. Analysis of the relevant hyper-
spherical potential curves, such as those calculated in
Ref. 25, would presumably simplify the interpretation
procedure greatly. A hyperspherical analysis would also
indicate at a glance the main channels that are strongly
mixed. It should be pointed out, though, that the deter-
mination of hyperspherical potential curves at the high
energies treated here requires a nontrivial computational
effort in its own right. Such an analysis is recommended
for subsequent studies of this energy range in calcium or
in the other alkaline earths.
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