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Electron-atom scattering in a resonant laser field
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Dressed states of an atom in a classical laser field of frequency close to an atomic transition fre-

quency are obtained, which are a considerable improvement over the usua1 two-level rotating-wave

approximation. These wave functions are used in a calculation of the cross section for elastic

electron-atom scattering in a laser field. Numerical calculations for electron-hydrogen scattering

demonstrate that scattering involving absorption or emission of photons can be strongly influenced

by coupling to the nonresonant states, regardless of the field strength. Inclusion of the counter-

rotating terms in the calcu1ation is shown to be essential for extending the applicability of the

theory to scattering in nonresonant fields, where a first-order perturbation-theoretic treatment of
the atom-field interaction would be expected to be quite justified.

I. INTRODUCTION

Treatments of atom-field interaction in laser-assisted
electron-atom scattering to date either involve the tacit
assumption that the laser is nonresonant with any of the
atomic transition frequencies' or refer to the near-
resonance condition. Though Dubois et al. and
Francken and Joachain do not impose any limitation on
the laser frequency, both treat the atom-field interaction
by first-order perturbation theory, which, however,
breaks down near resonances, leading to spurious diver-
gences. ' On the other hand, the resonant case has so far
been studied only in the two-level rotating-wave approxi-
mation (RWA), which ignores coupling to other states
completely, and, of course, neglects the counter-rotating
terms in the equations of motion of the two-level system.
While, for moderate field strengths, one can define a
range of frequencies where the nonresonance approxima-
tion (NRA) might be expected to hold, it is not certain
whether the RWA will be adequate even close to reso-
nance, especially for forward scattering, since the non-
resonant states can contribute significantly to the dipole
polarizability of the atom. In any event, there is hardly
any overlap between the regions of validity of the two
types of approximation. This work seeks to bridge this

gap through a more refined calculation near a resonance,
which (I) allows for the presence of the counter-rotating
terms and (2) treats the coupling to the nonresonant lev-

els by perturbation theory. Derivation of the dressed
atomic states meeting these requirements is outlined in

Sec. II, and explicit evaluation of the elastic scattering
amplitudes and numerical calculations with atomic hy-

drogen as the target are described in Secs. III and IV, re-
spectively. It will be seen that the cross sections thus ob-
tained agree with the NRA in the appropriate limit,
while remaining finite at exact resonance.

II. ATOMIC STATES IN A LASER FIELD
NEAR A RESONANCE

In the following, we use atomic units with e = —1 for
electrons. The laser field is taken to be linearly polarized

where

z

Mk„——k e rj'Ep n
j=1

and ~« ——cok —m„. Let n=O and n= 1 denote the states
which are strongly coupled by the field, i.e., co is close to
cu&p. As a first approximation, ignoring all other states,
the dynamics of the two-level atom is governed by the
pair of coupled equations
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E, =CO —CO)p .

The two pairs of RWA solutions to these equations,
obtained by dropping the terms oscillating with frequen-
cies (co,a+co), are '

g RWA ~ —ik, t g RWA ~ —ipt (3a)

and

a RWA CeiPt RWA
& eight (3b}

where

C=(E+Q)/[(E+Q) + ~M, O ~

]'

Q=(E + ~M|o ~

)

a=CM&o/(e+0), A, = —(e+0)/2,

and given in the dipole approximation by E(t)
=Eosin(tot). Eo is assumed to be much less than an

atomic unit, but large enough for the natural linewidth to
be neglected. Expanding the wave function of an atom in
this field in terms of its unperturbed eigenfunctions

P„(r)e "', we have the coupled differential equations
for the time-dependent coefftcients ak ( t },
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and

p=(e —0)/2 .

The constants here have been chosen so that the resulting
wave functions are orthonormal. The first-order correc-
tions to these coefficients from the counter-rotating terms
may now be obtained by substituting these solutions back
into Eqs. (2a) and (2b). In this way, a better approxima-
tion to the two pairs of solutions for ao and a, is obtained
as

where

CM p aM~p

2(A, +2') 2(p —2')
As will be apparent later on, these correction terms en-
sure a smooth transition from the resonance to the
nonresonance region.

We may now proceed to evaluate the coefficients ak,
k )2 by first-order perturbation theory using a 0 and a +—

,
as given by Eqs. (4a) and (4b), together with the zeroth
approximation ak ' ——0, k &2. The required modification
of the usual two-level RWA dressed states is now
effected by using these sets of coefficients in the expansion

g= g a„(t)e " P„(r)

g(+) g( —) g(+) g( —)4 (4b) to get, finally,
I
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where

p =p, A, = —p, p
(-) (+) (+)

(+) (+) (+) (+)—kOs Pk —P

a—:a, a+:——P =C, P+= —a.
In the spirit of first-order perturbation theory, terms of
order higher than Eo have not been retained in the above.

S*=4m i +5(E,f nto)f+—,

where E,f ——(k, —kf )/2 and fz, the amplitudes for
scattering with a transfer of n photons, are given by

1f" = — [f)(a,c)+fr+f3(a, c, &g ', pg ')+f4],

(9a)

III. ELECTRON SCATTERING
BY HYDROGEN ATOMS

f"+ = — (fl(c a) fl+f 3(c a —~~",V'~+') f4), —

(9b)

To calculate scattering cross sections, it is preferable to
work in the Coulomb gauge, in which the incident elec-
tron of momentum k is represented by

where

f", (a, b)=(a Vpp+b V„) J(b, ),
f z 2icaVp, J„'(b)——,
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As is well known, ' in this gauge the wave function Eq.
(5) acquires an additional factor exp(ieEp r/to), which,
however, drops out of the first-order matrix element for
direct scattering, which alone we shall be considering in
this work. For elastic scattering which leaves f* unal-
tered, we have

b yMk]Vk+ 2 2
y —co

f4 2iJ„'(6)——Vp&(cap+aP& ),

V„l,—— (n
~

(e'q' —I)
~

k ),

(9e)

(9

(9g)

S*= —i *X~ V —
Xg dt,

where V is the interaction potential and k; and kf are the
initial and final momenta of the incident electron. A
straightforward calculation yields

q=k; —kf, and b, =eEp q ~

co . Here, the fact that, for
hydrogen Mnk=Mkn =M„*k and Vnk =Vkn = —Vnk, has
been made use of. Further, terms whose contribution to

~ f+ ~

is of order higher than Ep have been neglected.
The various amplitudes f;" may be identified as follows.
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aP=1+—
C

(10)

f &
and f2 together correspond to the RWA, while f4 ac-

counts for the counter-rotating terms. The effect of cou-
pling to states k )2 is represented by f3.

As pointed out by Mittleman, when the laser is
switched on adiabatically, and the spontaneously radiated
photons are not observed, the differential cross section
for this scattering process will be a weighted average of
the cross sections arising from f"+ and f", the weighting
factors being approximately given by

+4 ' —1

)0 I
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so that we finally get

(n) I (n)
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C

where kf"' ——( k; —2n co )
'

At exact resonance, P+ P= —,
—'—and both f+ and f

contribute to the cross section. As co decreases, P+ de-
creases rapidly while P approaches 1, so that F" dom-
inates. The opposite is true for cugco, o. In either case,
for

I M&0 I
&&

I

e I, which is the condition for NRA to
hold, (do'"'/dQ) approaches the NRA cross section,
given by

do ( ) 1 kf

NRA i

I
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0.5 0.35 0.4

FIG. 1. Differential cross sections (a.u. ) as a function of the
laser frequency co, for the scattering of electrons of energy 5
a.u. , at an angle 1', with an absorption of one photon. The field

strength Ep ——0.01 a.u. Solid line, full calculation; dashed line,
nonresonance approximation (NRA); open circles, rotating-
wave approximation (RWA); dashed-dotted line, resonance ap-
proximation (RA); dashed-crossed line, RWA with coupling to
nonresonant states (RWA1).

X VooJ„(b,)

+2ieJ„'(b,) g
co« —co

thereby realizing one of the objectives of this work.

(12)

-1.0

IV. NUMERICAL CALCULATIONS
-2.0

In this section we present some illustrative numerical
results for electron-hydrogen scattering in a laser field of
frequency in the neighborhood of the 1s-2p resonance.
The field polarization is taken to be parallel to the in-
cident electron momentum. In these calculations, the
amplitude f3 was evaluated as follows. The first term [cf.
Eq. (9e}] was calculated exactly using the expression for
matrix elements of the general form

(0
I
exp(iq r)(A —H) 'r.Eo I

0),
given by Dubois et al. The second sum involving transi-
tions from the 2p state can in principle be reduced to a
closed form by an extension of the technique used by Du-
bois et al. ; however, in this work we have followed the
procedure of Holt and and Moiseiwitsch" to calculate
exactly the matrix elements up to principal quantum
number 3, and then approximate the remaining sum by
means of the closure relation.

In Fig. 1 is presented the variation of the differential
cross section for scattering in the forward direction
(8= 1') of electrons of energy 5 a.u. , accompanied by the

I
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FIG. 2. Comparison of differential cross sections according
to the present work and the NRA for two field strengths, at
8=10' and n = —1. Solid curve, Ep=0.05 present work;
dashed curve, Ep ——0.05, NRA; dashed-dotted line, Ep ——0.005,
present work; dashed-crossed line, Ep ——0.005, NRA.
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FIG. 4. Variation of (do. /dQ)'" = "with field strength Eo,
at 0=1'.
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FIG. 3. Same as Fig. 2 but for n=0. The dashed line
represents the NRA for both Eo ——0.05 and 0.005.

absorption of a photon (n = —1). The solid curve
represents the full calculation including all the ampli-
tudes in Eq. (9), while the others refiect the consequences
of retaining only certain terms, corresponding to a partic-
ular approximation. Thus the RWA keeps only f", and

f2, whereas the resonance approximation (RA) also in-

cludes f4, arising from the counter-rotating terms. An
improved rotating-wave approximation, which takes cog-
nizance of the coupling to other states, is represented by
RWA1, formed from f"„f2, and f&. Finally, the NRA
refers to Eq. (12), which exhibits the characteristic diver-
gence at exact resonance (co=0.375). The full calculation
is seen to be free from this anomaly, while, at the same
time, joining on smoothly to the NRA cross section,
away from resonance. Near resonance, RWA1 also
agrees with the full calculation, since there the effect of
counter-rotating terms is negligible. However, the RWA
is seen to be inadequate except at resonance because it ig-
nores couplings to other states, which are important for
the n =+1 forward scattering process, whatever the field
strength. It is clear from Eqs. (9a)—(9f) that for small 6,
f~ and f &

are the leading terms because of the presence
of Jo(b, ). (This is not true at large angles; e.g. , at
0=180, the RWA agrees very well with the full calcula-
tion near resonance. ) For similar reasons, the RWA and

the RA agree close to resonance. It is evident from these
results that interference among the various terms in Eq.
(9) plays a prominent role in determining the cross sec-
tion.

The effect of field strength on the range of validity of
the NRA is illustrated in Figs. 2 and 3, for n = —1 and 0,
respectively. As expected, in both cases, the frequency
range where resonance effects are important shrinks as
the field strength is reduced. For the n = —1 process, the
higher field is seen to introduce a small shift in the peak
position. For the n=O process, the RWA, RWA1, and
the RA all yield essentially the same results as the full
calculation, since, in this case, f &

is the dominant term,
being proportional to Jo(b, ).

Finally, the variation of (da /dQ)" = ' with the field
strength at and around exact resonance is presented in
Fig. 4. At sufficiently low fields, all cross sections in-
crease with field strength as Eo, in accordance with the
first-order theory; in the frequency range shown in Fig.
4, this trend is apparent on either side of exact resonance.

In conclusion, it is rather surprising that the validity of
the present formalism appears to extend far into the
nonresonance region, though the starting point was the
RWA. Numerical calculations confirmed that, provided
the narrow pseudoresonances due to the dynamic Stark
splitting of the coupled levels are smoothed over, agree-
ment between the present theory and the NRA remains
excellent, in the region of frequencies where the latter
would be expected to be valid.
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