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The Feshbach formalism is employed in a study of the effects of interference between direct radia-
tive recombination and dielectronic recombination. A general result is obtained, valid for an arbi-
trary number of interacting resonances and an arbitrary number of coupled continua. The results of
explicit model calculations, based on the pole approximation, are described, and comparison is

made with earlier, related work.

INTRODUCTION

A recent flurry of theoretical activity has resulted in an
improved understanding of the relationship between
dielectronic recombination (DR) and direct radiative
recombination (RR). It has been pointed out that, in gen-
eral, a coupling exists between the probabilities for the
decay of doubly excited ionic states d into Auger (d —i)
and radiation (d — f) channels. This coupling is a conse-
quence of the existence of a direct path from initial to
final states; i.e., via the RR channel (i —f). Several
methods have been employed to illustrate these connec-
tions,' ~3 and a unified theory of DR and RR has been
suggested.* Calculations of fluorescence yields modified
by interference with the RR channel have been per-
formed for the doubly excited 2/2!" states of He-like and
Li-like ions.® It has been known for some time that simi-
lar corrections exist for the photoionization probability.’

In this paper (second of a series), we derive the com-
bined probability amplitude for DR and RR, denoted
MRPR " ysing the projection-operator formalism of Fesh-
bach,® as adapted for DR calculations by Gau and
Hahn.” The results of explicit model calculations, based
on these formulas and in the pole approximation, will
also be presented. This is a continuation of work report-
ed in Ref. 10 (paper I) on interacting resonance effects in
DR. In the present work (paper II), underlined quantities
reflect an essential coupling between the RR and DR
channels.

FORMALISM

In the notation of paper I, the transition between exact
initial states ¥, spanned by the operator P (one electron
free, N electrons bound, and no real photons), and asymp-
totic final states @, spanned by the operator R (N +1
electrons bound and one emitted photon), can be mediat-
ed directly by the electron-photon dipole-coupling opera-
tor D. The RR process proceeds via this mechanism.
The RR probability amplitude is

MRR_(®,RDPY,) , 1

while, from Eq. (8) (paper I), the probability amplitude
for DR is

MPR=(®zRDQY,) . (2)

Here EQ is an exact intermediate state vector, in a space
spanned by the operator Q (N +1 electrons in a doubly
excited quasibound state and no real photons). The prob-
ability amplitude for the combined RR and DR process
(labeled RDR) is

MRDRZMRR+MDR X (3)

Equations (1)-(3) are perfectly general. However, ¥,
and WQ remain to be determined. As mentioned earlier,
underlined quantities reflect a coupling between the RR
and DR channels.

Ignoring all powers of RDP beyond the first in Eq. (1),
and all powers of RDP including the first in Eq. (2), one
arrives at the weak continuum electron-photon coupling
limit for MRPR, In this limit, Y, and EQ approach ¥,
and W, respectively, where both ¥p and ¥, appear in
paper I. For example, when resonances are noninteract-
ing these functions are given by Egs. (5) (paper I) and (7)
(paper 1) as

Yp=V¥p=Pp+gpPVQV¥, , 4)

Go=(E —QH,Q —QDRgz RDQ — QVPg,PVQ)~" ,
6)

where V is the electron-electron interaction, Gy is the Q-
space propagator, @, is an asymptotic (one free electron
at large distances) eigenstate of PH,P, and the unper-
turbed P- and R-space propagators are

g,=(E —PH,P)™", @)

gr=(E —RH,R)™'. 8)

If resonances interact, then both Wp and ¥, are altered.
In this case ¥, is given by Eq. (15) (paper I).

In order to progress beyond the weak-coupling
(RDP—0) limit, we return to the Schrédinger equation
for the problem, in the form of Eq. (3) (paper I). Upon
addition of terms proportional to RDP and PDR, this
equation becomes
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PHOPEP'FPVQ.\!Q'FPDR.‘.I’_R =E¥,,

which leads immediately to an expression for ¥y, the ex-
act final state, in terms of ¥, and ﬂQ; viz.,

Vi =(E —RH,R)"'(RDP¥,+RDQY¥,)
=8r(RDP¥p+RDQY,) . (10)

Substituting Eq. (10) back into Eq. (9) yields a pair of
coupled equations for ¥p and EQ,

(E —PH,P)¥Yp= PDRgrRDPY,
+P(V +DRgrRD)QY,
=PDRgrRDPY, +PVQY¥,, , (11)
(E —QH,Q)¥,= QDRgrRDQY¥,
+Q(V +DRgrRD)PYp
=QDRgrRDQY,+QVP¥, , (12)
where
V=V +DRggrRD . (13)

In the following we solve the linked Eqgs. (11) and (12)
for the P- and Q-space wave functions ¥p and ¥,,. First
we obtain a formal solution, in terms of P-space opera-
tors. Matrix elements of these operator expressions are
then employed to produce an explicit solution.

FORMAL SOLUTION

From Eq. (11), ¥, may be written formally in terms of
!Q as

Yp=2p+8pPVQY, , (14)

with gp, the P-space propagator modified by RDP cou-
pling, given by

gp=(E —PH,P —PDRgy PDP)"!
=(1—gpPDRgz RDP) g, . (15)

In Eq. (14), @, denotes an asymptotic (one free electron
at large distances) P-space state, modified by RDP cou-
pling, and related to ®, by

®,=(1—gpPDRgg RDP)"'® . (16)

An analogous expression connects ®p, the asymptotic
(one photon at large distances) R-space state modified by
RDP coupling, and &5, the asymptotic R-space
unmodified by RDP coupling; i.e.,

®p=(1—ggRDPgpPDR) ™ '&p . (17)

The R-space propagator modified by RDP coupling [ana-
log of Eq. (15)] is

1821
gr=(E —RH,R —RDPg,PDR)"!
=(1—ggrRDPgp,PDR) gy . (18)
Now, using Eq. (14), Eq. (12) becomes
(E —QH,Q)¥,= QDRgrRDQY,
+QVP(®,+gpPVQY,) , (19)

which has a form identical to Eq. (6) (paper I), except
that g, replaces gp, V is substituted for ¥, and ®, ap-
pears instead of @ p.

As per the development leading up to Eq. (15) (paper
I), the general (formal) solution of Eq. (19), when reso-
nances are allowed to interact, and for a Q-space state la-
beled by a, is

<aIEQEEQa=E(Q~l)aBQQﬁ<B|KPQP , (20)
B

where the Q-space propagator G is defined as
Gop=(E —(B| QH,Q |B)—{B| QDRgzRDQ | B)
—(B|Q¥Pg,PYQ |B))"" . 21)

Note that Gyg#(B| Gy |B), where G, was defined in
Eq. (6). The Q-space operator Q! is the inverse of an
operator £ with elements

Qaﬁ= Saﬁ_( 1 _SUB)QQaAaB . (22)

In Eq. (22), 8,4 is the Kronecker 8§ and the operator A is
given by

A=QDRggRDQ +QVPg,PVQ . 23)

From the form of Egs. (22) and (23) it is clear that Q
mixes Q-space states via interaction with the P and/or R
space. In this context, recall that the Q-space states are
assumed to already diagonalize the Q-space Hamiltonian
QH,Q.

The Q-space propagator Gyg [Eq. (21)] can be rear-
ranged to read, in a more symmetrical form,

Gos=(E—(B|QH,Q |B)—(B| QDRgz RDQ | B)
—(B| QVPgpPVQ | B)
—(B| QDRgzx RDPg,PVQ | B)
—{B| QVPgpPDRgzRDQ | B))~" . (24)

EXPLICIT SOLUTION

Returning to Eq. (11), we now discretize the continuum
electron momentum. Then, instead of Eq. (14), one has
for the (ith element of the) vector ¥,

<l |-\£PE_\I.”_P1=2(Q_]),](QPJ +gpj<_] I.ZQ_\EQ) y (25)

J

in terms of the still unknown function ®p={(j |®p
[given by Eq. (16)] and the as yet unknown vector ¥,
[solution of Eq. (12)], where the P-space operator @ has
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the elements

@;;=8;;—(1-8;)gpA;; - (26)
The operator A is given by
A=PDRgrRDP 27

and
gpi=(E —(i | PH,P|i)—{i|PDRggPDR |i))~".
(28)

Note that, in general, gp;=(i |gp |i). In Egs. (25) and
(26), i labels both the target state (there may be more than
one) and the discretized momentum of the continuum
electron.

From the form of Egs. (26) and (27), it is clear that @
mixes P-space states via interaction with the R space.
We emphasize that the P-space states are assumed to al-
ready diagonalize the P-space Hamiltonian PH,P.

We can now easily solve Eq. (16) and obtain for the
asymptotic P-space wave function modified by RDP cou-

pling
Cp=3 (! )ngjgé}lq’p, ) (29)
J

where gp;=(i|gp|i), ®p=(i|Pp, and both g, and
@, are free of RDP coupling; gp was defined in Eq. (7),
while @, was defined following Eq. (5). A similar expres-
sion exists for @z = ( f | @, the solution of Egq. (17),

Prr=3(v"")8r&rN Pri » (30)
h

where gg, =(h |gr | h ), Pry=(h | Py, gg Was defined
in Eq. (8), and ®; was defined preceding Eq. (17). Note
that Eq. (30) implies a discretization of the emitted pho-
ton momentum. The R-space propagator gg, is defined
as

gra=(E —Ch |RHoR |h)—{h | RDPgpPDR | h))"'.

(31)
The elements of the matrix v are
Vo =8 —(1=87,)8rsrlsn » (32)
where
u=RDPgpPDR . (33)

Now Eqg. (19) becomes
(E—QH,Q)¥ = QDRgz RDQ¥,
+3 3 QVP i),
ij

X (@p;+8p;{j | PYQYy) ,

with solution

-\I—/Qa=%(g_l)aﬂggﬁ( QVPo~'®, , (35)

where the Q-space propagator is now [a generalization of
Eq. 21)]

Gos= | E—(B|QH,Q | B)—{B| QDRgxRDQ | B)
—3 S (BIQVP |iXa"),gp{i | PYQ |B) ]!
i

(36)

and the Q-space mixing operator Q, corrected for RDP
coupling and coupling between P-space states, has the
elements

QGBZSEIﬁ_( l ‘SaB)QQaA-aﬁ . (37)
In Eq. (37), the operator A is given by
A=QDRgrRDQ+3 ¥ QVP | i)(g‘l),-jgij | PYQ .
i

(38)

From Egs. (25) and (35), the general solution for ¥, is
now

Yp=3 (@ ") [®p+8p{i IPYQS S |adQ 1)y
j a B

X Gos(B|QVP™'®p |,  (39)

with ®p; given by Eq. (29).

The probability amplitude for RDR, corrected for in-
teracting resonances, interacting continua, and RDP cou-
pling, is given by Egs. (1)-(3), with ¥, taken from Eq.
(39) and !Q from Eq. (35); i.e., in this most general case,
MRPR js the sum of the probability amplitudes for RR
and DR, given individually by

MRR= (®,RDPw~'®;)
+33 2% (®rRDP | i@~ ");gp

i

x(j | PYQ|a)
X(Q7 "G op(B| QVP0™'®p) ,
(40)
MPR=F 3 (®zRDQ | a)(Q ™ ")pGpp
a B
X{B|QVPu~'®p) , (41)

where Q) is an operator [Eq. (37)] which mixes the Q-
space states among themselves via interaction with the P
and/or R spaces, and @ [Eq. (26)] mixes the P-space
states among themselves via interaction with the R space.
Again, we point out that the Q-space states and the P-
space states are assumed to already diagonalize the Q and
P space Hamiltonians QH,Q and PH P, respectively.
The propagators g, and gg, both modified by RDP cou-
pling, will be discussed further in the following section.

If only one resonance participates in the RDR process,
then Q=0 "'=8, where 8 is the Kronecker 8. However,
even if just one P-space target state participates, then
still, in general, w+#8, since the continuum electron
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momentum has been discretized. It is only if one makes
the approximation that just a single continuum electron
momentum participates, as well as a single target state,
that o=w~'=6. We remind the reader that if RDP =0,
then @ =325, also as in paper I.

DISCUSSION

We begin by pointing out some of the more important
features of the formulas derived in the preceding section.
Transition rates for autoionization, stabilizing radiative
decay, radiative recombination, and photoionization are
defined. Then the pole approximation is introduced, and
several explicit examples are considered. Finally, the re-
sults of a model calculation are described.

If RDP =0, then from Eq. (18) (paper 1), the full-width
I"'i(a) of an isolated resonance state labeled by a may be
defined as

Fola)=2Im(a|Gy'|a)
=—2Im({a|DRgrRD |a)+{a|VPgpPV |a))
=T, (@)+T,(a), 42)

where I', and I', are the total radiative and autoioniza-
tion transition rates, respectively, defined as

F,—(a)=2 A,(a“‘)f) »
! (43)
M(a)=3 A,(a—i),

with the state-to-state radiative and autoionization

widths being given by
A(a—f)=kL|{f|D|a)|*=kiD},, w
Ala—D=k; |{i |V |a) | =k V2 .

Physical rates are obtained from Eq. (42) by taking the
on-shell limit; i.e., E—E;=E/, where E; and E are the
total initial- and final-state energies. However, if
RDP-£0, then from Eq. (24) the full width of the reso-
nance, modified by RDP coupling, becomes

Lola)=—2Im({a|DRgrRD |a)+{a| VPgpPV |a))
—2Im({a | DRggRDPg,PV | a)
+{a| VPgpPDRgyRD |a)) , (45)

See Egs. (53), (62), and (64) for a definition of the radia-
tive and autoionization widths modified by RDP cou-
pling, ', and [, respectively.

Now, due to the RDP coupling, both g, and gz have
finite imaginary parts; viz., from Egs. (7), (8), (15), and
(18),

gr=[ E —PH,P — PDR (Regg )RDP
+imPDRS(E —RH,R)RDP]~ !,

gr =] E —RH,R —RDP(Reg,)PDR
+imRDPS(E —PH,P)PDR]~" .

(46)

The imaginary part of gp is proportional to I'gg, the total
RR transition rate correct to second order in RDP, while
the imaginary part of g, is proportional to I'p, the total
direct photoionization transition rate, with an identical
limitation. That is, for a P-space state labeled by i, and
an R-space state labeled by f,

Trr(i)=2m(i | DRS(E —RHR)RD |i)
=213 [dk, (i |D|f)8E—e;)}{f|D|i)
f

=2 kD
=Y Agrli—f), 47
f

Cpi(f)=27{f | DPS(e —PH,P)PD | f)
=3 Jdk,(f|D|i)8(E—¢e)i|D|f)

where k; =[2(E —¢;)]'/? and k,=(E —¢,) are the elec-
tron and photon wave vectors, respectively, with ¢; and
€, denoting the initial- and final-state ion energies.

A detailed balance relationship connects the state-to-
state transition rates Agg and Apy; viz.,,

klARR(lﬂf)zkf,Apl(f—?l) . (49)
Similarly, the total transition rates are connected by

S kiTrr()=3 k2Tp(f) . (50)
i f

For later convenience, we now define the generalized
transition rates I'gg(i,j) and I'pi(f,g) as

Crr(b =3 kf,D,foj ’
s

(51)
Fpl(f,g)——'z k‘-DﬁD,-g >

and the “normalized” transition rates according to
Weri,iY=k;Treli),
Wellfs)=k2Tp(f) ,
Wrr(i,j)=k;Trr(i,j) ,
WPl(f’g)EkirPl(f:g) .

The stabilizing radiative and autoionization rates
modified by RDP coupling, ', and [,, may now be
defined. However, it is first necessary to rewrite Eq. (45),
so that the asymptotic initial and final states modified by
RDP coupling (®p; and Pg,) appear explicitly. This
amounts to a unitary transformation on the basis states
®p; and Py, contained in the P and R spaces. We will
denote these ‘“diagonalized” state spaces as P and R; i.e.,
P projects onto the ®p; and R projects onto the g 1 Us-
ing Egs. (15)-(18), Eq. (45) becomes

(52)
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L.(a)=—2Im({a|DRgrRD |a)—{a|VPgpPDRgz RDPgpPV |a})
—2Im({a| VPgpPV |a)—{a| DRgg RDPgpPDRgrRD |a))
—2Im({a| VPgpPDRgxRD | a)—{a | DRgg RDPgpPDRgr RDPg, PV | a))
—2Im({a | DRggRDPgpPV |a)—{a | VPgpPDRgx RDPg,PDRgx RD | a))

=L, (a)+,(a).

The stabilizing radiative width modified by RDP coupling
T, is given by the first and third lines of Eq. (53) (where
the R-space states appear explicitly); the autoionization
width modified by RDP coupling I, is given by the
second and fourth lines of Eq. (53) (where the P-space
states appear). In the following section we evaluate these
functions in the pole approximation.

We conclude this discussion by noting that evaluation
of Egs. (40) and (41) for MRPR is complicated by the fact
that matrix elements of the electron self-energy operator
DRgr RD have a formally infinite real part. The removal
of this unphysical singularity will require careful treat-
ment, with techniques borrowed from quantum electro-
dynamics;!! e.g., subtraction of a mass counter term and
the effective introduction of a cutoff in photon momenta
due to virtual pair creation. Therefore the actual evalua-
tion of MRPR for a specific case must either be deferred
until the QED issues have been resolved, or invoke the
“pole approximation,” as per the work of Refs. 3-6 and
12. In the pole approximation, we set to zero the real
part of the P- and R-space propagators gp, gp, §g, and

8r-
POLE APPROXIMATION

In the following, we mean by the “pole approximation”
that the real parts of all P- and R-space propagators are
set equal to zero. Also, as in the preceding section, the
continuum electron momentum is understood to have
been discretized.

We begin by considering the matrix elements of the P-
and R-space propagators modified by RDP coupling gp
and gp. From Egs. (7), (8), (15), and (18), and using a
Lippmann-Schwinger equation, we can write

(i|gp |j)=gpi8ij+g}’i%Dtjgkngfk(k lgpli)
(54)

(f | gr Ig)=ng6fg+ng2DﬁgPi 3D, (h | gr lg) .
i h

Then, using Egs. (51) and (52), and in the pole approxi-
mation,

(53)

[
(i |gpljd=(—ik;/2)8;;— (1) Wrg(i,){i |gp|Jj)
1S (1-8, ) Wra(ik)(k |gp|j), (55)
k

with solution
(i |gpljd=(—ik;/2) (@ "); /[1+ Wgr(j,j) /4], (56)

where @ was given in Eq. (26). In the pole approxima-
tion, @ becomes

An analogous expression exists for ( f | gz | g ); viz.,
(f lgr 18)=(—ik} /20y~ ") /[1+ Wp( £, /) /4] ,
(58)

with v being given by Eq. (32). In the pole approxima-
tion, one has that

!fg=8fg +(%)(1—6fg)WP](f’g)/[l+ Wpl(g,g)/4] .
(59)

Alternately, one may make use of relationships between
gp and gp,

8r=8R +gRRDP§PPDRgR ,

(60)
gr=8p+8pPDRgrRDPgp ,
to write
(f1gr18)=8rs [8f3+2Dﬁ<i |gp 17 D) |8rg >
: 61)

(i|gpl|j)=2p

81’j+2D:f<f | gr |8>ng ]g}’j ,
f

so that the matrix elements of gz may be obtained from
those of gp, Or vice versa. -

Now, for the autoionization width modified by RDP
coupling, one finds from Eq. (53), in the pole approxima-
tion, that

L (a)=—2Im({a | VPgpPV |a)—{a| DRggRDPg,PDRgrRD | ))

=33 VoM@ )ik 3 (@ NuM Vi,
i k

+: 32 ? kDo 3 DM@ ")k, % (@ DM 3 k2D, Dy, (62)
i ] 4

[the fourth term in Eq. (53) is zero in the pole approximation], where

M, =1/[1+Wggli,i)/4] .
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Similarly, for the stabilizing radiative width, one has from Eq. (53) that

L.(a)=
~22Dag (v szz(" )hNpDiyg

+3 22" Vai E‘DlgNg(V_l gfki %“—F

(the third term is zero in the pole approximation), where

Ny=1/[14+Wp(f,f)/4] .

—2Im({a|DRggRD | a)—{a | VPg,PDRgr RDPg,PV |a))

) N 2 kiDy;Via (64)
J

(65)

For certain kinds of problems it may be that the P space is effectively much smaller than the R space, or vice versa.
In the first instance, it would be expedient to rewrite Eq. (64) in terms of w instead of y. That is, using Egs. (45), (51),

and (53), Eq. (64) may be written as
L(a)= Ek Da,f+4 Zk,-

2 kiV i 2 kthfz Eij(“’
+ 2 krDaf S DskiM; 3 (@)
< - y

+h SV a KDy 3 Dk Ml

Similarly, Eq. (62) may be rewritten in terms of v instead
of w.

FIRST WORKED EXAMPLE

We proceed to evaluate the full RDR probability am-
plitude MRPR as given by Egs. (3), (40), and (41), for a
single P-space state, a single Q-space state (2=35), and in
the pole approximation. In addition, we assume for sim-
plicity that only a single continuum electron momentum
participates. We point out that, in this simple case, sums
over i reduce to a single term (@=4§). The various terms
appearing in MRPR can now be evaluated as follows.

From Eq. (29), the initial state modified by RDP cou-
pling is

L, =2p=CpM, . 67
The P- and R-space propagators are
(i|gp|iY=(—ik;/2)M; ,
(f lgr |8)=(—ik} /2)[8—

From Eq. (62), one has for the autoionization width that

(68)
(k;/9M;k2D D, .

L (a)=[A4,(a—i)+(1)k; T, (a,i)*IM}?, (69)
where
T la,)=3 k1D, Dy . (70)
f

For the radiative width, from Eq. (66),
[ (a)+k;Tg,(a,)X(M?—1)/Wggli,i)
+1 A4, (a—i)Wgg(i,i)M}? . (71)

L,(a)=

Matrix elements of the interaction operator V, defined

jkMkk E‘Dkg

Vai 2 kiD,-fz kiDgiVia—1 2 kiDor 3 DskiM; 3 (@7 ")y 3 k3Djp Dy
i J g

2 kD Vi
1

ij szgkr EngkkMk 2 (-“2~1)k1 2 kiD”'Dha

ik 2 k1D, ng,k M, 2 (@ Dim 21),,,,,k2 zp,,,,k,, Ve - (66)

f
in Eq. (13) and appearing in Egs. (13), (40), and (41), be-
come

(a|V|i)=(a|V +DRggRD |i)
=Vu—3 (ik3/2)D Dy
s

= Vai -
=V, . (72)

iT g, i) /2

The total decay width in the Q-space state a is, from Egs.
(69) and (71),
Lya)=L,(a)+L,(a)
={A,(a—)+T,(a)+ I T (@) Wgg(ii)

— kTR, (i,a]}M; .

(73)

MRR and MPR can now be written down immediately as
MRR=D M, —(ik; /2)D 3¥,,Gp .V o M? (74)
M =DfaQQa—aiMi ’ (75)

where the Q-space propagator is
0a=[E —g,+(i/2)L;, ()]~ (76)

and the shifted eigenvalue g,
tion, from Egs. (23) and (70)

§a:€a_(ki /Z)VaiMi 2 k?/Difoa
f

is, in the pole approxima-

=g,—(1)[k; A,(a—i)]"*M;T g, li,a) . a7

The RDR probability for this example is then
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£)8(E —¢/)

=kM} | Goo| >3 k3 | DAE —gu+(i/2)[ A (a—i)+ L (a) ]} + D —ik; /2)V (i Vi M;+D Vi | * .
f

(78)
This expression can be rearranged to read
PRPR(i »a)=M?| Gyo | 2 { Wrg(i,i)(E —go)*+ 2T g, (i) k; Ay (a—i)]VHE —e,)+ A,(a—i)T,(a)}
+1T, () [ Wrp(i,0)T (@) —k, T, (i,a)]) . (79)

Note that, in Eq. (79), €, appears and not g,. Equation (79) is the final form of the RDR probability, as determined in
the pole approximation, for the case of a single Q-space state, a single P-space state (and a single continuum electron

momentum), but an arbitrary number of R-space states.

If, in addition to these restrictions on the Q and P spaces, we stipulate that the R space contains just one state (la-
beled by f,), then the last line of Eq. (79) reduces to zero, and Eq. (79) becomes

PRPR(i s a)=M?| Gy, | { Wrg(i,i)(E —e,) +2[k; Agg(i—fo) A, (a—f ) A (a—D]"HE —¢,)

+ A,(a—i)A,(a—>f, )} .

Now Eq. (80) agrees exactly with the result quoted in Eq.
(5a) of Ref. 4, which was based on a model calculation,
with one initial, one intermediate, and one final state.
Similarly, the autoionization and stabilizing radiative
probabilities modified by RDP coupling [Egs. (62) and
(66), respectively] reduce in this limit to the results quot-
ed in Egs. (12a) and (12b) of Ref. 3 and Egs. (81) and (82)
of Ref. 12. The asymptotic P- and R-space states
modified by RDP coupling, Egs. (29) and (30), also appear
in Eq. (5a) of Ref. 3.
A real RDR process well described (in the pole approx-
imation) by Eq. (80) is
Is +k (I, =1)=2pns —1sn's +y ,
(81
Is +k.(l,=1)—1sn's +v :
for n > 2, provided that n values are small enough, so that
resonances are truly isolated, and if n =n'. If ns£n’,
then Eq. (79) must be employed. It seems worth reem-
phasizing that even though the 2pns intermediate states
in Eq. (81) carry single particle labels, the states are as-
sumed to be configuration-interaction (CI) states which
diagonalize QH,Q. Similar remarks apply to the lsn’s
final states which are assumed to diagonalize RH,R, and
to the 1s +k_/, initial states which are assumed to diago-
nalize PH,P.
The total RDR probability for the process of Eq. (81),
when resonances do not interact and do not overlap, is
obtained then as

PRPR(i)=3 PRPR(i »a), (82)

where PRPR(i ) is given by Eq. (80) if R contains just
one state, and by Eq. (79) otherwise. This is a generaliza-
tion to the RDR process of the so-called isolated reso-
nance approximation (IRA), familiar from pure DR cal-
culations [see Eq. (12), paper I].

(80)

In the special case where resonances are overlapping
while being at the same time strictly noninteracting, then
instead of Egs. (79) or (80) one has that

PROR(i)=k;M? 3 k% | DM,
f
+(—ik; /2)DM} S V2 Go,

+2 DfagQaKaiMi | 2 . (83)
a

SECOND WORKED EXAMPLE

If resonances are interacting, then the analog of Eq.
(79) for PRPR can be obtained from Egs. (3), (40), and
(41). For this purpose, matrix elements of the Q-space
mixing operator Q, from Eq. (22), are required. In the
pole approximation, and for a single P-space state and a
single continuum electron momentum (w=3§), these ma-
trix elements are

_Q.a3= 8aB+ (1— aaﬂ)( i/2 )QQa
X Ef‘r kg'Dafoﬂ"’kiKaiMiZiﬁ , (84)
which becomes, for the process of Eq. (81),
Qop=08up5+(1—=8,p)ik; /2)G VoM Vig (85)

where
V=V =i /2 Agrli—>f) A (a—f )12, (86)

with a similar expression holding for Vz.
The probability amplitudes for RR and DR are now
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14+(—ik;/2) 3 3 Vg Q™ NgGoal aiM;
B a

(87)

MPR=F'S D 5(Q pGoo¥oiM; (88)
B «a

where the Q-space propagator G, appears in Eq. (76).

The RDR probability, for the ith initial state, is therefore

PRPR(j) 2(27r) *[dx, [dk, | MR®

+MDR|25(E—€,~)5( —€;)
=k,-§,ki | MRR 4 MPR |2 (89)

with M RR given by Eq. (87) and M PR given by Eq. (88).

We now model this example by defining the unper-
turbed stabilizing radiative, autoionization, and first-
order normalized radiative recombination transition
rates, such that (a) A4,,=4,(2pns—1sn's)s,,; (b)
Ayo/nd=A,(2pns —>1s +k.1.); and () Wgge/n®
=k; Agr(1s +k 1. — lsns); where A,,, A0 and Wggg
are all constants which characterize the model. When
Wrro=0, the model leads to the values of the DR proba-
bility displayed in Fig. 1 of paper I. We referred to the
method of paper I as the multiple interacting resonance
approximation (MIRA). It did not include the effects of
the RR channel.

Now from Eq. (89), and for the arbitrary modeling con-
stants A4,;, A,q and Wgygo, the RDR probability be-
comes, for the single initial state i,

PRPR(D)=MF T | (Wrpo/n*)'*+ 4,5V S,

— (iMyV3/2)(Wgro/n*)'"?

inr v3/2§nl ‘ 2 ,
" (90)

where the quantities appearing in Eq. (90) are defined ac-
cording to

M()El/

=1/(1+0.30Wggo) »

14+(1/4) S Wrpo/n®

n=1

Vo= AL =i /2)(Wrro 4,0,
§n—2 Q l)nn GQn ' _3/2 On
Gon=[E —¢,+(My/2n>)( A,5A,0Wrgo)'"*

+(iMy/2)( Ao+ Ago/n>H17 1, (92)
where €, = —Z2/2n? is the unshifted energy of the cap-

tured electron in the Q state labeled by n. For simplicity,
the energy of the excited (struck) electron in the Q state is
set equal to zero. This only serves to shift the zero of to-
tal energy E. From Eq. (85), matrix elements of the Q-
space mixing operator are

Q=8+ (1—=8,,)i/2)Gp, ViMon —>"*n’ =3/%

(93)

Results of calculations based on this model are
displayed in Figs. 1-2, for 2<n <7. In generating this
data we interacted states with n between 2 and 11. As in
paper I, we assigned the values A4,,=0.2" and
A,0=2.0x10"% a.u,, for Z =1. In order to illustrate the
dependence on Wygo, we examined the very wide range,
0< Wgro <40 a.u. However, for the values of 4,, and
A, chosen, a physical choice for Wgg, would be ~ 10710
a.u. See the Appendix for a discussion of the connection
between A,, 4,,and Wgy.

We also used this model to simulate RDR for He*'
and Lit? ground-state targets. In Fig. 3 we plot PFPR
versus E, for 2<n <5, when A,,=0.2, 4,,=1x1078,
Wgro=3X10"" a.u.,, and Z =1. These are physically
reasonable parameter choices for the He*! ion. For com-
parison, a plot at Wggpo=0 also appears. In Fig. 4 we
plot again PRPR versus E for He ™!, but confine our atten-
tion to details of the 2p2s resonance. Four plots appear
in this figure: one describing the isolated resonance ap-
proximation (IRA), one describing the MIRA (paper I),
one describing the RDR process without interacting reso-
nances, and one describing the full RDR process includ-
ing interacting resonances. Since this was a model calcu-
lation, we did not undertake a diagonalization of the
QH,Q and RH,R Hamiltonians in the 2pns and lsn’s
bases.

To illustrate the Z dependence, in Fig. 5 we plot cases
analogous to those displayed in Fig. 4, but for the Li*?2
ion. Parameter values were taken to be A,,=0.2,

A,u=5%x10"8 Wrro=6x10""a.u,, and Z =2.

From the ﬁgures it seems clear that the RR process
produces significant alternations in the DR spectrum
only at very low n and very low Z, for this An=40 excita-

0.10

0.08

RDR
E 0.08

0.04 —

0.02

0.00 T T T T T T
-016-0.14 -0.12 —-0.10 -0.08 —0.08 —0.04 —0.02 0.00

E @u)

FIG. 1. PRPR ys E for the model described in example 2,
where Z =1, A,0=0.2, A,,=2.0X10"% Wgro=0 ( ),
Wrro=2X10"% (— — —), and Wggo=2X10"2(- . . .). Res-
onances 2pns, with 2 <n <7, appear.
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02

0 T <7 T T T T T
-016-0.14 —-0.42 —-0.10 —0.08 —0.08 —0.04 —0.02 0.00

E @u)

FIG. 2. Same as Fig. 1, but for Wgpe=0.2 (—— ), Wgge=2
(— — —),and Wgge=20(- - . .).

tion. In this region of parameter space, however, the
effects can be rather large. At the same time, complica-
tions introduced by interacting resonances are at a
minimum for low n.

THIRD WORKED EXAMPLE

Of course, our general results also apply to cases in-
volving more than one P-space partial wave (when w=9);
i.e., the process

Is +k (I,=1,3)2pnd —1sn'd +vy ,
(94)
Is +k.(1,=1,3)>1sn'd +v

for n > 3. Here our description includes the effects of in-

0

100

8.0

RDR
P 8.0 -

4.0

2.0

0.0

T T T T T T T
-016-014 —012 —010 —0.08 —0.08 —0.04 —0.02 0.00
E @u)

FIG. 3. PRPR v E for the model described in example 2,
where Z =1, A,=0.2, A,=1X10"8, Wyre=3x10""
( ), and Wpypo=0 (— — —). Resonances 2pns, with
2<n <5, appear.

40

TN

3.0

2.0

0.0 T T T T T T
-015 -014 -013 -012 -011 -010 -009 -0.08

E @u)

FIG. 4. PRPR ys E for the 2p2s resonance of the model de-
scribed in example 2, where Z =1, 4,,=0.2, 4,,=1x107%,

Wgrro=3x10"7: RDR with interacting resonances (——),
RDR without interacting resonances (— — —), MIRA (. . . .),
and IRA (—-—. —- ).

terference between the P-space states of /,.=1 and /,=3,
via interaction with the R-space, as well as interference
between the Q-space states via interaction with the P
space. Equations (3), (40), and (41) are still valid, but now
the operators Q) and @ appearing in those equations are
all nondiagonal in the i, f, a basis. Again we draw atten-
tion to the fact that, in spite of single particle labels in
Eq. (94), the intermediate states 2pnd are assumed to di-
agonalize QH 0, the final states 1sn’d should diagonalize
RH(R, and the initial states 1s +k_./, should diagonalize

?
S 200

15.0 4
PRDR

10.0 -

0.0 T T T

—0.60 —-055 —-0.50 -045 —040
E (auw)

FIG. 5. Same as Fig. 4 but for Z=2, A,=0.2,

A,OISX 10_8, and WRR0=6>< 10_7.
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Matrix elements of the P-space mixing operator @, in
the pole approximation, appear in Eq. (57). The asymp-
totic P-space states perturbed by RDP coupling ®, are

|

PRPR=S k; S k2|3 3 Dsl0 Dl )M,
i f ik
+3 2
a B j k I m
+23
a B

J

where G, and Q4 are given by Egs. (36) and (37). Note
that Eq. (95) has a sufficiently general form that a solu-
tion may be constructed which includes a full discretiza-
tion of the continuum electron momentum. In Eq. (95),
for the example being considered, a and B range from 2
to o, while i,j,...,n take on the values 1 and 2. The
results of explicit calculations for real systems, based on
Eq. (95), will be described at a later date.

SUMMARY

We have described here a comprehensive formalism for
the calculation of the combined radiative recombination
(RR) and dielectronic recombination (DR) probability
amplitude, for the case of a continuum electron interact-
ing with an isolated ion. The combined recombination
process was labeled RDR. Feshbach notation was em-
ployed throughout. This is a continuation of studies of
interfering resonance effects in DR begun in paper I.'°

The formalism explicitly includes the effects of in-
teracting continuum channels, as well as interacting reso-
nances. To this extent, it represents a complete solution
of the single electron, single ion recombination problem.
However, important QED questions such as electron
self-energy and other relativistic effects are not addressed.
In this sense, the solution is still incomplete.

General results, in the form of matrix elements of func-
tions of operators, are contained in Egs. (3), (40), and (41).
An explicit reduction of these general expressions is ob-
tained in the pole approximation, and appears as a for-
mula for the RDR probability (PRPR) in Eq. (95).
Values of PRPR for the relatively simple case of a single
continuum channel are derived and given, in the pole ap-
proximation, in Eqs. (87)-(89). A model calculation is
described, the results of which may be found in Figs.
1-5.

Examination of the structure of the RDR equations,
and the results of our model calculations, suggest that in-
terference between the RR and DR channels leads to im-
portant changes in the RDR probability only for low-
lying intermediate states, and only for small Z values, for
An=£0 excitations. On the other hand, interfering reso-
nance effects are expected to be important only for rela-
tively high-lying resonance states. The situation is quite
different for An =0 excitations. See the Appendix for
further discussion.

1829

related to the unperturbed states ®p in the pole approxi-
mation by Eq. (29).

Altogether, then one has for the total RDR probability,
in this general case, but in the pole approximation,

S333SDs(@ ple Dl —ikg MYl Q ) 05G 0g gm (@™ Dpu (@™ 1), M, ]

S 3 D@7 Noglop¥pi(@™ il HuM; |2 ©93)
k

Part of the approach described herein properly falls
under the heading of configuration-interaction (CI)
theory. However, as emphasized throughout this paper,
and in paper I, the CI we invoke mixes resonance states
solely via interaction with the initial- (continuum elec-
tron) and/or final- (emitted photon) state spaces. Similar-
ly, the initial states are mixed only through interaction
with the final-state space. Thus the Ci we describe is akin
to that introduced by Fano.” The apparent equivalence
of our approach to that of multichannel quantum-defect
theory'? has been discussed in paper I.

APPENDIX

We summarize here essential information concerning
the relationship between A4,, 4,, and Wgxg. In an LS
averaged approximation, and for the reaction of Eq. (81),
one has for the stabilizing radiative probability

A,(2p—1s +7)=(4a’/3)(ry, ;) &5, — €}, , (A1)

as obtained from Eq. (44), where «a is the fine structure
constant, r,, |, is the dipole matrix element, and ¢,, and
€, are the energies of the electron before and after the
transition. All quantities are in a.u.

The autoionization probability, in the Bethe approxi-
mation, is

A, (2pns —1s +k I = (4k, /3)(ry, 1, P
X | (ns |r=2 k1) |?
~(4k, /37o)(ryp1s PZ 2
X (0.5k2 — €, ) (Prci s )
(A2)

from Eq. (44), where Z is the target charge and, at the
second step, we have made use of an exact relationship
between matrix elements of Coulomb functions.'* In Eq.
(A2), and in the following, the continuum wave functions
possess plane-wave normalization.

The normalized state-to-state radiative recombination
probability, correct to second order in RDP, is

Wrr(k D, —ns +v)=(4k.a®/3)(Fi e ns 0.5k —g, )
(A3)
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from Egs. (47) and (52).

One then has the following approximate relationship
between the normalized state-to-state radiative recom-
bination, stabilizing radiative, and autoionization proba-
bilities,

Wir =(4a°Z?/3)(ey, —€,,)(0.5k2 —€, )" (A4,/4,) .

(A4)

Now, from Eq. (A4), if we take 4,=0.2/n% A4,=107%,
Z=1,n=2,and k,~1, then Wgg =~3X107"; i.e., in this

case Wgg > 4,, so that presumably Wy has a relatively
large effect on the RDR probability. However, since 4,
scales as Z* [see Eq. (A1)], whereas Wy scales only as
Z? [see Eq. (A3)], then at Z =6, A4, and Wy are of com-
parable size, and the relative effect of Wy on PRPR di-
minishes. For an identical choice of parameters, except
that now n =3, then Wyg = 107 at Z =1. Hence, as n
increases, the effect of Wy on PRPR may also be expect-
ed to decrease. We emphasize that this discussion per-
tains to so-called An=£0 transitions. By contrast, for
An =0 transitions, A4, scales as Z, so that as Z increases
the effect of Wy on PRPR may be expected to increase.
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