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Recent work regarding stochastic motion in a bistable potential is critiqued. Emphasis is placed
on mean first-passage time analysis and the effects of colored noise. Controversy has arisen re-
garding general theory, particular calculations, and numerical simulations. Each of these aspects

of the problem is addressed in this paper.

I. INTRODUCTION

As stochastic analysis of physical problems has
broadened in recent years, appreciation of the need for
more realism in models has grown. One very important
property which has attracted a great deal of attention
has been the correlation time of the noise driving the
stochastic process.! Historically, “white” noise has been
chosen since it represents a sharp separation of time
scales in the dynamics. The correlation time for white
noise is zero, and this represents the observed feature
that the time scale for the driving noise correlations is
much shorter than the time scale for the relaxation of
the driven process. Usually, two or three orders of mag-
nitude difference in time scales makes the white-noise
model very accurate. However, an increasing number of
problems have arisen in which it is more realistic to
model the driving noise with “colored” noise, i.e., noise
with a nonzero correlation time. This reflects a not so
sharp separation of time scales, and a greater precision
in the analysis of stochastic processes.

In this paper, recent literature regarding the mean
first-passage time (MFPT) for barrier crossing for a one-
dimensional motion in a bistable potential will be cri-
tiqued. Controversy and confusion have arisen with
respect to general theory, particular calculations, and
numerical simulations. Having ourselves contributed to
this literature,? and to the confusion, we seek to bring
clarity to a portion of this literature with this critique.

The simple problem underlying this discussion is de-
scribed by the stochastic differential equation

d
TX=W@+f0), )

in which W(x)=ax —bx?> and f(t) is a stochastic force
with zero mean and correlation function,

t—s
T

(2)

D
(f(t)f(s))=—7_0~exp

The systematic term W (x) may be regarded as the nega-
tive gradient of the bistable potential, U(x)= —lax?
++bx 4. The noise correlation exhibits a colored noise
with correlation time 7 and with an exponential decay.
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In the limit 7—0, this noise becomes white, with corre-
lation, 2D8(t —s). The potential has a local maximum
at x =0, and two minima at £V'a /b. The problem is to
compute the MFPT to cross from one minimum to the
other.

Denote the MFPT by T. For white noise, the result
for T is well known and is given by®

aZ

4bD,

. (3)

T=

.
V2a P

Controversy has arisen regarding the correct expression
for the colored-noise modification of this formula. We
find several alternative suggestions in the literature, pu-
tatively valid for weakly colored noise,
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Equation (4) follows from the analysis of Hanggi, Mar-
cheson, and Grigolini;® Eq. (5) follows from the analysis
of Hanggi, Mroczkowski, Moss, and McClintock;* Eq.
(6) follows from our earlier analysis;?> and Eq. (7) follows
from the analysis of Masoliver, West, and Lindenberg.5
The controversy has been characterized as a debate re-
garding the form of the exponential 7 dependence of T.
In (5) and (6) the r dependence includes D, whereas in
(7) it does not. Moreover, in (4) and (6) there is a nonex-
ponential 7-dependent prefactor, whereas in (5) and (7)
there is not. Equation (5) follows from an ansatz, called
Hanggi’s ansatz,® the validity of which has been ques-
tioned.> Numerical simulations have been questioned.’
In this paper we show that Eq. (4) is the correct, small-7
expression, i.e., there is no linear 7 dependence in the
exponential’s argument; that application of Hanggi’s an-
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satz may require additional conditions for validity in the
weak limit, although it is known to work well at steady
state;® that Egs. (6) and (7) are the result of computation-
al errors;>° and that there is a strong need for addition-
al, accurate numerical analysis with emphasis on the
small-r behavior. Each of these points is developed in
Sec. II. In Sec. III we show how our earlier general
theory supports the conclusion that there cannot be any
linear  dependence in the exponential factor for 7.

II. CALCULATION OF THE MFPT

For small 7 it is possible to characterize the colored-
noise problem by an effective Fokker-Planck equation,
from which the MFPT may be calculated. There are
several versions of the effective Fokker-Planck equation
for weakly colored noise. They all have the form

D pix)= — [ WP (x,0)] 4 = [D (x)P (x,1)]
ot ’ ox ’ Ix? e

(8)

in which D(x) is given particular forms depending on
the theory. The 7-expansion form’ for D (x) is

D (x)=Dy[1+7W'(x)], 9)

in which W'(x) denotes the x derivative of W (x). This
expression was used® to obtain (4). The Hanggi-ansatz*
form for D(x) is

D(x)=Dy[1+7(3b{x?)—a)]" ", (10)

in which (x?) denotes the steady-state value of x?2,
which is a /b. This expression was used* to obtain (5).
Fox’s functional-calculus approach? yields

D(x)=Dy[1—7W'(x)]" !, (11)

which was used” to produce (6). Masoliver et al. used
an expression which for small 7 is equivalent with (11) to
obtain (7). Below, we show that both (6) and (7) are in-
correct results starting from (11), and that expression (4)
is the correct consequence of (11).

At first sight, it might appear that for small 7 expres-
sions (9) and (11) are identical to first order in 7 because
(1—s7)"'~14+s7+0(7r?). However, this view over-
looks the fact that W'(x) in [1—7W’'(x)]~! is x depen-
dent. Any algebraic identities must apply to the entire x
domain [in this case where W(x)=ax —bx> the x
domain is (— 0, 0 }].

For details regarding the general treatment of MFPT
calculations, the reader is referred to Ref. 2. In essence,
one begins with Kolomogorov’s backward equation
which is equivalent with (8). This ultimately leads to the
MFPT equation for T,

2

W) 2T (x)4D ()25 Tx)=—1, (12)
dx ox

which is equivalent to Eq. (68) of Ref. 2. If we consider

the MFPT for getting from the negative minimum at

—V'a/b to the positive minimum, then the solution to

(13) can be written®

_‘/—" _ 0 y (z) 1
T(~Va/b)= [ __dy f_wdzL¢(y)—D(z) , 13
in which ¥(x) is defined® by
_ x Wi(x)
Yo)=exp | [* dx = (14)

Performing the integrals in (13) is done in two stages.
The y integration may be simplified because 1/¥(y) is
sharply peaked about y =0. A Gaussian approximation

gives the highly accurate approximation®?
po) |7 ro . u
T(—Va/b)= |TROL | o g 8zl g
-o D(2)

The remaining integral is the source of subsequent con-
fusion in the literature. Hanggi et al.’ applied the
method of steepest descent to its evaluation and obtained
(4). As we will ultimately see below, this result is indeed
correct, and the method is also valid. Nevertheless,
Hanggi et al.* later introduced the Hanggi ansatz (10)
which permits easy evaluation of (15) yielding (5) in-
stead. This was said to be in agreement with numerical
simulations and is clearly not in agreement with (4). Fox
then evaluated (15) using (11). When he applied the
method of steepest descent,? he also got (4). However,
the work of Hanggi et al.* suggested that this result was
wrong, so Fox proceeded to evaluate (15) exactly, using
parabolic cylinder functions. To be precise, he pulled
the D (z) denominator in (15) out of the integral because
it is slowly varying with z, and evaluated the resulting
expression,

172
e D (0) 142art
-V = |Z
T( a/b) a D,
0 z . Wi(y)
X f_wdzexp fo dy_Bo_
X[1—=7W'(»)] |,

(16)

in which D(0)=D,/(1—a7). The integral, called I,
may be evaluated in closed form? for W(x)=ax —bx?.
The result is?

, | 2D, 1/4
" 2 | b—4dabr
n 3n/2
% i —b2r 1 2D,
neo | 2D n! | b—4abr
X mexp(ix?)V (3n,x) , 17

where x =[(a —a?r)/2Dy][2Dy/(b —4ab7)]'/?. The
asymptotic expansion for the parabolic cylinder func-
tion® ¥ (m,x) is
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V(m,x)= V2/mexp(ix?)xm 172

(m—3)m —3)

- (18)

At this stage of the argument,’ the error was made of
keeping only the m =0 term. Doing so in (17) converts
(16) into (5), in tantalizing agreement with the result of
Hanggi’s ansatz. However, if all values of m (=3n) are
kept in (17), one in fact again obtains (4). This is an ex-
ample of a correct theory having produced an incorrect
conclusion through a faulty calculation.

It is instructive to explore this situation in some de-
tail. The integral in (16) may be expressed as

N a'y L1—rw ()]

I= f dz exp

= fi) dz exp

_L Lrw?
D U@+ )]

= fo dz explaz?—Bz*—yz%) , (19)
in which (d /dx)U (x)= — W (x), and
a==% (1—arn), B=-L (1—dan), y=2T (o)
2D, 4D, » Y=%p,

Applying the method of steepest descent to the last ex-
pression in (19) produces the result

172
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If we now expand the amplitude and the argument of
the exponential to first order in 7, we obtain

1/2
Jorn |—TPo__ la® 1
D= |\ g (1+2ar) Pla g " sp7
D, | 2’ o) (22)
a(1+2a7) 4bD +tolr

To get this result, we have used

48 4a| _28B ay.
s T3y | =3y 1+3/32
2
2B 3ar 9oy
3y 28 8 |p
27 |ay
+76 5 + ]
(23)

and have had to keep terms up to order (ay /B%) in or-
der not to omit contributions that turn out to be of first
order in 7. Two features of the result are noteworthy:
(1) the amplitude contains (1+42a7)”'/? rather than
(1—a7)~!2, and (2) the argument of the exponential
contains no linear 7 term because of a cancellation. The
second feature is no accident, as we shall see later. Ap-
plying the parabolic cylinder function approach? to the
last expression in (19) produces the result

174 3n/2

11 2 1
Ipc== | == —(—y
pe 2[2/3 Eon 28

2

X T exp %(51[;'

a
| 4 [3n, ‘/2_3
(24)

This result is exact. Further evaluation requires approx-
imate treatment of the parabolic cylinder functions
V(3n,a/V2B). They have the asymptotic expansion

3n—1/2

3n,——= |=V2/mexp x

v
V2B

423
%)(3n—%)+‘_” l

2x?

(3n —

X |1+

(25)

in which x =a/V2B in agreement with its meaning in
(17) and (18) above. The factor (3n —1)(3n —3) is use-
fully rewritten as 9n(n —1)+3n +32. In order to get a
valid expression to first order in 7 it is necessary to in-
clude the contributions which arise from the (1/
2x2)[9n(n —1)+3n +2] terms. Insertion of (25) into
(24) leads to

Ipc= V'm/2a exp

w14 2a 2 3ay 26)

Expanding everything to first order in 7 yields

+0(7?)

Ipc= V7 /20 exp 4bD
0

bD
1— 3
2 4 o

2ar) (27)
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In addition to imposing the small-7 limit on our result,
each of the earlier studies’~> also involved the small D,
regime such that bDo/az, which is dimensionless, is
much less than 1 (in Ref. 2 it was 0.05 and 0.1 for two
cases). So we may drop this term in (27) as well. Now
notice that

—3
1 sar

Vi—ar

—‘71—?1—(1—%a7')=\/2D0/a

~V2Dy/a (1—ar)+0(?), (28)

which agrees, to first order in 7, with the result of
steepest descents in (22), i.e.,

1
Vi+42ar

Thus, we find that the method of steepest descent? is val-
id and accurate, and that proper use of the parabolic
cylinder function approach requires the inclusion of
V(3n,a/V'2B) for all n, and requires inclusion of the
second term in the asymptotic expansion in order to get
a clear indication that the amplitude factor is
(142a7)~ "2 and not merely (1—ar)~ /2

~l—ar+0(7). (29)

J

J= [° dx(A 4BzYec’—p"-ve*

1
2B

1/4

o0

3n/2
n

A

Il

N]-—

1 1
nr V) 28

n=0

where once again x =a/V'2B. The method of steepest
descent yields an equation for the maximum which is cu-
bic, rather than quadratic as it was in the case of (19).
Nevertheless, both approaches produce Eq. (4) when car-
ried through to first order in 7.

Now suppose we write

2

m a
4bD,

€Xx
V2a P

T0)= (31)

for 7=0, and want T(7) for 7>0. On the basis of all of
the preceding analysis we may conclude that

d
dr 1)

=32aT(0) (32)
=0
because in (4) we may write
1/2

14+2ar zl+%a’r- (33)

l—ar

In Ref. 5, (32) was used to conclude (erroneously) that
T(1)=T(0)exp(3ar) . (34)

Obviously, one must look at all higher-order derivatives
of T () to decide that the result is (34), which it is not.

V(3n,x)+B

These results, which confirm Eq. (4), cannot be in
agreement with Eq. (5), the result of Hanggi’s ansatz.
We have shown elsewhere® that Hanggi’s ansatz is ex-
tremely natural in the steady-state situation, provided
that D, is not too large. In particular, we showed that
the Hanggi ansatz sits in the functional-calculus treat-
ment? of stochastic differential equations in an especially
transparent way. Hanggi'® has argued that the ansatz
enjoys a wider domain of validity than this, an issue that
remains to be settled. All of this underscores the impor-
tance of reliable numerical simulations for this problem
since Egs. (5) and (6) were originally championed be-
cause of their agreement with putatively accurate nu-
merical simulations. We have addressed the problem of
colored-noise and white-noise numerical simulation algo-
rithms elsewhere,!! and will apply our conclusions re-
garding those to this problem in the near future.

Equation (7) is the result of a different type of error.’
First of all, there is no necessity to factor out the slowly
varying denominator D (z) in (15) and then to proceed
with either the method of steepest descent or with the
parabolic cylinder functions. In fact, the parabolic
cylinder function approach produces the exact result

(3n+1)/2
V(3n +1,x) |mexp(ix?), (30)

2B

III. GENERAL CONCLUSIONS

We have seen that colored noise produces a change in
the MFPT as compared with the result for white noise.
This change, for small 7, occurs in the nonexponential
prefactor of the MFPT and there is no linear 7 correc-
tion to the argument of the exponential factor. This is
no accident. For small 7, an effective Fokker-Planck
equation exists,” and it leads to Eq. (15). In the first part
of this section we will show that the structure of (15)
guarantees these features of the form of the MFPT. Nu-
merical simulations permit exploration of the conse-
quences of large 7 values as well. An alternative theoret-
ical analysis is required for this case and the last part of
this section will be devoted to its presentation.

For small 7 we scrutinize the integral in (15) and
write!?

0 Y2 _ ro 1
Jo depiy= I dapgee

z , Wiy)
fo dy D (y)

0 1
= f—deD(z)exP

X

’

_ b Low?
D, [U)+1imW(2)]

(35)
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wherein we have used U(0)=0 and W(0)=0. We have
seen in Sec. II that the exponential factor in the MFPT
arises from the integrand of the last expression in (35)
evaluated at the z value for which it is maximal. Denote
this z value by z, when 7=0, and by z* when 7> 0, but
small. Writing the integrand in the form

1
—exp

1
——(U +Lirw?
D Do( +3TW?)

=exp

1

-5 +17W?)—InD ] (36)
0

the equations for z* and z are

U'z*)+mW (z* W' (z*)+

D'(z*)=0 (37

D(z*)

exp

L ey rewizn)
DO

and
U'(zg)+7W(zy)W'(z5)=0

The exponential factors of the MFPT are, respectively,

1
D(Z‘)exp ————[U )+ 1rWwi(zY)] (38)
and
Lex . —Ul(zy) (39)
D, P | T, U0

We know that zy=—Va/b and that z*—z,=0(r).
The difference between [D(z*)]~! and [D(zy)]7! is
merely a prefactor change. The exponential factor in
(38) can be expressed as a Taylor series expansion in
(Z‘—ZO ),

=exp —31-([U(zo)+—;~'rW2(zo)]+(z*—zo)[U’(zo)-H'W(zo)W'(zo)]
0
+Hz* =z (U (20)+TW (2g) W (2o)+T[ W' (2) ) + -+ ) }
=exp ——-Dl—(U(zo)+(z‘——zo)[—W(zo)+TW(zo)W’(zo)]
0

+4z* =2 (U (2g)+ 7 W' (zg) P} + - -

because W =—U’' and W(z,)=0 which follows from
(37). But the linear 7 term is the (z* —z,) term which
has the coefficient W (z,)=0.

In this way we see that the exponential’s argument
will have  corrections beginning with order 2. Howev-
er, the calculation of such corrections using the effective
Fokker-Planck equation is invalid since the Fokker-
Planck equation is good only to order 7, not 7. For
higher-order 7 corrections, no effective Fokker-Planck
equation is possible? and we need another approach.

Another approach for larger 7 is in fact available.
Merely replace the one-dimensional description given by
(1) and (2) by the two-dimensional description of coupled
equations,

-—dx=W(t)+e s (41)
dt

d 1 1

—= — — — 42
€ 1_e—§-7_17(t), (42)

in which 7(¢) is a stochastic force with zero mean and
white-noise correlation function,

(n(t)n(s)) =2Dy8(¢ —s) . (43)
This implies that

) ] ) (40)

t—s
T

D
i(e(t)e(s))}=~;9—exp , (44)

in which {( ) denotes averaging with respect to 7 and
{'}] denotes averaging over the distribution of initial
values of €. Since the process is stationary, the distribu-
tion for initial values of € is equal to the steady-state dis-
tribution which is

172

Pg(e)= exp (45)

u!N

0 1€
2— —
Trr 2

The coupled equations constitute a two-dimensional
Markovian process for which a bona fide Fokker-Planck
equation exists. We may find it easily, using van
Kampen’s lemma'? for the purpose. We get

d d d
__P_ —_— —_—
=——[(W +¢€)P]+ 3

D
at ox e

P

d
3 , (46)

€
—+
r

in which P=P(x,¢,t). To gct the MFPT we need
Kolmogorov s backward equation? which is the adjoint
of (46) given by
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9 D &

d € d
—0 =(W —_—n _ =Y =z
ot ( +€)axQ TaeQ+fZael
in which Q =Q(x,¢€,7). It is straightforward to show
that the differential operator

€9 , D3
T 0€ 2 3e?
has Hermite polynomials as eigenfunctions with eigen-

values given by n /7 for non-negative integers n. Explic-
itly, we may write

o, (47)

Os(x,6)= 3 b,(x)H,(€/1/IDg/7) , (48)
n=0

in which Qg is the steady-state solution to (47), and H,
is the nth Hermite polynomial. The analysis of the
MPFPT given in Ref. 2 is readily generalized to two di-
mensions. The analogue to Eq. (12) is

W(x)—a~T(x,6)—+-eiT(x,6)
dx dx

€ d D &
——;EZT(x,e)+—;5€-2T(xle)=~l , (49)
in which T(x,e) denotes the MFPT as a function of
starting position (x,e). Clearly, in parallel with (48) we
may also write

T(x,e)= 3 C,(x)H,(e/1/2Dy/7) . (50)
n=0

Insertion into (49) yields the equation
-1=3 WC,:H,,—Q-eC,’,H,,——:—C,,H,, , (51)
n=0

in which the prime denotes the x derivative and in
which we have used the eigenfunction properties of the
H,’s. Now, we do not want the MFPT for initial start-
ing values of both x and e, but only for initial x values.
Thus, we should average (50) over the distribution (45),'*

T(x)= [* dePg(e)T(x,e)
=Cylx) . (52)

Moreover, multiplying (51) by Pg(e)H, (e/V/2D,/7)
and integrating produces the system of coupled equa-
tions

—1=WC}y+1/2Dy/7C}, , (53)
0=WC} +V/2Dy/7(4C+2C})~1Cy (54)
0=WC} +1/2Dy/7(LC} +3cg)—%c2 , (55)

0=WC, +V/2Do/[4C,, 1 +(m +1)C;, 1 ]=2C,

m>1. (56)

It is useful to rewrite Eq. (56) in the form
0=WrC, +V 2Dyr[1C, _,+(m +1)C,, . ]—mC,, ,
m>1. (57)

Study of Eqs. (53) and (57) shows that the system has
systematic solutions of the form

Cp=1"""3 "Ny, . (58)

n=0

Knowing this, it is readily seen that to zeroth order in 7,
i.e., to order 7°, Eqgs. (53) and (57) imply

—1=WCy+D,Cl , (59)

which is precisely (12) for 7=0. [This follows from (57)
because C,=11/2D;7Cy which is O(°).] We may
rewrite (57) in still another useful way by taking its x

derivative and rearranging terms to get
C,=(m—tW)"!
X{ Wt +V2Dyr[1C _ +(m +1)Chr 11} .

(60)

One may be tempted to expand (m —7W’)~! but while
it is well defined as is, for all values of x €( — «»,0), each
term of its expansion is divergent. This reflects the fact
the smallness of 7 alone does not make 7W’ small for all
x. We addressed this point before in some detail.> Us-
ing (60) together with (53) and keeping terms to order
712 in (60), while leaving (m —7W')~! as is, gives

Ci=(1—7W')""W2DyriCyY (61)
and
—1=WCy+(1—7W")"'D,Cy , (62)

which is precisely (12) with D (x) in (12) given by (11).
Thus, we have discovered a systematic procedure for ob-
taining 7 corrections to (59), the 7=0 equation for the
MFPT. However, the next order in 7 produces the
equation

~1=WCy+Dy(1—mW')"'Cy + D Wr(1—7W')"2Cy’
+D}r2—rW' )" (1—TW')"2Cy" (63)

a fourth-order differential equation for C,. This is no
longer readily tractable by analysis. It does, however,
formally reflect the breakdown of the effective Fokker-
Planck picture, which was valid for Eq. (62), and is still
only a second-order differential equation. The main
difficulty resides in determining the appropriate bound-
ary conditions for (63). The domain of € integration in
(52) is related to this question.
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