PHYSICAL REVIEW A

VOLUME 37, NUMBER 3

FEBRUARY 1, 1988

Linear canonical transformations of coherent and squeezed states in the Wigner phase space

D. Han
National Aeronautics and Space Administration, Goddard Space Flight Center (Code 636), Greenbelt, Maryland 20771

Y. S. Kim
Department of Physics and Astronomy, University of Maryland, College Park, Maryland 20742

Marilyn E. Noz
Department of Radiology, New York University, New York, New York 10016
(Received 8 September 1987)

It is shown that classical linear canonical transformations are possible in the Wigner phase
space. Coherent and squeezed states are shown to be linear canonical transforms of the ground-
state harmonic oscillator. It is therefore possible to evaluate the Wigner functions for coherent
and squeezed states from that for the harmonic oscillator. Since the group of linear canonical
transformations has a subgroup whose algebraic property is the same as that of the (2+1)-
dimensional Lorentz group, it may be possible to test certain properties of the Lorentz group using
optical devices. A possible experiment to measure the Wigner rotation angle is discussed.

I. INTRODUCTION

Coherent and squeezed states now form the basic
language for quantum optics.'”® They preserve the
minimum-uncertainty product in the phase space con-
sisting of phase and intensity. The Wigner phase space,
which was initially formulated in 1932,>* is also becom-
ing the standard scientific language in many branches of
physics, including quantum optics.>® It is therefore of
interest to formulate the coherent and squeezed states
within the framework of the Wigner phase-space repre-
sentation.

The Wigner distribution function for the coherent
states has been discussed in the literature.” The Wigner
function for the squeezed states has also been studied re-
cently by Schleich and Wheeler for the deformation
along the “x” or “p” axis caused by real or purely imagi-
nary parameters.5 However, the deformation in phase
space of squeezed states with complex parameters has
not been systematically studied.

In this paper we shall study the squeezed states with
complex parameters. It will be shown that for a com-
plex value of the squeeze parameter, the deformation is
along the direction of the phase angle of the squeeze pa-
rameter. We shall achieve this purpose not by perform-
ing a direct calculation but by studying transformation
properties in phase space.

Classical mechanics can be effectively formulated in
terms of the Poisson brackets and canonical transforma-
tions.®  Although the Poisson brackets become
Heisenberg’s uncertainty relations in quantum mechan-
ics, it is cumbersome to use canonical transformations in
quantum mechanics because the translation operators in
phase space, which are x and p, do not commute with
each other. !0

The basic advantage of the Wigner function is that
these operators commute with each other in phase space.
In this paper we study coherent and squeezed states in
the Wigner phase space. We shall show that these states
are canonically transformed states of the ground-state
harmonic oscillator. A subset of these transformations
form a group whose algebraic properties are identical to
that of the (2 + 1)-dimensional Lorentz group. It may
therefore be possible to design an optical experiment to
test the properties of the Lorentz group.

In Sec. II we briefly review the linear canonical trans-
formations in classical mechanics. In Sec. III we discuss
the canonical transformations of the Wigner distribution
function in phase space. The canonical transformation
of the Wigner function is much simpler than the conven-
tional Weyl transformation applicable to the
Schrodinger picture. In Sec. IV the Wigner phase-space
formalism is discussed in detail for the harmonic oscilla-
tors.

In Sec. V we discuss coherent and squeezed states in
terms of canonical transformations in phase space. It is
possible from this formalism to determine the Wigner
function for the squeezed state with a complex parame-
ter. It is noted in Sec. VI that the algebra of squeezed
and coherent states is the same as that for the (2 + 1)-
dimensional Lorentz group. This enables us to discuss a
possible experiment to measure the Wigner rotation an-
gle using optical devices.

II. LINEAR CANONICAL TRANSFORMATIONS
IN CLASSICAL MECHANICS

The group of linear canonical transformations consists
of translations, rotations, and squeezes in phase
space.® %11 These operations preserve the area element
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in phase space. We present in this section a short for-
malism which will be useful for studying coherent and
squeezed states in quantum optics.

In order to define the word ‘“‘squeeze” in phase space,
let us consider a circle around the origin in the coordi-
nate system of x and p. If we elongate the x axis by
multiplying it by a real number greater than 1 and con-
tract the p axis by dividing it by the same real number,
the circle becomes an ellipse. The area of the ellipse
remains the same as that of the circle. This is precisely
an act of squeeze. If we combine this operation with ro-
tation around the origin, the squeezing can be done in
every possible direction in phase space.

The coordinate transformation representing transla-
tions,

x'=x+u, p'=p+v, (1)

can be written as

’

x 1 0 ujflx
pl=101vilp]|. (2)
1 00 1j}|1

The matrix performing the rotation around the origin by
6/2 takes the form

0 . 6
cos2 ——sm2 0
. 0 ’]
R(0)= sm2 cos2 0. (3)
0 0 1

The matrix which squeezes along the x axis is

e 0 0
S p)=]0 e " 0f. 4)
0 0 1

The elongation along the x axis is necessarily the con-
traction along the p axis.

Since a canonical transformation followed by another
one is a canonical transformation, the most general form
of the transformation matrix is a product of the above
three forms of matrices. We can simplify these
mathematics by using the generators of the transforma-
tion matrices. If we use T(u,v) for the translation ma-
trix given in Eq. (2), it can be written as

T(u,u)=e_i(“N'+vN2) , 5)
where
00 i 000
N,=10 0 0|, N,=10 0 i]. (6
000 000
The rotation matrix is generated by
0 —-i/2 0
L=iji/2 0 0}, (7
0 0o o

and

R(8)=e 'L (8)
The squeeze matrix can be written as
S,=e "1, 9
where
i/2 0 O
B,=|0 —-i/2 0]. (10)
0 0o o

In addition, if we introduce the matrix B, defined as

0 i/2 0
B,=1isz2 0 of, (11)
0 o0 1

which generates the squeeze along the direction which
makes 45° with the x axis, then the matrices L, B,, and
B, satisfy the following commutation relations:

[BI’BZ]=_I.L’ [.Bl,L]=‘°iBz, [Bz,L]_—:iBl .
(12)

This set of commutation relations is identical to that for
the generators of the (2 + 1)-dimensional Lorentz
group.'? The group generated by the above three opera-
tors is known also as the symplectic group Sp(2),!*'* and
its connection with the Lorentz group has been exten-
sively discussed in the literature.'’

If we take into account the translation operators, the
commutation relations become

[B,,N,]1=(i /2N, [B,,N,]=(—i/2N,,
[B,,N,1=(i /2N,, [B,,N,]=(i/2)N, ,
[N,L1=(i/2N,, [Ny,L1=(—i/2)N,
[Ni,N,]=0.

These commutators, together with those of Eq. (12),
form the set of closed commutation relations (or Lie
algebra) of the group of canonical transformations. This
group is the inhomogeneous symplectic group in the
two-dimensional space or ISp(2).!!

The translations form an Abelian subgroup generated
by N, and N,. Since their commutation .relations with
all the generators result in N, N,, or 0, the translation
subgroup is an invariant subgroup. The translations and
the rotation form the two-dimensional Euclidean group
generated by N,,N,, and L, which have closed commu-
tation relations. This group also has been extensively
discussed recently in connection with the internal space-
time symmetries of massless particles.'®!’

Indeed, it is of interest to see how the representations
of the Lorentz group can be useful in optical sciences. It
is also of interest to see how the experimental resources
in optical science can be helpful in understanding some
of the ‘‘abstract” mathematical identities in group
theory.
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III. LINEAR CANONICAL TRANSFORMATIONS
IN THE WIGNER PHASE SPACE

If ¥(x) is a solution of the Schrodinger equation, the
Wigner distribution function in phase space is defined as

Wix,p)=(1/m) [ 9*(x +yW(x —ple®Pdy .  (14)

This is a function of x and p which are ¢ numbers. This
function is real but is not necessarily positive everywhere
in phase space. The properties of this function have
been extensively discussed in the literature.*~’

When we make linear canonical transformations of
this function in phase space, the infinitesimal generators
are

. 0 .0
Nl—‘—lax, Nz —lap,

i| 0 d )
=——= |XT——p— 15
L== "3 Pax | 13

i d d i d d
31_2 xax—pap ’ B2-2 x8p+pax '

These operators satisfy the commutation relations given
in Egs. (12) and (13). We can therefore derive the alge-
braic relations involving the above differential forms us-
ing the matrix representation discussed in Sec. II.

The rotation of the translation operators takes the
form

R(6)N,R(—-0)= cos-g— N, - sin-(zi N,,
(16)
. 0 0
R(O)N,R(—0)= sin— N+ cos— N, .

Under the same rotation, the squeeze generators become
R(6)B|R(—0)=(cos8)B, +(sind)B, ,
R(6)B,R(—0)=—(sind)B |+ (cos0)B, .

(17

Likewise, we can derive all the algebraic relations using
matrix algebra. The important point is that the group of
canonical transformations in the Wigner phase space is
identical to that for classical mechanics.

Next, let us consider the above transformations in
terms of operators applicable to the Schrodinger wave
function. From the expression of Eq. (14) it is quite
clear that the operation e ~** on the wave function leads
to a translation along the p axis by v. The operation of
exp[ —u(3/0x)] on the wave function leads to a transla-
tion of the above distribution function along the x axis
by u.

Likewise, the operation in the Wigner phase space of
ix(3/3p) and ip(d/dx) become x2/2 and 1(3/3x )?, re-
spectively. Thus, the transformations in phase space can
be generated from the operators applicable to the wave
function. The generators applicable to the wave func-
tion are

ﬁlz—i_a_, szx ,

dx
1 2
r__ 2 - 2
L-—4 o x|, (18)
3 1 a |
g __:|X|19 s _1l.2, [9
Bi=—i15lax B3 * 1 |ox

These operators satisfy the commutation relations given
in Egs. (12) and (13), except the last one. The operators
N, and N, do not commute with each other, and

[N,,N,]=—i . (19)

Therefore, it appears that the operators applicable to the
Schrodinger wave function do not satisfy the same set of
commutation relations as that for classical phase
space.” !0

Let us consider the translation along the x axis fol-
lowed by the translation along the p axis, and the opera-
tion in the opposite order. From the Baker-Campbell-
Hausdorff formula for two operators,” '°

(e "N yie TNy = (emye T2y T 20

The interchange of the above two translations results in
a multiplication of the wave function by a constant fac-
tor of unit modulus.

However, this factor disappears when the Wigner
function W is constructed according to the definition of
Eq. (14). Therefore, the translation along the x direction
and the translation along the p direction commute with
each other in the Wigner phase space. This means that
the commutation relation [N,,N,]=0 in the Wigner
phase space and the Heisenberg relation [N,,N,]=—i
are perfectly consistent with each other. The basic ad-
vantage of the Wigner phase-space representation is that
its canonical transformation property is the same as that
of classical mechanics.

We now have three sets of operators. The first set
consists of the three-by-three matrices in Eqgs. (6), (7),
(10), and (11), and this set is for classical mechanics.
The differential operators in two-dimensional phase
space form the second set, and they are for the Wigner
function. The third set consists of the differential opera-
tors of Eq. (18) applicable to the Schrodinger wave func-
tion. The first and second sets are the same. While both
the second set of double-variable operators and the third
set of single-variable operators are extensively used in
the literature,'">'*® it is interesting to see that the con-
nection between these two sets can be established
through the Wigner function.

The transformations discussed in this section consti-
tute the basic language for coherent and squeezed states
in quantum optics. The relevance of the translation in
phase space to coherent states has been noted before.!
The word squeeze comes from quantum optics. It has
been also noted that its mathematics is like that of
(2 + 1)-dimensional Lorentz transformations. As was
empbhasized in the literature,'>!” combining translations
with Lorentz transformations is not a trivial problem.
We shall discuss the problem in Secs. V and VI.
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IV. HARMONIC OSCILLATORS

The one-dimensional harmonic oscillator occupies a

unique place in the physics of phase space. For the
Hamiltonian of the form
H=1(p*+x?), @n

the Wigner function is a function only of (p2+x2), and
is thus invariant under rotations around the origin in
phase space. The Wigner function for the ground-state
harmonic oscillator is”*!°

W(x,p)=71r-exp[—(x2+p2)] . (22)

This function is localized within the circular region
whose boundary is defined by the equation

x24p’=1. (23).

Therefore, the study of the Wigner function for the har-
monic oscillator is the same as the study of a circle on
the two-dimensional plane. The canonical transforma-
tion consists of rotations, translations, and area-
preserving elliptic deformations of this circle. These
transformations are straightforward.

Under the translation by » along the x axis, the above
circle becomes

(x—r)+p2=1. (24)
This circle is centered around the point (r,0). We can

rotate the above circle around the origin. Then the re-
sulting Wigner function is

2
R(G)T(r,O)W(x,p)=%exp l x—r cos% ]

2

. 6
p—rsin—

N 2

’

(25)

where T'(r,0) and R(8) are the translation and rotation
operators. Because the circle of Eq. (23) is invariant un-
der rotations around the point where x =r and p =0, the
above Wigner function is the same as the translated
Wigner function,

6 . 60
r cos—,r sin—

T
2 2

W(x,p)=R(0)T(r,0)W(x,p) . (26)

Let us next elongate the translated circle of Eq. (24)
along the x direction. The circle will be deformed into

e Nx—r')4epi=1, 27
where
r'=re"?

If we rotate this ellipse, the resulting Wigner function
will be

R(0)S(m)T(r,0)W(x,p)

=lexp [— e "
T

i—}- sin—e——r’cos—q
X cos—-+p sin-y )

. 6 6
+e™ |x sin>- —p cos—

2

A
—rosmy (28)

This transformation is illustrated in Fig. 1. As we shall
see in Sec. V, the translated and deformed Wigner func-
tions will be useful for studying coherent and squeezed
states, respectively.

In the meantime, let us observe other useful properties
of the harmonic oscillator. We noted above that, in or-
der to study the harmonic oscillator, we can start with a
circle in phase space. How does this rotational invari-
ance manifest itself in the Schrodinger picture? The
generator of rotations is
2

L= —x?|=H—-H). (29)

1]|a
4 ax
If the wave function is a solution of the time-
independent Schrodinger equation with the above Ham-
iltonian, the application of the rotation operator
exp(—i6L) will only generate a constant factor of unit
modulus. This is the reason why the Wigner function
for the above Hamiltonian system is invariant under ro-
tations in phase space.

In order to study rotations more carefully in the
Schrodinger picture, let us use a and a', defined in this
case as

a=(1/V2) x+——a ,
ox
(30)
at=(1/v2) |x -2
ox
p

8/2

e
NPANY,

FIG. 1. Coherent and squeezed states in the Wigner phase
space. The circle centered around the origin describes the
ground-state harmonic oscillator. The circle around (7,0) is for
the coherent state. This coherent state can be squeezed to el-
lipse along the x axis, with a real value of the squeeze parame-
ter. When the squeeze parameter becomes complex then the
ellipse is rotated around the origin in the Wigner phase space.
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These operators serve two distinct purposes in physics.
They are step-up and step-down operators for the one-
dimensional harmonic oscillator in nonrelativistic quan-
tum mechanics.

On the other hand, in quantum-field theory, they serve
as the annihilation and creation operators. We are here
interested in the creation and annihilation of photons.
Then, what is the physics of the phase space spanned by
x and p variables? Indeed, the concept of creation and
annihilation comes from the commutation relation

[a,a']=1. (31)

This form of uncertainty relation states also that the
area element in phase space cannot be smaller than
Planck’s constant. The area element in the Cartesian
coordinate system is (Ax)(Ap). It is also possible to
write the area element in the polar coordinate system. If
this area is described in the polar-coordinate system, the
uncertainty relation is the relation between phase and in-
tensity.?’ This is the uncertainty relation we are discuss-
ing in this paper. We are particularly interested in the
minimum-uncertainty states.

In both Eq. (25) and Eq. (28) the rotation plays the
essential role. Let us see how the operators a and a' can
be rotated. For two operators 4 and B, we note the re-
lation?®!

e?Be =B +[A4,B]+1[4,[4,B]]

+3i[4,[4,[4,B11]1+ -+, (32)
and
[L,al=—1a, [L,a']=1la". (33)
Since R (0)=e %L,
R(0)aR(—0)=(e~1%?)q ,
. ‘ . (34)
R(8)a"R(—0)=(e"%%)a” .

In terms of the @ and a' operators, the generators of
canonical transformations take the form

N,=(—i/V2{a—da"), N,=(1/V2)a+a"),
E:%(aa*—}—a*a) , (35)
B]:%(aa—a#af), B}z%(aa +al"a*).

We can rotate these operators using Eq. (34). In particu-
lar, the rotations given in Eq. (17) can now be written as

R(0)aaR(—6)=e %aa ,
R(®)a'a’R(—0)=ebaa’ .

(36)
These relations will be useful in evaluating the Wigner

function for the squeezed state.

V. COHERENT STATES AND SQUEEZED STATES

In terms of the @ and a' operators, the coherent state
is defined as

|a)=[exp(— |a|?/2)] i (a"/n)@’)10) . 37

n=0

We can obtain this state by applying the translation
operator to the ground state,

la)=T(a)|0), (38)
where

T(a)=exp(aa+—a*a ).

The translation operator in the phase space depends on
two real parameters. In the above case, the parameter a
is a complex number containing two real parameters.

It is possible to evaluate the Wigner function from the
above expression to obtain the form given in Eq. (25),"°
with

rcosgz\/E[Re(a)], rsin%:Vi[Im(a)] . (39

It is also possible to obtain the Wigner function starting
from a real value of a by rotation. From the rotation
properties of the a and a t operators given in Sec. IV, the
rotation of this operator becomes

R(O)T(r)R(—6)=T(a), (40)
with
az(e ;i9/2)r .

This means that we can make a complex starting from a
real number r by rotation.

The squeezed state |£,a) is defined to be?* 1822
|&a)=S(&)|a)=S(£)T(@)]0), 1)
where
*
S(&)=exp §a+a+~%—aa 42)

Here again the parameter £ is complex and contains two
real numbers for specifying the direction and the
strength of the squeeze.

If & is real, it is possible to evaluate the Wigner func-
tion by direct evaluation of the integral. If, on the other
hand, £ is complex, the present authors were not able to
manage the calculation. We can, however, overcome
this difficulty by using the method of canonical transfor-
mation developed in this paper. We can make & com-
plex starting from a real value of 1 by rotating the above
squeeze operator using the rotation properties of the a
and a ' operators.

Let us start from a real value of & for which the evalu-
ation is possible.’ For the real value 7, the squeeze
operator becomes

)
xZ

I (43)

S(n)=exp

_n
2

This operator makes the scale change of x to (e ~"/?)x.
It is therefore possible to visualize the deformation of
the circle into an ellipse in the phase space. Let us next
rotate this ellipse. From Egs. (36) and (42),

R(6)S(mR(—6)=S(£) , (44)
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where
E=(e %y .

The operator S(§), when applied to the wave function,
leads to the Wigner function which is elongated along
the 6/2 direction in the phase space. It is indeed possi-
ble to evaluate the Wigner function for the squeezed
state with a complex value of § simply by rotating the el-
lipse elongated along the x direction.

Table I describes how we can determine the Wigner
functions for coherent and squeezed states. Figure 1 il-
lustrates how the above calculation can be carried out.
The translated circle in phase space describes the
coherent state. This circle can be elongated along the x
direction. The resulting ellipse is for the squeezed state
with a real parameter. This ellipse can be rotated. This
rotated ellipse corresponds to the squeezed state with a
complex parameter.

VI. POSSIBLE MEASUREMENT
OF THE WIGNER ROTATION

We have noted in Sec. II that the transformation
group contains the subgroup Sp(2) which is locally iso-
morphic to the (2 + 1)-dimensional Lorentz group. It
may therefore be possible to design experiments in optics
to test the mathematical identities in the Lorentz group.
The Wigner rotation is a case in point. Two successive
applications of Lorentz boosts in different directions is
not a Lorentz boost, but is a boost preceded by a rota-

tion which is commonly called the Wigner rotation.?3~26

|

A . A A

cosh ) + |[sinh > cosf sinh > sinf
S(6,M)= A N A
sinh; sinf cosh; — sinh?
and the circle is deformed into the ellipse
2
0 . 6 . 6 6
- v o A L o1 _

e xcos2+psm2 +e x sin=-—p cos> 1.

(48)

In order to understand the squeeze mechanism
thoroughly, we should know how to squeeze an ellipse.
We can achieve this goal by studying two successive
squeezing properties. Let us therefore consider the
squeeze S(6,A) of the circle centered around the origin
preceded by S(0,7n). This will result in another ellipse,

2 2

e ¢ +ef =1.

a . a
X cos—2— +p sin—

xsin< 3/ cos <
2 2

2

(49)
where

coshé = (coshmn)coshA + (sinh7)(sinhA)cosé ,

and
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TABLE 1. How to evaluate the Wigner function for
coherent and squeezed states.

Coherent Squeezed
states states
Direct computation Possible Not known
Canonical transformation Possible Possible

This effect exhibits itself in the Thomas effect in atomic
physics.?®

Since the mathematics of squeeze is the same as that
of Lorentz boost, we can discuss the possibility of
measuring the effect of the Wigner rotation in optical ex-
periments. In order to illustrate how the Wigner rota-
tion comes into this subject, let us start with a circle of
unit radius centered around the origin in the Cartesian-
coordinate system with the coordinate variables x and p,
whose equation is given in Eq. (23). If we squeeze this
circle by elongating along the x axis, the squeeze matrix
applicable to the vector (x,p) is

e 0
S(O,}\.)= 0 e_n/z (45)
This will deform the circle into the ellipse
(e ™Mx24(eMp?=1. (46)

If we squeeze the circle centered around the origin
along the 6/2 direction with the deformation parameter
7, the squeeze matrix is

, (47)
cosé

(sinB)[sinhA + (tanhn)(coshA —1)cosf]
(sinhA )cos + (tanhn)[ 14 (coshA —1)(cos)?]

tana =

This is an ellipse elongated along the a/2 direction with
the parameter §&.

The above calculation gives an indication that two
successive squeezes become one squeeze. This is not
true. The product of the matrices S(6,A)S(0,7) does
not result in S(a,&). Instead, it becomes!s: 7232

S(6,1)5(0,7)=S(a,E)R ($) , (50)
where
an |8 |  _(sin®)[tanh(1./2)][tanh(5./2)]
2 | 1+4[tanh(A/2)][tanh(n/2)])(cosB)

The right-hand side of the above equation is a squeeze
preceded by a rotation, which may be called the Wigner
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rotation.”3~2¢  Although Eq. (49) does not show the
effect of this rotation which leaves the initial circle cen-
tered around the origin invariant, we need the derivation
of Eq. (49) in order to determine «, &, and eventually ¢.
The study of coherent states representations requires
transformations of a circle not centered around the ori-
gin. If we squeeze this circle by applying S(0,7), the
circle is transformed into the ellipse given in Eq. (27). If
we squeeze this ellipse by applying S(6,A4), the net effect
is the squeeze S(a,&) preceded by the Wigner rotation
R(¢). If we apply this rotation to the circle of Eq. (24),

2
=1. (51)

2

N ¢

x—r cos—ﬁ— p—r sin—2~

The effect of this rotation is illustrated in Fig. 2.
Next, if we apply the squeeze S(a,&) to the above cir-
cle, the resulting ellipse is

0/2

4’/2

FIG. 2. Two repeated squeezes resulting in one squeeze pre-
ceded by one rotation. The circle around (r,0) in Fig. 1 is ro-
tated around the origin by ¢/2 and is then elongated along the
a/2 direction.

2
e f|(x—a )cos% +(y—b )sin%
2
+ef|(x—a )sin%—(y—b)cos% =1, (52)
bxr{ sinhg— (sina)cosﬁ
2 2
where
£ & 6 + coshﬁ — sinh£ cosa sinﬂ
a=r cosh2 + sinh2 cosa cos? 2 2 2
The effect of this squeeze is also illustrated in Fig. 2.
é The Wigner rotation angle ¢ can now be determined
+ sinhg— (sina )sin 5 } , from a,b, which can be measured. In terms of these pa-
2 rameters,
J
b cosh*iL + sinh% cosa | —a sinhg— sina
tan % = (53)
a coshi— — sinh% cosa | —b sinhg sina

The parameters £ and a can be measured or determined
from Eq. (49). The angle ¢ determined from the above
expression can be compared with the angle calculated
from 7,A, and a according to the expression given in Eq.
(50).

Indeed, if the parameters of the coherent and squeezed
states can be determined experimentally, the Wigner ro-
tation can be measured in optical laboratories. The
question is then whether this experiment can be carried
out with the techniques available at the present time.
While the analysis presented in this section is based on
single-mode squeezed states, the squeezed states that
have been generated to date are two-mode states.>'®
Hence, in order to be directly applicable to experiment,
the present work has to be extended to the two-mode
case, unless the single-mode squeezed state can be gen-
erated in the near future. In the meantime, the present

f

work indicates that some of optical experiments may
serve as analog computers for the (2 + 1)-dimensional
Lorentz group.

VII. CONCLUDING REMARKS

It is quite clear from this paper that the coherent and
squeezed states can be described by circles and ellipses in
the Wigner phase space. One circle or ellipse can be
transformed into another by area-preserving transforma-
tions. The group governing these transformations is the
inhomogeneous symplectic group ISp(2).

We studied the generators of these transformations
both for phase space and for the Schrodinger representa-
tion. It has been shown that the connection between
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these two sets of operators can be established through
the Wigner function.

We also studied in detail rotations in the Wigner
phase space and their counterparts in the Schrodinger
representation. It is now possible to evaluate the Wigner
function for a squeezed state with a complex parameter.

The correspondence (local isomorphism) between Sp(2)
and the (2 + 1)-dimensional Lorentz group allows us to
study quantum optics using the established language of
the Lorentz group. At the same time it allows us to
look into possible experiments in optical science to study
some of mathematical formulas in group theory. It may

be possible to measure the Wigner rotation angle in opti-
cal laboratories.
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