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Rydberg states of helium: A new recoil term
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The mass-polarization shift in the energy levels of 1sNL states of helium contains a term of
second order in the ratio of the electron mass to that of the nucleus that is independent of I . Al-

though inherent in an earlier work [Phys. Rev. A 33, 2780 (1986)], it was not pointed out there
since only L-dependent splittings were of interest. The derivation is very simple and yields a
correction of signi6cance for the calculation of absolute ionization energies.

By choosing Jacobi coordinates to describe the excited
lsd Rydberg states of helium, it is possible to account
for nuclear recoil almost by inspection. ' These coordi-
nates are

ER=m' mr~+ —(r, +r, )
2

operator appears in the kinetic energy, while the efFect of
the finite nuclear mass is now in the potential-energy
term. From Eq. (2) it is clear that even before any per-
turbation calculations involving V are performed the en-

ergy can be written in the following form:

Eo( lsd) = — 4+

This di8'ers from the usual expression without the quan-
tity p by

—p V„'+—+ V(x, r),
x

(2)

where

V(x, r) =p —+2 2
x /x rn'rf—Kp,x+ r

2

and

1

1 —E /4

As usual, the kinetic energy of the center of mass is ig-
norable and has been omitted. [These expressions are
slightly difterent in appearance from those in Ref. 1 but
are equivalent; the main difference comes from rescaling
the coordinate (x) of the outer electron by a factor of
1 E /4. ] In the earher wo—rk' I emphasized the fact
that in these coordinates no explicit "mass-polarization"

where EC =2/(1+M ) =2.7415 X 10 for He, m = 1

—K/2, ttt'=1/(1+X/2), r, and r2 are the coordinates
of the two electrons of mass m, =1, and rst is the coor-
dinate of the nucleus of mass M. The Jacobi coordinates
represent the laboratory coordinate of the center of
mass, the position of the inner electron relative to the
nucleus, and tbe position of the outer electron relative to
the center of mass of the core, respectively. In these
coordinates the Hamiltonian in reduced Rydberg units
A=pl Ry is

E R
4—E X

which evidently sums a power series in E . The correc-
tion appears trivial, but this is due to the felicitous
choice of coordinates. If the usual coordinates (measur-
ing the positions of both electrons from the nucleus) had
been used, it would have been necessary to carry out a
perturbation calculation involving the mass-polarization
operator to second order just to obtain the E correc-
tion.

Physically, this term is transparent. The inner elec-
tron is properly understood as moving in a hydrogenic
orbit about a nucleus of charge 2 and mass M and de-
scribed by a one-body equation with the usual reduced
mass m. For suSciently high values of N and I., howev-
er, the outer electron moves in a hydrogenic orbit about
a "nucleus" of charge + 1 and mass M + I; this requires
a slightly larger reduced mass m' and yields slightly
more binding. In this approximation the energies are ex-
actly hydrogenic and independent of I.. For the analysis
of fine-structure splittings (as in Ref. 1) this energy shift
is irrelevant. It should be remembered, however, that
the Jacobi coordinates are inherently unsymmetric under
interchange of the two electrons; if exchange e6'ects are
large, as they are for low-1. states, the use of these coor-
dinates is not advantageous.

Suppose now that one were to perform a variational
calculation of the energy of a Rydberg state of helium,
using the usual coordinates. If the mass-polarization
operator were used as a perturbation (as is often done
for the ground state ) only the correction linear in IC
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could be obtained. In order to include higher powers of
E it ~ould be necessary to retain the mass-polarization
operator as part of the Hamiltonian during the varia-
tional procedure.

Recently, just such a variational calculation using the
conventional coordinates and including the mass-
polarization operator has determined the binding ener-
gies of several excited states of helium with unprecedent-
ed accuracy. The wave function used was properly
symmetrized and gave a E-dependent energy contribu-
tion for both singlet and triplet 3D states. For compar-
ison with the unsymmetric technique described here one
should examine the mean of the energies of the two spin
states. The mean value of the E-dependent shift is

Q(3D) = —1.1203)&10 E —0. 1120K /4 Ry . (5)

g 2

+ +
2 2

1—
(8)

1
b~) ———a)(E+ 451{. )

a)[3N L(L —+1)](E+—,'K )

2%'(L ,')L(—L—+,')(L+-1)(L+-,')

There is thus an additional term in the energy due to the
dipole polarizability of the core {a,= » ); since this is of
second order in V {and C, ) it has the form'

The large size of the coeScient of the quadratic term
seemed su~rising, but the predicted second-order shift
from Eq. (4) alone is

For the 3D states investigated by Drake, the mass-
dependent correction, including all the above efFects, be-
comes

bi(3D) = —— Ry= —0. 1111 Ry .1 K E
9 4 4 b (3D)=— 145 j;

1296 4
This result difkrs from the variational one by less than
1% and explains the magnitude. Note that this correc-
tion equals 61.8/N MHz, and for the N =3 states
amounts to 6.9 MHz, a quite significant shift.

By taking into account the perturbation due to V [Eq.
(2)] we can improve the above result. For x ~r the fol-
lowing expansion results:

2r'
V(x, r)= g C& I, P&(r x), .

C, =p, (m') —2—E.p
2

This differs from the usual multipole expansion to the
extent that CI difFers from unity. For the leading dipole
(I =1) term

= —1.5432 X 10 IC —0. 11188 Ry . (10)
4

The quadratic term now agrees to O. l%%uo with the varia-
tional result of Eq. (5). The linear term is of the right
order of magnitude but significantly too large, due prob-
ably to the failure of the dipole polarization potential at
short distances. I expect the results to improve very
rapidly with increasing L, and for high enough L the
simple, I.-independent quadratic term will dominate. It
will be interesting to watch the progress of Drake's pro-
gram of precision calculations towards high L.
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