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Noise e8'ects on various properties of fully developed chaotic maps are studied, For the weak-

noise case a perturbation method is developed. It yields the stationary density, eigenvalues, eigen-

functions, and null functions of the Frobenius-Perron operator in powers of the moments of the
noise. The linear response of the noisy map to a deterministic perturbation is defined and calculat-
ed perturbatively. Correlation functions and Lyapunov exponents are also investigated. The ex-

amples are the tent map and the logistic map in the fully developed chaotic state with multiplica-

tive white noise. The results for the Lyapunov exponents are in good agreement with those deter-

mined numerically.

I. INTRODUCTION

There is growing interest in the properties of non-
linear dynamical systems. One of the most challenging
phenomena is chaos, which involves a complex dynami-
cal behavior and sensitivity with respect to the initial
conditions. Chaotic behavior has proved to be typical in
wide classes of physical, chemical, and biological sys-
tems. From an information-theory point of view it can
be considered as an intermediate stage between regular
motion with Kolmogorov entropy E =0 and stochastic
processes with E = oo. The Kolmogorov entropy of a
chaotic system is finite and non zero, although the
motion is governed by strictly deterministic equations.

The one-dimensional (1D) maps

x, =f(x, i), t=123, . . .

can provide the simplest examples for chaotic systems.
They are closely related to a number of dissipative
dynamical systems and have been playing an important
role in the investigation of the rise, development, and
properties of the chaotic state.

Real physical systems are always subjected to the
infiuence of external, noise due to coupling to the sur-
roundings. Noise e6'ects can also be studied at the level
of 10 maps. A noisy map is given by

, x=f(g„,x, ), t =1,2, 3, . . .

where g, 's are stochastic variables characterizing the
noise. We assume in the following, that g, 's at diFerent
"times" t are independent variables (white noise). Such
maps have been examined by several authors. The
scaling properties of the period-doubling route leading to
chaos in the presence of external noise was determined
in Refs. 7 and 8. The Frobenius-Perron operator of
noisy maps was studied in Ref. 9. A suitable formalism

for the study of noisy maps (master equation, recurrence
times, etc.) was introduced in Refs. 10 and 11.

In this paper we consider single-humped 1D maps of
the interval [0,1] onto itself in the fully developed chaot-
ic (FDC) state. ' Such a map has no stable periodic or-
bit, but exhibits chaotic behavior, fully developed in the
sense that the corresponding attractor is the whole inter-
val [0,1j. A fully developed chaotic attractor can be ob-
served in the logistic map f(x)=rx(1 —x) when the
control parameter r equals 4. More generally, it is the
final stage of the evolution of the attractor (from fixed
point through periodic cgbits to chaotic attractors) of a
1D single-humped map. FDC can also be found in
parameter-controlled maps at the band-merging points
and also at the crisis points if one considers a suitable
iterate of the original map. Consequently, our investiga-
tion is relevant for a large class of maps. In this paper
we generalize the perturbation method worked out for
the deterministic case in Ref. 13 for stochastic maps.
Furthermore, based on it, we carry out explicit calcula-
tions for correlation and response functions and for
Lyapunov exponents.

The paper is organized as follows. Section II contains
general relations for noisy maps and a new expression
for the dynamical response function is also derived
there. In Sec. III we present a perturbation method to
investigate the eigen values, eigenfunctions, and null
functions of the Frobenius-Perron operator of noisy
maps. The unperturbed maps are deterministic ones,
i.e.„our results are expected to be valid in the case of
weak noise. We work out examples in detail. In Sec. IV
we calculate the correlation and response functions in
our examples using the results of Sec. III. In Sec. V the
I.yapunov exponents of noisy maps are defined and cal-
culated perturbatively. Section VI contains a compar-
ison of our analytical and numerical results concerning
the I yapunov exponents.
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II. GKNKRAI. FORMULAS

The noisy map (2) generates a Markov process. ' The
transition probability of the process is expressed as

P(x, t+1
~
y, t)= f dip(g)5(x f—(g,y)) . (3)

(4)

The probability of finding the trajectory between x
and x +dx after t iteration is P, (x)dx. One gets for the
time evolution of the density P, (x)

P, +,(x}=BP,(x} .

Here p(g) is the probability density of the noise. The
Frobenius-Perron (FP) operator"' of the map (2) is

given by

@q&(x)=f dy g&(y)P(x, t+1
~
y, r) .

This excitation can be described by the perturbed map

x, =f(g„x, , )+h5O, E(x, , ) .

Switching o8' the perturbation, the process is assumed
to relax to its original stationary state. The perturbed
process has the probability density P, (x, Ii ) given by

P, (x,h)=A' '8(h)P(x), r &0 . (13)

This is just the master equation corresponding to (12).
For r &0 (12) is identical to the original map (2}, so for
t &0 the time evolution of the probability density is
governed by the same FP operator. Nevertheless, at
time t =0 the FP operator related to (12) is expressed as

N(h) =f dip(g)5(x —f (g,y) —hF(y)) (14)

For the stationary density P (x ) one has

P(x) =OP(x} . (6)

analogously to (3) and (4). The mean value of D(x) at
time t g 0 is given by

D, = xPx, ax (15)

The mean value of any quantity A (x) at time r is
de6ned by

A, =f dx P, (x}A(x) .

Especially in the stationary state of the process we get
the mean value

A= xPxA x

The correlation function of the quantities A (x) and
8(x) is defined by

C, ,+,= x y P x, t+r;y, t

X[A (x)—77M8(y) —8], r)0

where the simultaneous probability density P (x, t, ;y, t z )

in the stationary state is given by

P(x, t +~;y, t)=P(x, r
i y, O)P(y), r &0 . (10)

Using (4} and the Markovian property of the process one
gets for the correlation function

C, =C, ,+,——f dx A (x)P 'I [8(x)—8 ]P(x) I, r & 0

{for the deterministic case see Ref. 15}.
Another important characteristic of the noisy map is

the linear response function. In deterministic maps it
has been studied in case of a static perturbation in Ref.
12 and more generally in Refs. 16 and 17. The generali-
zation to the noisy case can be performed by applying
the Fp equations (4) and (5) instead of that vahd in the
deterministic case. Below we present a derivation,
which we think to be the most direct way to get the ex-
pression of the response function. I et us examine the
behavior of the average value of the smooth quantity
D (x). For r ~0 the stochastic process corresponding to
(2) is in its stationary state. At time r =0 there is a
small excitation acting on it during one iteration step.

5D, = g X, ~JIi, .
j=0

(19)

For a constant perturbation, after a long time we get a
new stationary state P(x, h },

P(x, h)=B(h)P(x, h) . (20)

%'e define the static response function as

pp
1

5D f d D ( )
BP(x ll)

lm =g x x

Of course, it is meaningless if the first derivative of
P(x, h) with respect to Ii does not exist at Ii =0 or if the

The change of the mean value of D (x) due to the per-
turbation is expressed as [using (6), (8), (13), and (15)]

5D, =f dx D(x)8 '[P(h) —P]P(x), r &0 . (16)

If [8(h)—P]P(x) is of the form S(x)h+o(Ii) [here
o{h) has the property lim„oo(h)/h=0 and S(x) is
some smooth function], one can define the linear
response as

Xpt =lim =f dx D(x)H' P(x), t &0 (17)
5D, , a8(a)

I -o II

or, using (14),

X, =f dx D(x)P 'B„B[—F(x)P(x)], r &0 .

This expression has the same form as that given in Ref.
17.

The coupling operator F(x) of the perturbation has to
fulfil the requirement that the perturbation should not
change the type of the chaos. ' Only in such cir-
cumstances can one expect linear response. An example
is the fully developed chaos, ' where both the unper-
turbed and the perturbed map belong to this class.

Because of the linearity of the response we can write
the deviation 5D, for any small excitation h J.

(j =0, 1,2, . . . ) as
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yDF= lim y e "XDF.
+0t =0

If the static response exists, we have from (20)

(22)

integral in (21) diverges. The static response function
can be expressed in terms of the dynamic one [using
(19}]

Now each order of the above expansions is labeled by
an index vector p. These vectors are of infinite dimen-
sionality, but in each term of the expansions (28}—(31)
they have only a finite number of nonzero components,
e.g., if we have

r] ———,——4m&+m2+ 4m&m2+3 5

aZ(x, a) aN(1)
aa „,= aa

p BP(x,h)

r((p)

As a result, me get a new expression for 'the dynamic
response function [using (23) and (17)]:

yDF ~ D ~ t t+]
Bh

(0,0,0,0, . . . )

(1,0,0,0, . . . )

(2,0,0, 0, . . . }

(0, 1,0,0, . . . )

(1,1,0,0, . . . )

1

3
4

IB. EIGENVALUES, EIGENFUNCTIONS,
AND NULL FUNCTIONS OF THE

FRQIENIUS-PERRON OPERATOR. PERTURBATION
THEORY IN THE %'KAK-NOISE LIMIT

The eigenvalues and the eigenfunctions of the FP
operator are the solutions of the equation

8q&(x )=rq&(x ), Q5)

where all the eigenfunctions (p(x ) are l. '-integrable func-
tions of x in (0,1). We consider the point spectrum of 8.
The set of eigenfunctions corresponding to the eigenval-
ue r =0 constitutes the nuB space No of the FP opera-
tor. It gives rise to null spaces of higher indices through
the relation

8N~+, =N, j =0, 1,2, . . . . (26)

We shall denote the kth element of the jth null space by
N~ k(x).

Nova me develop a perturbation theory to calculate the
above quantities in the weak-noise limit. In the follow-
ing, the term "unperturbed map" means a deterministic
map assumed to have known properties and being given
by (2) with (=0. "Perturbed map'* means the noisy
map (2) itself. Let us assume that the noise is weak, i.e.,
the moments of g are small. The jth moment is defined
by

m =I dip(g)P, j=1,2, 3, . . . . (27)

%e assume that there exist convergent expansions of
the quantities (25) and (26) in the form

00 p
r; =g r;(P) ff (m() ', P( ——0, 1,2, . . . (28)

P l=r
Cc P

q&, (x)=g(p;{p,x) jf (m() ',
P I=]

Qo pX.k(x) =Q NJ k (p,x) ff (m() ',
, p 1=1

8=yA'(p) g(m, }".

We shall use the notation
~ p ~

for the sum of the
components of p. For a sharp probability density
around some nonzero mean value the terms with the
same value of

~ p ( are approximately of the same mag-
nitude.

From (3) and (4) we find that

if pi ——5,I
N(p)= (J =0, 1,2, . . .; I =1,2, 2, . . . )

0, otherwise .
(32)

We give the explicit expression of the operators 8 in
that case when

f(g,x)=f0(x)+gf((x) .

Then the operators 8 are expressed as.

5(J'(fo(y) —x), j =0, 1,2, . . . .
(fi(y)Y (.i

(33)

From the expansion of the equation (25) we get in order

~P~ &1; a(&P&, I ——1,2, 3, . . . .

%e assume the existence of a projection formalism
which aBows for expansions in terms of the unperturbed
eigenfunctions. Let us define the projection to the ith
eigenfunction by

P; g ajar&~{0,x) =a; .
j=0

Expanding the right-hand side of (35) in terms of the un-

perturbed eigenfunctions, the term proportional to
@,(0,x) must not appear. From this requirement we get
for r, (a) the following expression:

[r;(0)—80](}(;(a,x)=g'[P(P) —r;(P)](p;(a —P,x ),
P (35)

where the summation constraints are
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l~l
r;(a)=f'; g g'g' g'8(P, )[r;(0)—80] '[8(P2) —r;(P2)] [r, (0)—8O] '[P(P„) r;—(P„)]y,(O, x)

n=l I I P2 P„

(37}

where the summation constraints are

~P, ~
&1, j=1,2, 3, . . . , g P, =a .

To avoid ambiguities in the determination of y, (a,x) let us prescribe the condition

P;(y;(a, x))=0 .

So we get for the corrections of the eigenfunctions

l(g
j

p;(a, x)= g g'g' g'[r, .(0)—80] '[B(P&)—r, (Pt)] [r, (0)—A'0] '[B(P„) r,—(P„)]g,(0, x),
n=l P1 P2 P„

(38)

(39}

where the summation constraints are

IP, I
&1, j =1,2, 3, . . . , g II, =~ .

1+ 2+ 4m lm2 2m3+ 6m lm2 4m 2
2 1 2

——m)m3+ —my+35 25

(44)

The expressions (37)—(39) are the analogs of those in the
deterministic case.

Let us apply the above method to the case of the bilin-
ear (BL) map. The BL map is a perturbed tent map hav-
ing the form"

«4»)=I —
I

1 —» I+Pl 1 —» l(1 —
I

1 —2x
I »

—
—,
' (g(1 . (40)

Now the eigenvalues and the eigenfunctions of A'0 are
those of the tent map, i.e., ' ' '

r2 ———„——,m] + —,m2+ —,m &m2 ——„m3+1 5 5 15 105

f'3 = ~ —
64 m ) + 8 m 2 +1 21 7

The corresponding eigenfunctions can be found in the
Appendix.

Now we turn to the case of the null spaces. Using the
expansions (30) and (31) we get from (26) in order a the
following equation:

BoNJ+, k(a, x)=N „(a,x) g'8(P)N—+, k(a —P,x),
P

(45)

r, (0)=4 ', p, (O, x)=82, —,i =0, 1,2, . . .

(41)

where the summation constraints are

i yi &I, a()P, , (=1,2, 3, . . . .

4l
P,.(q(x))= p' "(x)dx, i =0, 1,2, . . . .

(2i)! 0
(42)

We get the results from Eqs. (37)—(39). The eigenfunc-
tion yo(x) corresponding to ro= 1 is just P(x), i.e., the
stationary density. The perturbation does not aNect the
eigenvalue ro. The stationary density is given by

p„x=1+(—1+2x)m, +(-,' —10x+8x')~2

+( ——+—x —20x +8x )pl ip22

+( —1+12x —30x +20x )~3+ (43)

r =0, Noi, (0,x)=8&„,(x), k =1,2, 3, . . .

where BJ(x) is the jth Bernoulli polynomial. It is easy
to see that in this case the right-hand side of (35) is a
polynomial, which can be expressed as a finite linear
combination of the unperturbed eigenfunctions. The
projection (36) is given by

To avoid ambiguities when solving (45) we prescribe the
condition

@0 'NJ k (O, x) =NJ. + ( q (O,x ) . (46)

Let us determine a basis containing anal tic functions in
the extended null space of the operator o. For the tent
map it is known' that such a basis exists and consists of
sine and cosine functions. The tent map and the logistic
map are smoothly conjugated to each other,

fT(x)=u(fL(u '(x))), fT(x)=1—
~

1 —2x
~

fL (x)=4x (1—x),

As an example we consider the case of the biquadratic
(BQ) map. The BQ map is a perturbed logistic map hav-
ing the form'

f (g, x)=4x (1—x)+$4x (1—x)(1—2x)

(47)

The results for some eigenvalues are expressed as u (x)=—arcsin(x ),2 ~ ] /2 (48)
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where fz(x} is the tent map and fL(x) is the logistic
map. Using (4S) one can derive the following relation
between the null functions of the FP operator of the tent
map and the loglstlc map:

N,Lk(x) =Nlrk(u (x))u'(x) .
As a result, me get

NJ k(O, .x)=NJ k (x)=Po(x)T„[(1—x)'~ ], (50)

where n =(2k+1)2'+'. Here T„(x)=cos(n arccosx) is
I

the nth Chebyshev polynomial and Po(x}=(IA )[x(1
—x)] '~2 is the stationary density of the logistic map.
All of the NJ z (O,x) functions are of the type
(polynomial)XP0(x). Using (34) it can be shown that
the 8 operations in our example do not lead out of this
class of functions. [More generally, the same is true
when f, (x)=G(fo(x)) and G(x) has the form
x (1—x) X(polynomial). ] We can proceed using (45) and
(46). So we get the following results (for simplicity we
omit the argument x):

No, k =No, k{0)

Nl, o Nl, o(0)+ 2N20(0)m 1 +[ g N1, 1(0} SNl, o{0)]m 1 8N1, 1{0)m2+[ 14Ni, 1 (0} |4N20(0}]m 1

+ [——,', N, , (0)+—,'N2 0(0)——,', N3 0(0)]m 1m 2+ —,', N3 li(0)m 3+

N2 0 ——N2 ll(0)+ [-,'N3 li(0)+ —,'N 1 1(0)——,'N 1 0(0)]m 1

+ [ 8N2 1(0)—N2 0(0)+ 4Nl 2(0)+ 4Nl l(0)]m 1+[—8N2 1(0)—sN3 0(0)+ 4N2 0(0)]m2+ ' '

N3 0 —N3 0(0}+[ &N4 0{0)+4N2 1(0}—4N2 p(0)+ 4N1 2(0)—4N1 1 (D)]m 1 +

Nl, l Nl, 1{0}+[2 1,1{ ) N2, 0 0}]ml+

In the end we also calculate the stationary distribution of the BQ map. In this case we can expand the right-hand side
of (35) in terms of the unperturbed null functions. The projections (36) are expressed as

Po(p(x))= J p(x)dx,
0

(52)
(2i)! o dx (Pp(x))2'

Now we can use (39), where the eSect of the operators (1—80) ' on the unperturbed null functions is given by

J
(1—80) 'N

l, (0 x)=(1+8'0+8 li+ )Nq q(O, x)= g Ni k{0x) .
1=0

The result is

P~(x) =Pll(x) ——,'Nli li(0)m 1 + —', [Nl 0(0)+Nil li(0)]m2 —
—,', [N 1 11(0)+Nil 11(0)]m 1 m2

,'4 No 1(0)m 3—+—,', [N 1 li(0) +Nil li(0 }]m 1m 2+ ~9 Nil, (0)m 2

+ —,",, [N2 0(0)+N 1 0(0)+No p(0)]m 4+

IV. CORRELATION AND RESPONSE FUNCTIONS

(54)

Let us consider the expression of the correlation function given by (11}. The explicit time dependence of the corre-
lation function can be evaluated if [8 (x)—S]P(x) can be expanded to a convergent series in terms of the eigenfunc-
tions and null functions of the FP operator and if the term-by-term application of the FP operator is allowed on it.
We will carry out explicit calculations by choosing 8 (x)=x in our examples.

In the case of the BL map the unperturbed eigenfunctions are polynomials, including the functions No k(O, x) [see
(41)]. Let us consider the expansion of {x X)P(x) in power—s of the moments of the noise. All of its terms are poly-
nomials of x, and they can be expressed as 6nite linear combinations of the unperturbed eigenfunctions. Taking into
account terms to a given order in the expansion of the perturbed eigenfunctions, there is a one-to-one correspondence
between the perturbed and the unperturbed eigenfunctions (see Appendix). It makes it possible to expand
(x x)P (x) in terms of the p—erturbed eigenfunctions, and then from (11}we get the correlation function as

C, =50, f dx A(x)[N01+2N0 lml+(5N01 —SN02}ml+(SN02 ——No 1)m2+(16N01 —24N02)ml

+(~N0 1
—24Nll 2)m lm2+( —13Nli 1+40Nli 2)m3+ ' ' ' ]

1

+r'1(Sm, Sm2+, m, m2+2Sm3+ . } dx A (x)yl(x)+r2( —512m, m2+320m3+ . )

dxA xg x+
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In the case of the BQ map the terms of the expansion of (x —x )P(x) can be expressed as finite linear combinations
of the unperturbed null functions (50). At a given order it is also possible to express the unperturbed null functions
with the perturbed ones, and then to expand (x —x )P(x) in terms of the perturbed null functions. Using (11) we get
the correlation function as

l I 1C,so= dx A (x)[——,'X, o+ —,'X, , om, +(——„&~,o+ —„~"',o)m i
0

3+{—
—,', &i i, o ——,&,o

——„&-,i)me+ ~~&i-~, om i

+(~3%2,o+ ~3%i, i
—~3%,o+ ~3K, i )mimi

+( „',&2—i,o+ ~&i-,o)mi+ (56)

Here N, k (x )=8 'No k (x)=0 if i ~ 0.
The static response function (21) exists in both cases. We have chosen F(x)=f, (x) for simplicity [see (33)]. Now

m (h)=m~+hjmj. , +0(h) .

Putting this into {43)and (54) and then using (21) we get the static response functions

pa~= f dx D( x)I 2E oi+[64yi(0)+12Eo i]m, +[—64p, (0)+16No 2
——3'Xo i]m f

0

+[—32qi(0)+68No i+-', Xo i ]m2+[64q)i(0) —16Eo 2+ ', No i ]—m (

+ [2048(pq(0)+ '~pi(0)+ 144No 2
—+35'No i ]m, m q

+ [ ~ 3336y2(0)+ ~' pi(0)+560No z
—200No, i ]ms+ ' ' '

I

Goo+-,' ~~o 0+~0,00 ~~ —
8 ~~,0+~0

0

—[ ~~~Xi o(0)+,', Zoo(0)+ "No i(0)]m2+,', [X,

o(0)+choo(0)]m

i

+[ ~~Xi o(0)+ ~~~No o(0)+ 9 So i(0)]mim2

+ —,",[&,o(0)+&, o(0)+& (0)],+

(57)

(58)

(59)

Since the static response functions exist, we can apply (24) to calculate the dynamic ones. To this end we have to
expand BI,P(x, h)

~ i, o [which is just the quantity in the braces in (58) and (59)J in terms of the eigenfunctions and nu 1

functions of the Fp operator. It can be expanded the same way, as in the case of the correlation function the quantity
(x —x )P(x) (see above). Putting the result into {24) we get the dynamic response functions as follows:

ysL=5ot f dxD(x)[2No i+12No imi+(32No i
—48Eo 2)m i+(68No i+ 3No i)mi

0

+ (96No i
—144No 2 )m i + (+~i'No i

—144No 2 )m i m i+ (560No 2
—200No i )m i+ ]

+r'(48m& 24m2+88m—, m&+320m&+ )f dx D( xhp&( x) +rz( —2880m, mz+4480m3++P ) Nf )
— P722 Pl ) 0

X f dx D(x)qr2(x)+ .
0

ALTX&~=f dx D(x)[—&+ I o+ &+i t, omi g+i —g, om 1 +{ ~g" i —t,o ]g t, l 2—
0

m, ~( ~z, o+,', &, , o+ —,', Qi, , + 3', N, , )m, m2+ —",—,Qz, om3+ . ] . 61
3—t, 0 1

In the case of the BL map the correlation functions and
the dynamic response functions decay exponentially. In
the case of the BQ map the null functions play an essen-
tial role and one cannot tell, using this method, whether
the decay is exponentiaI.

V. I.VAPUNGV EXPONENTS

The Lyapunov exponents characterize the sensitivity
of the motion with respect to the initial conditions. In a

deterministic system this quantity can be defined essen-
tially uniquely, since a trajectory is determined by the in-
itial conditions (at least in principle). For a determinis-
tic 10 system the Lyapunov exponent is given by

g= lim lim —ln [f (x+a) f (x)]— —1 1 t

0

f'(x)=f(f' '(x)) . (62)

(It shows how fast the exponential separation of two
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nearby trajectories is.) In contrast, in the presence of
any external noise the initial conditions are not the only

data determining the motion. The other factor is the
realization of the stochastic process corresponding to the
noise. If we want to obtain a quantity characterizing the
sensitivity of the motion with respect to the initial condi-
tions only, we have to perform an averaging over the

noise. This can be done several ways; consequently, we

get several definitions for the Lyapunov exponents. %e
shall use the following one.

I.et us calculate the I.yapunov exponent for a Sxed
realization of the noise using the deterministic de6nition,
and then let us average it over all the possible realiza-
tions. For a noisy 10 map this is given by

A, = lim lim —ln —[f(g„f(gz, . . .f(g„x+e) )}—f(g„f{gz,. . .f(g„x) ))]1 1

t~oc e-+0 E E'
(63)

Here ( ) means averaging over all g„.
The Lyapunov exponent (63) is closely related to the

Kolmogorov entropy. Namely, if we take a space-time
grid and calculate the coarse-grained Kolmogorov entro-

py, we 6nd that as a consequence of the Khinchin ax-
ioms ' it separates into two terms. One of them is the
coarse-grained entropy of the noise. This term goes to
inSnity if we go on with the refinement of the grid, but
the other term remains finite and goes to the Lyapunov
exponent (63). In this sense we can say that the Kolmo-
gorov entropy of a noisy mapping is the sum of the Kol-
mogorov entropy of the noise and the Lyapunov ex-
ponent.

As a consequence of the ergodicity, it can be shown
that the quantity

lim hm —ln —[f(g . . .f(g x+e) )
1 1

)~co g~0 t

f{0i f(-0i») ' ' ' )]

has a Dirac 5-like probability distribution around its
mean value given by {63),so one can measure A, in a nu-
merical simulation without averaging over the noise,

1 f, —1

A. =A, = lim —g ln
~
f'(g, ~, ,x)) ~, x, =f{gj,xj, )

taco t, 0J=

(65}

and can calculate A, by averaging over x as well,

1 1
t —1

i, =A,, =f dx pix) )im —Z )x)f')i)~„)))x
0 t a)t 0

=f dx P(x)(ln
i
f'(g, x)

i } .

Here P(x) is the stationary probability distribution
(6). We also have used the identity

f ()p(f (g,x)))P(x)dx =f )p(x)P(x)dx . (67)

In case of additive noise f' becomes independent of the
noise and (66} goes over to the de6nition of the
I.yapunov exponent used in Refs. 5 and 7.

In our examples (BL and BQ map)

f (g,x)=fo(x)+gG(fo(x)), G(x)=x(1—x) {68)

so (66) can be written as

I,=f dx P(x)ln
~
fo(x)

~

0

m f dx P(x)[G'(fo(x))]~ .
"

( —1

j ' 0
(69)

For the BL map P(x) is given by (43) and for the BQ
map by (54). Putting these expressions into (69},we get,
as results,

2 —-m +—m m ——m m ——m ——m1 2 1 2 1

m ]m2+ m]m2 + m2m3+ m )m4+l 3 1 2 1

(70)

=ln2 ——m2+ 32 m ) m 2
—~ m ]m 2

—
5)2 m4+3 2 13

VI. COMPARISON GF NUMERICAL
AND ANALYTICAL RESULTS

FOR THE LYAPUNQV EXPONENT

We have also performed numerical work to check our
perturbative results for the Lyapunov exponents. There
is an infinite variety of the probability densities of the
noise. We have chosen a simple case just to visualize
our results. The probability density of the noise was

if 0&/ &z (z )0)1

z
p(g) =

or z((&0 (z &0)
0, otherwise .

(71)

The quantity z has been changed from —0.4 to + 0.9
and from —0.7 to + 0.9 in increments of 0.1 in the case
of the BL map and the BQ map, respectively. We have
calculated the I.yapunov exponent from a 10 iteration
for each value of z. So we have reached a precision of
about 10 . In the case of the BL map we have per-
formed the calculation directly according to (65). The
results are displayed on Fig. 1. The continuous curve is
the result of the analytical calculation [see (70)]. If

~
z

~

&0.5, the agreement between theory and numerical
measurement is good.

In the case of the BQ map a problem has arisen, since
this map has a critical point at x =—,. It implies in the
numerical work that for points close enough to —,

' we get
f'(x)=0 and, consequently, an error [see (65)]. For 10
1terat1ons th18 sltuat1on occurs many times. To avo1d
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FKJ. 1. Comparison of the Lyapunov exponent of the BL
map obtained numerically (dots) and that obtained analytically
(solid curve). The numerical data mere obtained from 10
iterations at each point and the accuracy is 10 '.
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FIG. 2. Comparison of the Lyapunov exponent of the Bg
map obtained numerically (dots) and that obtained analytically
(solid curve). The number of iterations was 10 at each point
and the accuracy is 10

f(g,x)= u(f(g, u'(x))), (72)

where u(x) is a strictly monotonous function of [0,1],
one can easily derive from (65) that

A,~ = lim —g ln
~ f '(g, + „u '(x, ) )

j

Here x, s are the points of the original iteration, i.e.,

x,=f(g +~,x ) .

In our case,

f (j,x)=fag(g, x),
and we have chosen

(74)

u (x)=sin 2 ~X
2

So we obtain

i f '(g, +„u '(x, ))
i

=2I 1+()+,[1—Sx)(1—xj )]I

&[1—g +,4x.(1—x )]

X [1+(~+,—(J+,4x (1—x. )] (77)

This expression is definitely positive for every x . From
(73) and (77) we have the results shown on Fig. 2. The
difterences between numerical and analytical results are
within the numerical error in the whole region of z.

this difticulty, we have applied a smooth conjugation. If
we have

VII. SUMMARY

%e investigated the properties of fully developed
chaotic maps under the influence of weak noise. %e as-
sumed that the attractor was not destroyed and, conse-
quently, the noise was a multiplicative one, causing no
changes at the critical point and at the ends of the at-
tractor. %e treated this noise as a small, random per-
turbation of the map and developed a perturbation
method to calculate characteristic quantities. %'e were
able to determine corrections to the eigenvalues, eigen-
functions, and null functions of the Frobenius-Perron
operator in powers of the moments of the noise. %e did
concrete calculations on simple but nontrivial examples.
%'e calculated the eigenvalues and eigenfunctions of the
bilinear map and the null functions of the biquadratic
map. These results enabled us to determine correlation
functions and linear response functions for both cases.
%e also calculated the stationary densities and the
Lyapunov exponents of the bilinear and biquadratic
maps. The definition of the Lyapunov exponent is not
unique in the noisy case, and we chose such a definition
that relates the Lyapunov exponent to the suitably
defined finite part of the Kolmogorov entropy. %'e also
did some computer work to compare experimental and
analytical results for the Lyapunov exponent.

This work was partially supported by the Hungarian
Academy of Sciences through Grants No. AKA 1-3-86-
324 and No. OTKA 819.

APPENDIX

Eigenvalues and eigenfunctions of the 8L map are as follows:

?') =
~
—4' I + P?? 2+ ~Pal I P?? 2

—
2

PPl 3+ 6 ' IPtk2 —4'? 2
—12??I IP?l 3+ 12

7??4+3 5 S 5 ~ 1 2 35 25

q, =q', +(—4Xo, +3m„)m, +( —12Ã, , +9wo, )m, +(lag, —18m, , +15m„)m,
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+(—36%01+27N0 2)m1+(81p2+44N01 ——29No 2+15N03)mtrn2

+( —281p2+38N01 —30%0 2+28N0 3)rn3+( —108N11 1+81N112)m1

+( 3'Ip2+ '3'Xo, ——'2'Xo 2+ 55N0 3 )rn, m 2+ (161p2+641p3+558N0, —+No 2+ 105%0 3 )m 2

+( ——3'Ip2 ——",'No, +—",'N11 2+49N0 3)m, m3

+( ~'Ip2+961p3+676N0 1
—560%0 2+252N0 3 )m4+

f2 ————Pfl ) +—P?l 2 + —??l ) P?l 2
——

6 P?I 3 +15 105

p2 p2+( 9 p1+ 3 Np, l 2 N0, 2+ N0, 3 )m 1 +( 22 pl+ 9 Np, l 3 N0, 2+50N0, 3 )m 1

+(—,'Ip1+ 830 1p3+ 162%0 1
—2223N0 2+ 35N0 3 )m 2

+ ( —480ypt+ 26232~$0
1
—209890 N0 2+ 500%0 3 )m 31

+( 134 0+ 1320 0 2332 N + 1819N 1810N + 140' )m9 P3 3 01 3 02 9 03 3 04 1 2

+( 3 Ipt 1601p3 3 Xp 1 +795Np 2 +%0 3+75N04)rr13+

f3
=

~~
—~ P7l ) + 8

P?l 2 +1 21 7

q, =q', +( ,', q', 7—q', —+N„—+ '69+„203X„—+7N„)m,

+(+223 Ipt —
3 Ip2 —

3 N11 1 + 10 Np 2
—1561N0 3 + 147%0 4 )rn 1

+ ( —
413 Ip 1 + s Ip2+ ~~& Ip4 —2082No, 1+ 34229 %0,2

—539%0,3+63N0, 4 )m 2
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