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Transport properties of electrons in water vapor
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Accurate values of transport properties of electrons in water vapor at room temperature are cal-
culated, over a wide range of Elno values, from a numerical solution of Boltzmann's equation via
the momentum method introduced earlier [Phys. Rev. A 33, 2068 (1986); 34, 2185 (1986)]. The
dominant features of the E/no dependence are explained using the approximate momentum-
transfer theory. For the electron-water-vapor rotational interactions the Born-approximation
cross sections of Y. Itikawa [J. Phys. Soc. Jpn. 32, 217 (1972)] have been used to obtain satisfactory
agreement with experiment.

I. INTRODUCTION

The transport properties of electron swarms in water
vapor are not only of considerable practical significance
for a wide range of fields, e.g., studies of insulation prop-
erties of air, magnetohydrodynamics (MHD) plasmas, at-
mospheric and space physics, but have also an intrinsic
interest because of their striking variation' with E/np
(the ratio of applied electrostatic field to the number den-
sity of water molecules). As is well known, this E/no
dependence is a reflection of microscopic properties, such
as scattering cross sections, and indeed, one of the most
useful applications of swarm experiment data is in the
determination of these cross sections. Unfortunately,
swarm data for electrons in water vapor are incomplete
and the subject of some controversy. ' Moreover, it is
only in the last few years that an accurate transport
theory has been developed, ' suitable for use in conjunc-
tion with swarm data. Previous theoretical treatments
have relied on the so-called two-term approximation of
the electron velocity distribution function and/or have
neglected important correction factors which arise be-
cause of nonconservative collisions (attachment, ioniza-
tion, etc.). We therefore agree with Gallagher et al. '

that the calculation of transport properties of electrons in
water vapor is a matter of priority, all the more so be-
cause of the recent highly accurate measurements of
transverse diffusion coefficient at low E/np by Elford,
and this article is directed towards that end.

In Sec. II we apply the ideas of Ref. 9, in conjunction
with model cross sections, to provide a semiquantitative
description of electrons in water vapor. The aim there is
to understand the unusual E/n p dependence of the trans-
port coefficients, with physical considerations to the fore.

In Sec. III we present values of transport coefficients
obtained by the "multiterm" solution of Boltzmann's
equation using the so-called method of moments. Here
we rely on cross sections derived from both swarm and
beam experiments ' '" and from ab initio quantum-
mechanical calculations. ' ' Further cross-section data
appear in Refs. 17 and 18, while Ref. 19 contains infor-
mation on optical line strengths necessary for computa-
tion of cross sections involving excitation of rotational

modes. We compare our calculations with swarm experi-
ments, but have not attempted to adjust cross sections to
fit the swarm data. Lowke and Parker have also solved
Boltzmann's equation for electrons in water vapor using
the two-term approximation and an unpublished cross-
section data set of Cohen and Phelps. Their calculations
agree qualitatively with ours, but no direct comparison is
made since we use a different set of cross sections. We
also comment on the accuracy of the two-term approxi-
mation for electrons in water vapor.

II. MOMENTUM- TRANSFER APPROXIMATION

A. Summary of relevant equations

e =—', kTo+ —,'moto' —0——', e~(d v*/d e)/v, (e), (2)

where m and e are the electron mass and charge, respec-
tively, mp and Tp are the neutral-gas molecular mass and
temperature, respectively, k is Boltzmann's constant,

Q=g ea(v —va)/v, , (3)

and

2m
ve —= vm

mp

is the average energy-transfer collision frequency. The
average momentum-transfer collision frequency is given
by

2E,
v (e)=no

m

' 1/2

o. (E),

where o (c, ) is the average momentum-transfer cross
section. Likewise, the quantity

If m/mo «1, Eqs. (5.18) of Ref. 9 give the following
equations for average velocity w and mean energy c of the
electron swarm:

eE
mv
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2E,
v, (E)=x no

m

1/2

o (e) (a=1,2, 3, . . . ) (5)

denotes the average frequency of collisions inducing in-
elastic process a, characterized by the cross section o.

and threshold energy e . Molecular abundance in the ini-
tial state is denoted by x . Superelastic collisions are de-
scribed by the collision frequency

1
v (e)=v (e}exp —e

3
2

(6)

an expression which is derived from considerations of mi-
croscopic reversibility and which is exact for a Maxwelli-
an energy distribution.

The average particle loss rate v' can be similarly ex-
pressed in terms of an appropriate cross section o', but
care must be taken to represent v* realistically in cases
where 0' varies sharply near its threshold. We shall
postpone discussion of this point until Sec. II B.

Equations (1) and (2} are to be solved for m and e as
functions of E/no and To, for a specified model of in-
teraction o,cr ',o (a = 1,2, . . . ). Drift velocity W and
transverse and longitudinal diffusion coefficients D~ and
D

~~

respectively, can then be found from Eqs.
(5.31)—(5.33) of Ref. 9. If it is assumed that the distribu-
tion of electron velocities is very nearly isotropic,

2c c dk*
K 3e 3eW d(E/no)

1+

and

2c. d lnI(1+ + c dk'
3e d ln(E/no) 3eEno d(E/no)2

(9)

respectively, where

k '(E /n 0 ) = v'[e(E /n o ) ]
no

is the reaction rate coefficient and

K = 8'/E

is the mobility.

(10)

B. Simpli6ed model of electron —mater-molecule interaction

It is consistent with the spirit of momentum-transfer
theory to employ model cross sections in order to facili-
tate analytic solution of our equations wherever possible.
More realistic, tabulated cross sections are employed in
Sec. III, where transport coefficients obtained from accu-
rate solution of Boltzmann's equation are presented.

where Tj and T~~ denote the electron temperature perpen-
dicular and parallel to the field, respectively, then the ex-
pressions for transport coefficients simplify to

2e dk"
3ew d(E/no)

where s is a constant, whose value may be taken as

s =30 eVA

for the purposes of this section and e denotes the relative
energy of collision.

At energies greater than or equal to several eV, o is
known to rise with energy. ' However, for the range of
parameters considered here, (11) is a reasonable approxi-
mation, and in any case, there is by no means general
agreement on the form of o. . ' This type of energy
dependence leads to unusual, if not spectacular, proper-
ties of transport coefficients.

The Born approximation has been used by Itikawa'
and Crawford' to calculate inelastic cross sections lead-
ing to excitation of rotational states in the water mole-
cule. The dipole interaction again dominates here, and
the total cross section 0'""—:0.0""for rotational inelastic
process a is given by Eqs. (44) and (45a). For e»e'""',
o'"" is effectively inversely proportional to energy.
Threshold energies are quite low, ranging from 2.3 meV
to a few tens of meV for the most significant transitions.
Inelastic collisions of this type therefore strongly
influence swarm properties for near thermal energies
-38 meV.

On the other hand, the threshold for excitation of vi-
brational modes lie at much higher energies: 0.198 eV for
the bending mode and 0.453 and 0.466 eV for the sym-
metric and asymmetric stretching modes, respectively.
Itikawa's investigations' using the Born approximation
indicate that, unlike rotational excitation, dipole interac-
tion is by no means dominant and that in fact quadrupole
interaction, characterized by an essentially constant cross
section, gives the greatest contribution to the total cross
section at higher energies. However, Seng and Linder'
demonstrated experimentally that strong resonances,
unaccounted for in the Born approximation, lead to cross
sections several times that prediced by Itikawa. Depen-
dence upon energy is particularly sharp just above
threshold, but for higher energies it introduces no great
error into the calculations to assume constant cross sec-
tions, i.e.,

o'"' '(e) =const, e»e'" (12)

Dissociative attachment of a water molecule by electron
impact has a threshold energy of 4.3 eV, but first becomes
appreciable at -6 eV and peaks at 6.4 eV (Ref. 17, Fig.
5}. We are primarily interested in the subthreshold re-
gion and model attachment by a constant cross section

O.„E&6,
0 e&e

where o., and e, denote the attachment cross section and
threshold, respectively. Electronic excitation also be-

The dominating influence, generally speaking, is the in-
trinsic dipole moment of the water-vapor molecule. The
momentum-transfer cross section for a point-
charge —dipole interaction is known' to be inversely pro-
portional to energy and we therefore write

o (e)=s /e,
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comes important in the neighborhood of the attachment
threshold and we model this also by a constant, but much
larger cross section, o'"', with threshold e""'=e, (see
Table I).

In the present investigation we work with TO=294 K,
so that e'") and e'" '&&kTQ. For the vibrational and
electronic excitation processes we therefore set the
molecular abundance of the lower state to 1. Hence forth
x denotes the molecular abundance of the lower state
for the rotational transitions only.

As explained in Ref. 20, it is sometimes desirable to in-
corporate a "smoothing factor" S in the expression for
average collision frequency if the cross section varies rap-
idly near its threshold. This is certainly the case with
most of the processes described above, but we dispense
with this refinement for all but the electronic excitation
and attachment processes, where we write for the respec-
tive rates

v'"'(e) =no&2e/m o'")S(g)

' 1/2
eE

Sm ~p

and

g(rot) ~ &
(vib) ~ &

(ex)
7

respectively, where

(rot) (rot)
fl(rot) ~ ~ ~ ~

( 1 g(rat) }a
2 s

mp

( vib) ( vib)

CO
vib

a 2 S
mp

&(e )o(e )g(g)
m

2 sm
mp

(15)

(16)

(17)

(18a)

(18b)

and

v" (e} n=o&2e/m o,S(g),

and

g(rot) x &(rot) 1

kTp

3
2

(19)

where

and

S(g) =( I+g)e

(=3e, /2e=3e""'/2s .

(13)
The latter quantity accounts for rotational deexcitation

in superelastic collisions. The corresponding quantity for
vibrations and electronic excitation is negligibly small
since e'"',e'"' '»kTo and has been omitted from (18).
Substitution of (14), (15), and (16) into (2) then yields

Our equations contain the derivative

n, &2E/m o.
( I+$+2g')e (14)

e =3/2kT()+e A (E/no ) —0(""
2 3p—GCO —ECO

(vib) (ex) a

2E,
(20)

The most important qualitative effect of the inclusion
of S is to allow attachment for mean energies below E', .

Ionization becomes important at even higher energies
and could be dealt with by inclusion of an additional term
in Eqs. (2), (7), (8), and (9). This effect is studied only in
connection with the solution of Boltzmann's equation
(Sec. III) and its omission introduces no error into the
present semiquantitative discussion.

C. Energy balance equation

where

mpA=
4m s

'2

=9.18)(10 Td

with 1 Td=10 Vm,

and

=9.078g10 2 eV,
mp ET'

(21a)

(21b}

Substitution of (11) into (4) yields
' 1/2

2E sm
v (e}=no

m E,

and substitution of this expression into (1) and (3) gives

TABLE I. Shows the values of parameters used to model vi-

brational, electronic excitation, and attachment processes.

X(g) = ( I+ (+2(')e (22)

1

kTQ
(23)

Thus (17) becomes

To facilitate the analytic solution of (20), we assume
that the most important transitions in rotational excita-
tion are those for which e'""& k To and hence by (19)

3

g(rot) (rot)
a -~a

Process
Threshold

(ev)
Cross section

(A )

II(rot) (rot)( s 3 I T )Q

where

(24)

Vibration
(i) Bending
(ii) Stretch

Electronic
Attachment

0.198
0.455
6.0
6.0

0.2
0.6
1.0
0.06

(
( o()) ( o()( )(ro() + a a a

a m
s kTo

mo

(25)

The energy balance equation (20) can thus be written as
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~2 3fg
+a[1 A (E/n )2+~(rot)+(vib)+o)(ex)] 3 kT ( )+co(rot) )

2E,
(26)

We consider solution of this equation in several different
energy regimes:

1. Near thermal equilibrium

For sufficiently weak fields such that

For internal consistency, the above analysis should there-
fore be limited to E/no & 20 Td.

The experimental value (34), when combined with (25)
and (29), furnishes the following summational constraint
on the rotational cross sections:

c, —,'kTO, (27)
(e t

) (7 t( —kTp) 2 IX]0 (e+A) (35)

—', kTO

+B(s)
no s

(28)

the parameter (=3e, /2e is -240 and both S(g) of (13)
and X(g) of (22) are exceedingly small, i.e., electronic ex-
citation and attachment are negligible. Equation (26) can
then be written in the form

—,
' kTO

1 —A (E/n() )
(36)

for To ——294 K, where units of e'"" and o. are eV and
0

A, respectively.
It is interesting to note that if inelastic and attachment

processes were absent, the electron swarm would "runa-
way. " Taking ct)'"", co'"' ', co""', and X all zero in (26), we
find

where
' 1/2

1+ (rot)(s )
(29) E/n() ——A ' =3.3 Td . (37)

indicating an infinite singularity in s (and therefore all
other transport parameters) at a critical value of field

and

(vib)(S )B(s)=
1+ (rot)(s )

(30)

Equation (28) can be solved by iteration. With an initial
estimate s= —,'kTo substituted in the right-hand side (rhs},
we obtain as the first iterate

—,
' kTO

'2
e

npf(2lcTp)

The origin of this effect can be traced directly to the na-
ture of the energy dependence of 0, as shown in Eq.
(11). The rotational processes only temporarily suppress
the runaway of electrons in water vapor: It is the reac-
tive and higher threshold inelastic process that ultimately
quench the singularity. Nevertheless transport properties
all show a steep rise over a certain narrow range of E/no
and this may be thought of as a "quasi-runaway"
phenomenon generated by the rapidly falling nature of
o (s) with increasing s. This is discussed further in Sec.
III.

E 2

(31)
2. Intermediate ftelds

&f( —,'kTp) .
no

Equation (8) then gives (again neglecting attachment)

(32)

where it has been assumed that

co'"' '( 'kT ) «1—
2

and therefore B has been neglected. Equation (31) is
mathematically valid and consistent with the condition
(27) if and only if

—,
' kT0

1+co'"' ' —A(E/np)
(38)

As E/n p is increased above 30 Td, s begins to deviate
significantly from 3/2kTp although it may still lie well
below the threshold e, for attachment and electronic ex-
citation. If these processes are negligible, Eq. (28) is still
applicable, and may be solved by iteration. It is interest-
ing to speculate what would happen if attachment and
electronic excitation were absent altogether, bearing in
mind that co'""~0 and co'"' '~constant for sufficiently
large c. Let us assume that this situation prevails, so that
(28) becomes

Dq

K
kTO

1+
nof( ~kTo)

(33) and the mean energy exhibits a singularity for a critical
value of field

and comparison with the low-field (E/no & 26 Td) data of
Elford at room temperature indicates that E/no

( ib)
=43 Td, (39)

f ( —', kT() }=71 Td . where the rhs has been evaluated using Table I and (18).
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Comparison of (37) and (39) demonstrates that the effect
of inelastic collisions is to displace the singularity to a
higher field, not to eliminate it.

Although this potential runaway situation is ultimately
quenched, transport properties do nevertheless exhibit a
sharp increase in values for E/no in the range 40—80
Td. ' In view of the above discussion, we may label this
behavior as quasirunaway.

If we now allow for attachment and electronic excita-
tion and assume a mean energy suSciently large so that
co""' is negligible but nevertheless (=3e, /2e is still

large, then (26) becomes

2
9E~ 3E'a

(vib) 2exp = ', kTo ——e[l+~"' —A(E/no) ],
2Z * 2G

where
SmX*=6

m + (ex)

,
c'=5.45&10 eV .

When E/no satisfies (39), the second term on the rhs van-
ishes and we find

tions are quite complicated (Figs. 1 and 2). Instead, for
the sake of completeness, we give a qualitative discussion
of transport coeScient behavior at high E/no and leave
the details for the numerical analysis of Sec. III.

At high E/no, we assume that ionization dominates at-
tachment (Fig. 3) and hence in Eqs. (7), (8), and (9), k' is
negatiUe, i.e.,

k*=—k, ,

where k; denotes the ionization rate coefficient.
Referring to Fig. 3, it can be seen that the first deriva-

tive of k; with respect to E/no is positive and the second
derivative is negative, i.e.,

dk*
d(E/no)

d k* y0.
d(E In() )

Hence, by Eqs. (7), (8), and (9), we have, respectively,

W&w,

Di 2)i

—E'

. =0.662 eV .
36'~

ln
e'kTO

(40) and

D

W

w

and for E/no satisfying (39), we find

(4 la)

Small departures from (39) lead to quite different
values of c., such is the delicate nature of the balance be-
tween the tendency to runaway and the quenching effect.

There has been some discussion' in the literature as to
the value of E/no at which attachment becomes impor-
tant. The above argument indicates that the onset of at-
tachment is rapid, being induced by the quasirunaway
effect over a relatively narrow range of E/no.

It is also of interest to estimate the explicit reactive
correction term in Eq. (7). If we define

2c dk' 2c, dvdc
3ew d(E/no) 3ewno dad(E/no)

then by (7) the ratio of measured drift velocity to average
velocity is

10,

10'

10
C0
QI+ 10
CO
CO

O
O

10

~ e ~ I f ~
1

I I ~ I I ~

20 a . =8.8X10 '.
3Eg

(41b)

c. 'kTO

Corrections to diffusion coefficients, (8) and (9), are
similarly small for this value of E/no. It is only at much
higher fields that reactive terms become significant.

3. High fields

We do not wish to use simple model cross sections for
the high-energy high-field range, for the actual cross sec-

10
10

Energy {eV)
10 10

FIG. 1. (a) Total momentum-transfer cross section for elec-
trons in water vapor, from Pack et al. (Ref. 2) and Gianturco
and Thompson (Ref. 16). (b)-(d) three largest total (I =0) Iti-
kawa (Ref. 12) rotational cross sections for electrons in water
vapor weighted by the relative abundance of the lower level in
the transition.
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where

%'= ta /E

-14
10

and

2E

3e

2E d 1nR
3e d 1n(E /no)

1+

are transport quantities with explicit reactive effects ex-
cluded. The above inequalities are in accord with calcu-
lations from the Boltzmann equation shown in Figs. 4-6,
respectively.

III. BOLTZMANN ANALYSIS

A. Cross sections

In this section the Boltzmann equation describing the
motion of electrons in water vapor is solved by using the
moment method. The collision cross sections used are
shown in Figs. 1 and 2. For the total momentum-transfer
cross section we combine the cross section of Pack,

10

I co

E

CI
~~
~-10—I00
Q
6$
K

I

t
t

I

I

I

I

I

I
I!

I
I

-17 I10-

10 I ~

4 2 6 8
E/no(10 Td)

FIG. 3. Ionization and attachment rate coefficients for elec-
trons in water vapor as a function of E/no, To ——294 K. The
dashed section of the curve represents extrapolation based on
partially converged moment solution. 1 Td=10 ' V m .

10

o+

0
o
+~ 1O

CO
CO0

10

IN
E1O

/

I

I

9

10—

10

10
10 1 10

Energy (eV)

10

FIG. 2. Total electron-molecule inelastic collision cross sec-
tions in water vapor used in the present investigation. (a) and
(b) Vibrational cross sections of Seng and Linder (Ref. 10).
(c)—(f) Electronic excitation cross sections of Cohen and Phelps
(Ref. 22). (g) and (h) attachment and ionization cross section,
respectively, of Cohen and Phelps (Ref. 22).

10 s i i I I s I I I I I

102
1 10 10

E/n, (Td)
FIG. 4. Drift velocity for electrons in water vapor as a func-

tion of E/no, To =294 K. Solid curve, present moment calcula-
tions; dashed section, interpolation based on partially converged
moment solution; ~, experimental values of Lowke and Rees
(Ref. 3); 8, experimental values of Wilson et al. (Ref. 3);—.——-, moment calculations of the coefficient w.
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10

hC

10

/
I
I

I

I

I

I

I

I

I

I

I

I

I

/

/

/

/

the calculation of the transport coefficients. The addition
of further rotational interactions has an insignificant
effect upon the transport coefficients.

With the assumption of isotropic scattering, agreement
of present calculations with both the measured drift ve-
locities of Lowke and Rees and the measured D~/K
values of Elford could not be achieved, even with adjust-
ment of both elastic and rotational cross sections. How-
ever, reasonable agreement was obtained by using aniso-
tropic scattering based on the Born approximation for
simple charge-dipole interaction. ' ' For elastic scatter-
ing this leads to the following expressions for the quanti-
ties ho( ——oo —cr(.

'W W

~o&=oo—o&=om ~

o 2=oo o 2=To m
—3

(42a)

(42b)

10
1010 10

E/n, (Td)
FIG. 5. Ratio of transverse diffusion coefficient to mobility

for electrons in water vapor as a function of E/np Tp =294 K.
The solid and the dashed curves have the same meaning as in

Fig. 4; ~, experimental values of Elford (Ref. 4); ———,mo-
ment calculations of the quantity 2)j /R.

Voshall, and Phelps for @&0.08 eV with that of Gian-
turco and Thompson' for eg0. 08 eV, as shown in Fig.
1. For rotational interactions the Born approximation re-
sults of Itikawa' were used. A total of 147 rotational
transitions are listed in Table I of Ref. 19. In the present
work the largest 100 of these cross sections were used in

and for l &2,

2l+1 l
Ao (+ ) —— ho. (

— Ao. (l+1 1+1
where

(42c)

1

0'1(E)=2'Ir f 0'(E&X)PI(cosX)d(cosX) (43)—1

is the lth partial cross section, o.(e,X) is the elastic
differential cross section, X being the center-of-mass
(c.m. ) scattering angle and o the elastic momentum-
transfer cross section, found by subtracting the contribu-
tion of inelastic collisions from the total momentum
transfer cross section shown in Fig. 1. Equations (42)
show that all quantities ho. ( which carry the angular
dependence of the elastic scattering can be obtained from
a knowledge of o

In the case of rotational interactions, the Born approxi-
mation leads to the following expressions for partial cross
sections:

10

hC

Cl
10

/

I

I

I

l

I

9
I

b
I

/

I

S
crI""(e,Jr J'r') =— Q((g ),

e 2J+1
(+1

Qo(g, ) =—,'ln

Qi(4) =P.Qo(0. )——,
'

QI+i(0 )=
l 1

0 Qi(0 )
21 +1
I+1

l Qi, (g ) (l ) 1),1+1
where the constant C is given by Itikawa' as

8mb D
3m

(44)

(45a)

(45b)

(45c)

10
1 10 10

E/n, (Td)
10

FIG. 6. Ratio of longitudinal diffusion coefficient to mobility
for electrons in water vapor as a function of E/n p Tp =294 K.
The solid and the dashed curves have the same meaning as in
Fig. 4; 6, experimental values of Wilson et al. (Ref. 3);
—- —.—-, moment calculations of the quantity S~~/A.

and D is the dipole moment in atomic units. For water
vapor we have taken D to be 0.728 a.u. ' The quantum
numbers J~ and J'~' denote the initial and final rotational
states, respectively, Jbeing the angular momentum quan-
turn number and ~ being an integer used to designate
each of the 2J+ 1 sublevels of a given J.' The integer 0.
is an index used in the present work to assign a unique la-
bel to each transition. The selection rules for the rota-
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tional transitions are discussed in Refs. 12, 15, and 19.
The quantity S in Eq. (44) denotes the line strength for
the transition J~~J'~' and is given in Table I of King,
Hainer, and Cross. ' The variable g is defined by

I

2

' 1/2
E —6a

' 1/2

(46)

with e being the threshold energy for the transition
J~~J'~'. The energy levels and corresponding relative
abundances of rotational states for H20 can be found in
Refs. 21 and 11, respectively. In Ref. 11 the relative
abundances of the H20 rotational states are given for a
temperature of 450 K. Using Maxwell-Boltzmann statis-
tics, we have calculated from this data the relative abun-
dance for a temperature of 294 K, used in the present in-
vestigation. The three largest 1=0 rotational cross sec-
tions, weighted by the relative abundance of the lower
level in the transition, are shown in Fig. 1. For the 100
rotational transitions considered in the present study the
threshold energies range from 0.091 to 40.125 meU.

The vibrational, electronic, attachment, and ionization
cross sections used in the present study are shown in Fig.
2. The vibrational cross sections are those of Seng and
Linder, ' while the other cross sections shown in Fig. 2
are those of Cohen and Phelps. For the ionization col-
lision operator the remaining energy after an ionizing
collision has been divided equally between the two post-
collision electrons. At high values of E/no, where ion-
ization is signi6cant, we expect the transport properties
to be dependent on how the remaining energy after ion-
ization is partitioned between the two post collision elec-
trons, but this dependence is not studied in the present
investigation.

fo(c)= A (1+@c )

where

(47)

m 2$m np

eE
(4&)

and

B. Transport coefScients

The transport coefficients along with the mean energy
are shown in Figs. 3 —7 as functions of E/no. The dashed
section of these plots in the region 40-90 Td indicates
poor convergence of the moment solution. The solid
curve represents satisfactory convergence of the trans-
port coefficients to within a few percent or better. The
poor convergence of the moroent solution corresponds to
the region of sharp increase in the transport coefficients
and is due to the rapidly falling elastic and rotational
cross section for 0.05 & e & 2.00 eV (see Fig. 1). To appre-
ciate why this leads to poor convergence of the moment
method we consider an elastic collision model, of the
form (11). A two-term analysis for this model gives the
following function for the isotropic part of the distribu-
tion function:
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Thus we see that above a certain critical value of
E/no, moments of the distribution function for this par-
ticular model of interaction do not exist. Setting n =0 in
expression (51) gives the same critical value of fields as
condition (37) of Sec. II C 1. Note also that the larger n

is, i.e., the higher the moment, the smaller the critical
value of E/no. Thus, in the vicinity of the critical field

for a given transport coefficient, increasing the order of
approximation, i.e., increasing the number of Sonine po-
lynomials in the moment expansion beyond a certain
point is of no use and leads to divergence rather than con-
vergence. In the case of electrons in water vapor we ob-
serve this type of behavior in the region 40—90 Td where
the mean energy ranges from 0.05 to 2 eV (see Fig. 7), cr

is decreasing as approximately e ', and the rotational
cross sections of Itikawa are also rather sharply decreas-
ing functions of e. This leads to the quasirunaway eft'ect

discussed in Sec. II C 2 resulting in a strongly non-
Maxwellian distribution and hence poor convergence for
the present moment solution. As E/no increases above

s s a I

10 18
E/n, (Td)

FIG. 7. Mean energy for electrons in water vapor as a func-

tion of E/no, TO=294 K. The dashed section of the curve has

the same meaning as in Fig. 4.
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90 Td, e increases above 2 eV, the momentum-transfer
cross section levels off, and the higher-order inelastic pro-
cesses (including attachment and ionization) become im-

portant. The effect of this is to improve the thermal con-
tact between electrons and water-vapor molecules, mak-
ing the electron distribution closer to Maxwellian and
thus re-establishing satisfactory convergence of the mo-
ment method.

In Fig. 3 we show the ionization rate coefficient
k; =v;/no and the attachment rate coefficient k, =v, /no
versus E/no, where V; and v, denote the swarm average
ionization and attachment frequency, respectively. The
two rate coefficients cross at approximately 140 Td, indi-
cating that the production of free electrons by ionization
dominates the loss of electrons by attachment for
E/no ) 140 Td. In the solution of the first set of our mo-
ment equations, i.e., the eigenvalue problem, this corre-
sponds to the dominant eigenvalue changing sign from
negative to positive. Note that in Fig. 3 for E/no & 100
Td the onset of attachment is rapid as predicted by the
momentum transfer theory of Sec. II C 2.

The average ionization and attachment frequencies are
related to the ionization and attachment coefficients a
and g, respectively, as measured in steady-state Town-
send experiments, by

Here we stress that these are only approximate rela-
tionships and the connection between transport
coefficients and experimental arrangement is a matter un-
der current investigation. We intend to solve a more gen-
eral eigenvalue problem appropriate to both time of Aight
and steady-state Townsend experiments, but leave this to
a future publication.

The center-of-mass drift velocity along with the experi-
mental results of Lowke and Rees and Wilson et al. are
shown in Fig. 4. We see that the present calculations of
W tend to lie a little above the experimental results; nev-
ertheless, the agreement is still quite reasonable. The ra-
tios Dj /K and D~~/K are shown in Figs. 5 and 6, where
they are compared to the experimental results of Elford
and Wilson et al. , respectively. Here the agreement is
good, particularly in the low E/no range which lends
support to the Itikawa rotational cross sections. We
point out that theoretical calculations of electrons trans-
port coefficients in water vapor have also been carried out
by Lowke and Parker, using the two-term approxima-
tion, and by Yousfi et al. using a multiterm theory, but
as a different set of cross sections has been used in all
three cases, no direct comparison between the theoretical
results is made. Nevertheless, the transport coefficients
as a function of E/no show the same behavior qualita-
tively. There is, however, some difference in the detail, in
particular, the agreement between the present theory and
experiment for D~/K and D~~~/K in the low E/no range
(E/no & 30 Td) is somewhat better than that for Yousfi
et al. This indicates that the Itikawa rotational cross
sections are a better approximation than the total rota-
tional cross section used by Yousfi et al. In the present

investigation attempts were made at modeling the rota-
tional interactions by a single cross section, but this
proved unsuccessful in fitting the D~/K data of Elford
over the entire experimental range of E /n o.

The plot of mean energy shown in Fig. 7 confirms the
momentum-transfer analysis of Sec. II. Note that the
average swarm energy remains near thermal over a rather
large range of E/no (0—25 Td). This strong thermaliza-
tion effect of water vapor on electrons is due to the large
number of low-threshold-energy-rotational transitions
and not the momentum-transfer cross section, as suggest-
ed by Lowke and Parker. The analysis in Sec. II C 1 pre-
dicts that without the rotational interactions the mean
energy would be near thermal for only a few townsend, a
prediction that is readily varified by solving the
Boltzmann equation for low E/no without the rotational
transitions.

Also shown in Figs. 4, 5, and 6 are the coefficients ~,
Z)~/%', and 2)~~/R, respectively. In the context of a
Boltzmann-equation solution these coefficients have been
defined earlier and they give the value of the transport
excluding the explicit effect of. reactions. From these
plots it is evident that the difference between 8' and w,

D~ and 2)~, and D~~~and Xl~~ only become important at
high-field strengths where the production of electrons by
ionization dominates the reactive process. Note that at
these high-field strengths W~ w, D~/K &2)j/%', and

Dl /K &Z)~~/R, which confirms the analysis of Sec. II C 3.
In the case of 8', the greater ionization rate by the more
energetic electrons at the front of the swarm enhances the
center-of-mass drift velocity, hence F& w. For inter-
mediate fields, where attachment is the dominant reactive
process, the analysis of Sec. IIC2 predicts that 8'&w,
but the difference is very small. In our Boltzmann-
equation solution, we find this to be the case with the
difFerence between W and w being of the order of 0.1%
and less. For the intermediate field strengths the attach-
ment of the more energetic electrons at the front of the
swarm retards the centroid velocity, hence 8'& w. How-
ever, this effect is significantly reduced by the large in-
elastic processes in the vicinity of attachment (see Fig. 2).
If one repeats the analysis of Sec. IIC2, omitting the
electronic excitation process, then a significant difference
between 8'and w is found, with 5~——0.186.

Finally, in Fig. 8 we show the percentage difference be-
tween multiterm results and the two-term approximation
for the transport coefficients as a function of E/no For.
low-field strengths the two-term approximation is quite
adequate, however, it clearly becomes less accurate at
higher-field strengths. For D~~ in Fig. 8 we have plotted
half the percentage difference, so that at 1000 Td the
difference between the two-term approximation and the
converged multiterm results for D~~ is almost 50%. Up to
six terms were considered in the spherical harmonic ex-
pansion, but for the range of E/no considered satisfacto-
ry convergence was achieved after four terms.

IV. CQNCI. UDING REMARKS

We have attempted to understand the transport prop-
erties of electrons in water vapor (a) physically, using the
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FIG. 8. Percentage difference between multiterm and two-term results of transport coefficients for electrons in water vapor as a
function of E/no, To ——294 K. The dashed section of the curves has the same meaning as in Fig. 4. Negative numbers indicate that
the two-term result is larger.

momentum-transfer theory and, (b) quantitatively, using
the best available estimates of cross sections, coupled
with up-to-date experimental data and a sophisticated
moment method of solution of Boltzmann's equation. As
has been pointed out earlier by Gallagher et al. ' the be-
havior of electrons in water vapor is characterized by
three regions of E/no. The present work clearly
confirms this. The main results are as follows.

(I) In the region below 30 Td the electrons remain
essentially thermal with their behavior being dominated
by the large number of low-threshold energy rotational
transitions. In this region we obtain good agreement be-
tween experiment and theory, particularly for the Dj /K
values by using the Born-approximation rotational cross
sections of Itikawa' and incorporating anisotropic
scattering into our calculations.

(2) In the intermediate region between 30 and 90 Td
the electron swarm behavior is strongly influenced by the
rapidly falling elastic and rotational cross sections for en-
ergies between 0.04 and 2 eV and as a consequence all
transport coefficients show a rapid increase with E/no
We have referred to this as quasirunaway behavior, and,
due to the limitations of Burnett function expansions
with a Gaussian weight function, the moment method

gave less than satisfactory convergence for
40 & E/no & 90 Td. Thus in this region, a modification of
the present two-temperature moment method or a
different numerical approach will be required for precise
computation of transport coefficients.

(3) For E/no above 90 Td the combined effect of the
higher-threshold inelastic processes (electronic excitation,
attachment, and ionization) on the swarm becomes
significant and the tendency to runaway is quenched with
the transport coefficients settling down to a somewhat
slower variation with E/no.

It is hoped that the present study will provide incentive
for both further theoretical and experimental investiga-
tions of this most important of substance.
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