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Radiation from oscillating diyoles immersed in a solid, and radiation-indnced lnminescence
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We have solved Maxwell s equations for a source, consisting of an oscillating dipole, located in a
plane-bounded dielectric half space. Formulas are given for the radiation yield from this source in
the region outside the dielectric. The medium is characterized by a local, complex dielectric func-
tion e(~)=el(,co)+ie2(co). The application of these formulas to the analysis of experimenta1 data
on luminescence from solids is discussed, and calculations are presented for aluminum, carbon,
silver, copper, and gold.

I. INTRODUCTION

The effect of a nearby dielectric on the radiation from
an oscillating dipole has been of considerable interest
since the early days of radio. Relevant basic theory was
worked out long ago by Sommerfeld, ' who interpreted a
portion of his solution of Maxwell's equations as a wave
propagating along the earth's surface. In modern termi-
nology the latter is a variety of surface polariton. 2

Renewed interest in this subject has originated from
basic studies of light emission from dielectric materials
bombarded by electrons and in photon-surface plasmon
coupling through surface roughness, especially in con-
nection with surface-enhanced Raman scattering from
molecules adsorbed on noble metals.

Photoluminescence, or ffuorescence, of metals was
discovered by Mooradian, who observed and analyzed
the emission of visible light from copper and gold under
illumination by visible and ultraviolet light. Mooradian
attributed this emission to radiative recombination of
electrons and holes generated by optical excitation. As
he pointed out, such observations might provide a tech-
nique to investigate the band structure of solids, as well
as the scattering mechanisms of electrons and holes.
This has stimulated considerable interest, recently re-
viewed in Refs. 9 and 10, in the measurement and inter-
pretation of light emission from metals, under conditions
believed to favor this recombination radiation over other
luminescence mechanisms such as transition radiation,
plasmon emission, and bremsstrahlung.

It is clear that the spectrum, angular distribution, and
polarization of light escaping from within a solid may be
strongly affected by the optical properties of the medi-
um. However, allowance for the refractive and absorp-
tive properties of the medium seems to have been made
in only two recent studies. "' The purpose of the
present work is to develop formulas for the effects of the
optical properties of a solid on the characteristics of
luminescence arising from electronic transitions (includ-
ing radiative recombination} inside the medium.

We have solved Maxwell's equations for the radiation
6eld outside a semi-infinite medium due to an oscillating
dipole immersed in the medium. The latter is supposed
to be characterized by a complex, local dielectric func-

tion. This solution is necessary for the proper theoreti-
cal interpretation of luminescence spectra, particularly
when the optical properties of the luminescing medium
vary appreciably in the frequency range where lumines-
cence occurs. The formulas presented below should en-
able one to predict some characteristics of luminescence
based on the optical properties alone, and aid in distin-
guishing such features from others that depend on prop-
erties of emitting states. Calculations are presented for
aluminum, carbon, silver, copper, and gold, and compar-
ison is made with experiment where possible.

II. THEORY

It is convenient to work with the Hertz vector Il(r, t),
which satisfies the wave equation

VxVxiI-V(VII)+ ' "ll=' P, ,
c Bt2

where P, is the prescribed polarization, or dipole mo-
ment per unit volume of the source, and e is the
frequency-dependent complex dielectric function,

6=6)+l6g .
The magnetic susceptibility is assumed to be unity. The
Gaussian system of units' is used, except where other-
wise speci5ed.

The electric and magnetic fields are calculable from
the Hertz vector, using the following relations:3

8=V( V II }—— II,o' 8
(3)

c Bt

H= ——(Vxll),e t)

c Bt

using the customary convention that the physical values
of fields are given by the real parts of the complex quan-
tities. The above relations are equivalent to Maxwell's
equations for nonmagnetic media.

We consider a point dipole of moment p(t),

p(t) =pe

located in the medium at the point (0,0, —zo). The
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medium is supposed to be bounded by the plane z =0„
with e= 1 in the region z &0. The prescribed polariza-
tion P, is then given by

where
I /2

667 —K
2

P, =p(t)5(x}5(y)5(z+zo) . (6)

We solve first for the Fourier transform II,(z), where
the transform is de6ned by the relation,

ll(r, t)= f der, f da e * ' II„(z}e
2% 00 OQ

Equation (1) becomes

d GCO II„(z)=-
dz2 cz

L

(Sa)

(Sb)

aIi„aII„
E~—EKz,le, 2 + 2 H~

oz oz Bz c
(13)

and where the coefFicients A, A, and A' are vectors
parallel to x, whose magnitudes are functions of x„and

Throughout, the argument of the square root is
chosen to lie in the upper half of the complex plane ex-
cluding the negative real axis. Since II is in the z direc-
tion, II„=II@,and the transformed expressions for the
fields [using Eqs. (3) and (4)] are

H„=(a, —ii.„,0) II„,
C

(14)

P,„(z)= 5(z +zii), so that the standard conditions of continuity of the
tangential components of E and H at z =0 lead to

II, z&0,
II», z)0 .

a 0» = II», z =0
az " az

rr„=~rr, z=O.
sc ~

(15a)

(15b)

The method of solution will be described below.
Next, we determine H(r, t) in the far zone (rem/c »1,

r /zo » 1), using the saddle-point method to perform the
inverse Fourier transformation. Then the far-zone fields
and the radiated power are found. In general, the power
per unit area is given by the time-averaged Poynting vec-

tor (Ref. 14), S=(c /Sm )E&( H'. In the far zone,
EXH =(E E')r", so the power radiated per unit solid
angle dIV/dQ as observed at point r in the far zone is
given by

dS' c
dn 8~' (10)

A. Dipole oriented yerpendicukar to the surface

First we take the vector p perpendicular to the sur-
face, p=pz. Then an acceptable solution of Eqs. (8)
may be written

1

II » Ae —l Y/z+ P~ 0

0»= A'e "+,

where E is evaluated at r.
In the following, it is convenient to locate the x axis in

the plane of observation. The latter is the plane contain-
ing the vectors r and z, which are directed toward t'he
observer, and along the outward surface normal, respec-
tively. Then r is given in terms of its Cartesian (xyz)
coordinates by (r sin8, 0, r cos8). The polar angle 8 is
the angle of observation, measured from z.

Substitution of Eq. (11) for II„ in Eqs. (8) and (15) leads
to linear equations, which are solved for the coefBcients.
The result for the Hertz vector outside the medium is

i (goz+gzo }
z

'g +Q'go
(16)

The inverse Fourier transformation, performed by the
saddle-point method, gives the following expression for
the Hertz vector in the far zone (rco/c »1, r/zo »1):

—t i [(m/c }r—~f j
2—cos8

C i gzo
e

(+Co
where

g= —(e—sin 8)'/
C

go= —(1—sin 8)' =—cos8,
C C

(18)

and where 8 is the angle of observation, defined follow-
ing Eq. (10). One also finds

2

r —ie l[(co/eir rut )F e'~ o— (19}
C

2 sin8 cos8
(e—sin 8)'/ +ecos8

The power radiated per unit solid angle dW/d0 [Eq.
(10)] is therefore given by
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where

ziF iz
—'0p, e (21)

The power radiated per unit solid angle d8'/d 0 is

i

2
— '0

p x

@=21m(g)=2—Im(e —sin 8)'
c

The function p=p(8) should not be confused with the
usual absorption coefficient, which it equals when 8=0.

If e= 1, then
~
F,

~

z= sin (8) and @=0, and Eq. (21)
becomes identical to the standard result for a dipole in a
vacuum. Otherwise, in Eq. (21), the factor exp( —)uzo}
arises from absorption, while the ratio of

~
F,

~

to
sin (8) is determined by the other effects of the medium:
altered emission at the source, reflection, and refraction.

For normally incident plane waves, it can be shown
that the reAection coeScient of the interface is the same
for waves approaching from inside the medium as for
waves incident from the vacuum. This suggests that
re6ection at the interface will signi6cantly reduce
luminescence from shiny metal surfaces„and also points
out the importance of careful preparation of surfaces in
connection with the measurement of luminescence from
metals.

The simple physical picture implied by the preceding
paragraph should not, however, be taken too literally.
For one thing, the familiar (plane-wave) reffection
coeScient does not apply to spherical waves. For anoth-
er, it can be shown from the above solution that the
power initially radiated by the dipole is affected both by
immersion in the medium and by the presence of the in-
terface.

Next, let p=yp, i.e., the dipole is parallel to the sur-
face and perpendicular to the plane of observation. The
corresponding results are

'2

E-pp — r e
—1 i [(co/c)r —~t] s. '~ 0F e

C
(26)

and

2 cos8
(e —sin 8)' + cos8

r ~

dfV c co 2 ~F ~2
—@~0

dQ 8~
(2&)

C. Dipole oriented at angles 80,$0

Consider a dipole oriented st polar and azimuthal an-
gles 8o, Po, i.e., p=(p sin8ocosgo, p sin8osingo, p cos8o).
This dipole being a linear combination of the three di-
poles treated above, the electric 6eld is the same corn-
bination of fields. It is useful for what follows to resolve
the power radiated per unit solid angle into two polar-
ization components. The component with electric 6eld
vector in the plane of observation is found to be

c
p ~

( sin8o)( cosgo)F„
Sm c

S. Dipole oriented parallel to the surface +( cos80)F,
~

e (29a)

The calculation of radiation from a dipole oriented
parallel to the surface proceeds along the same lines as
outlined above. This time, the coefficient A of Eq. (11) is
directed parallel to the dipole, while A and A' each has
two components: one parallel to the dipole, and one
along z. The boundary conditions, continuity of tangen-
tial components of 8 and H, are equivalent to four sca-
lar relations [including (15b) but not (15a)]. These four
conditions, together with Eqs. (8), suffice to determine
the coefFicients.

Consider a dipole oriented parallel to the surface and
in the plane of observation, i.e., in the x direction [see
the definitions following Eq. (10}]. Then p=xp. The re-
sulting field E in the far zone is

'2

E g —1 i [(cu/c)r —cot)p '~ 0 (23)

where

(e —1) sin 8
+x cos6I+

(e—sin 8)'~ +ecos8

snd the component with electric field vector perpendicu-
lar to the plane of observation is

p sin 8o sin ((}o
~

F
~

ie
dQ Sm c

Throughout, the p and s subscripts denote the portion
having electric 6eld, respectively, in the plane of obser-
vation, snd perpendicular to the plane.

D. Distributions of dipoles

Suppose there are N dipoles, each having moment p,
in the neighborhood of (0,0—zo ), and suppose their
directions are isotropically distributed. Assume that
they oscillate with frequency co, snd radiate independent-
ly of each other, i.e., incoherently. Then, the power ra-
diated per unit solid angle is the sum of the following
polarization components, obtained from (29):

4d8'
Xp Fe (30a)

2cos8
X

(e—sin 8)' + cos8
(2&) c Qp

' ~ 2y
—@~0

24m c
(30b)
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where functions Yz(co, 8) and Y, (co, 8) are given by

(31a)

III. CALCUI. ATIGNS AND COMPARISON
%ITH EXPERIMENT

(31b)

It is also useful to define a function Y(co,8) by

Y= —,'(Fp+ Y, ) . (3lc)

Note that functions F~, F„and F are each identically
unity when @=1. Y(co,8) is interpreted to be the rela-
tive yield, i.e., power radiated per unit solid angle, rela-
tive to the corresponding quantity in the absence of a
medium, for small zo[ exp( —pzo) =1]. In the same way,
functions Y and Y, are relative yields for polarization
components.

The degree of polarization P may be written as the ab-
solute value of the ratio of the difference between (30a}
and (30b), to their sum, i.e.,

P= r +r (32}

where an isotropic distribution of directions of the di-
poles is still assumed. Note that, according to this mod-
el, the degree of polarization (for given 8) depends only
on the dielectric function, and is independent of the dis-
tance zo of the dipoles from the surface.

Next, consider a set of dipoles isotropically directed as
above, uniformly distributed throughout the medium,
and having a distribution of frequencies. Again, assume
that they radiate incoherently. I.et f(co) be the sum of
the squares of the dipole moments per unit frequency
per unit volume. That is,

g'p; =f(co)b,cob, V,

8 (co,8)= — f(cu)Y —,C N 1

24m c p (33a)

R, (co, 8)= —f(co)Y, —C N 1

24m c '
p

(33b)

In case ultraviolet light, e.g., is used to stimulate
luminescence, one might take the spatial distribution of
dipoles created in the solid to be proportional to
exp( —azo), where a is a constant describing the at-
tenuation of the incident radiation with depth. Integra-
tion of Eq. (30) using this density function yields expres-
sions identical to (33), except that p+a appears in place
of p, and f (co) is to be evaluated at zo —0.

where the sum extends only over those dipoles having
their frequency between ~ and ~+hem and lying in a
particular volume 6 V, for small bco, b V. Substituting

f (co)dcodV for Np2 in (30) and integrating over zo gives

the spectral radiance R =dW/(dQdcodA), the power ra-
diated per unit solid angle per unit frequency per unit
surface area. The two polarization components are

Analysis of experimental luminescence yields using the
results given above is straightforward if e is known,
when radiance can be assumed to result from radiative
transitions in the medium. In many cases, it should be a
good approximation to assume an isotropic distribution
of directions of equivalent radiating dipoles generated by
charged particle or photon irradiation of a solid. Then
one may be able, using the present theory, to distinguish
features of the experimental data that contain informa-
tion about the radiative transitions from features associ-
ated with the optical properties of the medium. Thus,
sharp peaks or abrupt changes in slope in the frequency
dependence of Y or Y/p (whichever is appropriate}
should be expected to occur in the experimental spec-
trum as well, and should not be considered necessarily to
correspond to singularities in the primary emission pro-
cess. Furthermore, to deduce the unknown f (co), i.e.,
the frequency distribution of the effective squared dipole
moment, from the measured spectral radiance at Sxed
angle, one may in principle divide the experimental spec-
tral radiance by the appropriate one of the above expres-
sions.

A. Aluminum

An example of the efFect of the dielectric properties of
a free-electron-like material on the Quorescence spec-
trum may be seen in the case of aluminum. Figure 1(a)
shows Y as a function of photon energy, calculated from
the optical properties of this metal' ' using Eq. (31), for
four different values of 8, the angle of observation mea-
sured from the surface normal. As pointed out in Sec.
II, this quantity Y is the relative spectral radiance (i.e.,
relative to the value when a=1) for an isotropically
oriented distribution of oscillators in the medium lying
close to the surface (pzo &~1). Also, Y gives the shape
of the luminescence spectrum from such a collection of
oscillators when their frequencies are distributed such
that co f(co) is constant.

As Fig. 1(a) shows, the maximum value of Y increases
with 8 for small 8, and then decreases, going to zero at
90'. One also sees that the peak positions increase with
8. The formulas of Sec. II show that Y at fixed 8 has its
maximum at the frequency where e, = sin 8, when ez is
identically zero. For angles 0, 30', and 60, these ener-
gies are 15.1, 17.3, and 29.1 eV, respectively, in alumi-
num. The maxima in Fig. 1(a) lie slightly lower in ener-

gy than these values, due to the occurrence of nonzero
E2.

As discussed in Sec. II Y/p is the function that de-
scribes the eS'ect of the medium upon the radiation origi-
nating from oscillators that are distributed uniformly
throughout the medium (as well as being randomly
oriented in direction}. Values of Y/p calculated from
Eqs. (22) and (31) for aluminum at various angles 8 are
shown in Fig. 1(b). As comparison with Fig. 1(a) shows,
the peaks in Y are replaced by rounded steps in Y/p, in
free-electron-gas metals, such as aluminum. For given 8,
and small e2, the position of the step, i e., of the
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nisms, i.e., to transition radiation, bremsstrahlung, or ra-
diation from roughness-coupled nonradiative surface
plasmons.

FIG. 1. (a) Y and (b) Y/p for aluminum metal, at four an-

gles of observation relative to the surface normal, as functions
of energy of emitted photons. These functions describe the
effect of the optical properties of the medium upon lumines-

cence from randomly directed oscillators located (a} near the
surface, or {b) throughout the solid. See Eqs. {3l)and (33).

8. Carbon

Another interesting example is carbon. Figure 3(a)
shows structure in Y for glassy carbon that difFers quali-
tatively from that seen for aluminum. Of course, the op-
tical constants' ' of these substances difFer consider-
ably. %'e observe that for 8&30', Y has an inverse

in6ection point in the F/p curve, is very close to the en-

ergy where e, = sin 8.
The degree of polarization P calculated from Eq. (32)

for aluminum, for three difFerent angles of observation,
is shown in Fig. 2. The degree of polarization at 8=0 is
trivially zero. Otherwise, the p polarization component
is larger than the s one. This figure shows that, al-
though I' tends to increase with 8, the relationship is noi
always monotonic.

Luminescence in the visible has been observed from
ion-bombarded aluminum and attributed to radiative
transitions in the medium. The spectrum consists of a
single broad peak around S200 A, or 2.4 eV. Remark-
ably, no signi6cant degree of polarization was found for
any angle of observation. Referring to Fig. 2, one ex-
pects 8~0.55 at 2-3 eV for 8&60, if the radiation
arises from randomly directed oscillators in aluminum
metal. Recalculation of P for dipoles having random
directions in the xy plane only (i.e., parallel to the sur-
face) improves agreement with experiment by only a
negligible amount, since

( F,
~

/
~
F„~ ~& 1 at 2 —3 eV,

owing to the large magnitude of e. Perhaps the lack of
polarization in this experiment is due to surface rough-
ness of the experimental sample, or some other aspect of
the surface condition that is not accounted for in the
theory.

There are no published observations of vacuum ultra-
violet luminescence not attributable to other mecha-
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FIG. 3. (a) Y and (b) Y/p for glassy carbon, at four angles
of observation, as functions of energy of emitted photons. This
is calculated from Eq. (31).
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FIG. 4. Degree of polarization of luminescence from glassy
carbon at three angles of observation, calculated from Eq. (32).
The radiation is partially p polarized.

FIG. 5. Y~ and Y, for takeo angles of observation in silver vs

energy of emitted photons, assuming a uniform distribution of
dipole directions. At O', Y~ and Y, are identical in this model.

correlation with n, the real part of the complex refrac-
tive index, i.e., the minima and maxima in n correspond
to the maxima and minima, respectively, in F. To ex-
plore this relationship further, we rewrite Y in terms of
n and k, where n+ik =(e, +ice)' We. find that at
8=0, Y =4/[(n +1) +k ]. Since, for carbon, n & k
everywhere, and k & 1 for iruo&1 CV, the above expres-
sion becomes K=4/(n +1) (8=0).

Figure 3(b) shows F/p for four angles of observation.
Recall that, in aluminum (and free-electron gases), peaks
in F become steps in Fly Howeve. r, one sees that in

glassy carbon, the 6-eV peaks in Y are replaced by 8-eV
peaks in F/p, while the higher-energy maxima in F do
not have evident counterparts in 7/u.

Figure 4 shows the degree of polarization P of
luminescence from glassy carbon, as calculated from Eq.
(32). One sees that P apparently increases monotonically
with 8, and that features appear in I' that correlate with
the low-energy structure in Y.

C. Silver

Boyd and co-workers' have reported calculations and
measurements of fluorescence from metallic silver, excit-
ed by 4.67-eV light. The intensity, measured at 8=45',
displays a sharp asymmetric peak having its maximum
at 3.7 eV. This is about 0.1 eV lower than expected on
the basis of their calculation and ours. Finding that a
rough sample gives a maximum at the same energy,
these authors suggest that the discrepancy arises from
radiation of the (nominally) nonradiative surface plas-
mon, at~ 3.6 eV via surface roughness.

Boyd et al. ' compare their experimental findings
with a band-theory calculation of fluorescence. The
effect of the optical properties of the medium upon the
emitted light are taken into account by means of two
factors: exp[ —p(0)zo] and the Fresnel transmission
coeScient for the surface. These factors differ from the
corresponding ones, exp[ —p(8)zo] and 1; respectively,
that appear in the present analysis. However, the plots
of their product displayed in Ref. 12 for copper, silver,
and gold, have structures that are very similar to those

Metallic silver is a clear case of a medium whose opti-
cal properties are crucial to the fluorescence spectrum.
Figure 5 shows calculated values of Y and Y, for two
values of 8. {At 0', these two functions are identical. )

Sharp maxima appear near the energy fun' of the radia-
tive surface plasrnon at k =0, 3.76 eV, where a=0. '

(This is also the energy of the volume plasmon, which,
being a longitudinal wave, is not significant here. ) The
energy of the maximum shifts up only slightly with an
increase in angle of observation, and some polarization
(scc Fig. 6) appears, wltll thc p component bclllg thc
larger one. Nonradiative surface plasmons (at 3.6 eV,
where c = —1), do not affect the predictions of this mod-
el, since they require the mediation of surface roughness'
in order to radiate. Plots of Y/p, not shown, have simi-
lar shapes as I; with maxima at slightly higher photon
energies. For example, the peaks in Y (F/p) occur at
3.73 (3.80) and 3.79 (3.82) eV at 8=0 and 60', respec-
tively.
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FIG. 6. Degree of polarization of luminescence from silver,
at four different angles of observation vs energy Am of emitted
photons, assuming a uniform distribution of dipole directions.
The radiation is partially p polarized.
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exhibited by F and Y /p as fuilctloils of co.

Luminescence similar to the above fluorescence has
been observed in several recent studies employing low-

energy electron beams (energy & 1 keV) on massive silver
samples. (A reason for considering these low energies is
that transition radiation, which for nonrelativistic pro-
jectiles is peaked near cuz, can be neglected. ) The photon
energy at the intensity maximum at constant 8 is 3.78
eV (Ref. 10) (or 3.72 eV) (Ref. 21) for 8&4S, and then
increases by about 0.05 eV as 8 increases to 70'. The
emission in this peak is almost unpolarized, for 8&45'.
The present calculations of F are in close agreement
with these results, giving intensity maxima at 3.73,
3.76, and 3.8l eV for 8 values of 0', 45', and 70', respec-
tively, and P &0.1 for 8&45'. The value of the peak in-

tensity is found to be nonzero at 0', to increase with 8
up to about 40', and then to decrease with further in-
creases in 8. The peak intensities in the calculated F
similarly display a maximum, a broad one at 8=25'.
Other recent measurements, are consistent with the
above results. "

The electron-induced luminescence at 3.7-3.8 eV dis-

cussed above has been attributed to several sources, in-

cluding decay of volume plasmons, 2' coherent surface
bremsstrahlung, and bremsstrahlung. ' ' Bremsstrah-
lung is a particularly good candidate mechanism, as it
should show a maximum at the observed energy.
However, the observation of fluorescence' discussed
above is evidence that excited electronic states within
the medium produce luminescence at the same energy.
This suggests that the same radiative transitions within
the medium might be responsible for luminescence under
bombardment by low-energy electrons or other projec-
tiles.

D. Copper

Many authors have reported measurements of
luminescence attributed to recombination in copper and
gold, ' ' ' * * accompanying irradiation by low-
energy electrons ( &1 keV), ions, and visible and ultra-
violet light. These measurements are of particular in-
terest, as they include well-de6ned spectral features that
have been attributed to speci6c transitions within the
metals. We will compare the present theory with the re-
sults of Pop et al. 3 and Klyap et al. involving bom-
bardment by low-energy electrons.

In applying the present theory to these; experiments,
the smallness of the ranges of low-energy electrons al-
lows one to neglect the e8'ect of absorption, as was done
above for silver. This has been carefully cheeked in the
case of 500-eV electrons, which is important in our com-
parison with experiment. The median ranges R~o of
500-eV electrons in copper and gold are 1.4 nm and. 0.7
nm, respectively. These ranges are 1-2 orders of mag-
nitude smaller than the relevant values of photon escape
depth, 1/p, at the photon frequencies of interest. Under
the approxunatson that the embedded dspoles are all lo-
cated at z = —zo= —R5o, Eq. (30) may be compared
with the experiment. In these cases, however, calculated
values of F are close in value to F exp( —pzo), and have

0.3

Y
0.2

0.1

0.0 I l

3 5

PHOTON ENERGY (OV)

FIG. 7. F for copper at two angles of observation, as func-
tions of energy of emitted photons.

negligible di8'erence in shape and positions of structural
features, since not only is the factor exp( —pzo) close to
unity but the variation of the factor with co is similar to
the (much larger) variation of F. Therefore, the ex-
ponential factor can be dropped.

Figure 7 shows the function F of metallic copper cal-
culated for two values of 8, 20' and 85', using optical
data from Hagemann et al. ' The values of photon en-

ergy at the maxima at 20' (g5') are 2.14 (2.10) and 4.06
(4.14) eV. The spectrum given by Pop et al. i is re-
markably similar. The most pronounced peaks in the
experiment are located at 2.15 and 4.0 eV, the latter one
being the more intense. The 2.15-eV peak looks similar
to the corresponding peak in Fig. 7, but the 4.0-eV peak
is sharper. The relative intensity is larger around 4 eV
than in the figure, and falls off more rapidly at both ends
of the spectrum (below 2 eV and above 4 eV). The ex-
perimental peak positions are almost independent of the
electron incidence angle and observation angle, except
that the main peak varies in the range 3.95-4.20 cV
when 8 goes from 25 to 85. The relative intensity at
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FIG. 8. Degree of polarization of luminescence from
copper, at four diFerent angles of observation vs energy of em-

itted photons, assuming a uniform distribution of dipole direc-
tions. The radiation is partially p polarized.
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FIG. 10. Degree of polarization of luminescence from gold
at four different angles of observation vs energy of emitted
photons, assuming a uniform distribution of dipole directions.
The radiation is partially p polarized.

the low-frequency end of the measured spectrum (which
extends down to 1.8 eV) decreases somewhat with in-

creasing 8, which is not seen in the theory. Both in

copper and in gold, the yield, photons per unit solid an-
gle per unit frequency per incident electron (measured at
trtco=3. 44 eV), is proportional to electron energy up to
about 500 eV, which is consistent with the radiative
transitions of excited electrons of the medium.

Figure 8 shows the degree of polarization calculated
from Eq. (32) for copper, for four different angles of ob-
servation. I' is zero at 8=0 and increases with 8 and
with wavelength, in agreement with the trends reported
for the experiment.

K. Gold

Figures 9 and 10 show the yield function F and the
degree of polarization as calculated for gold. Optical
constants measured by Theye and tabulated by Lynch
and Hunter were used. The strongest peak occurs at
2.45 eV, in close agreement with the experimental main
peak at 2.42 eV. There is, ho~ever, a signi6cant
difference, in that a degree of polarization amounting to
about 33% is measured with 8=20', in the neighbor-
hood of the main peak, compared to a value in Fig. 10 of
about 6%. At higher frequencies, however, the experi-
mental P does become quite small, in agreement with
Fig. 10. That the positions of the main experirnenta1
and calculated s and p polarization peaks are essentially
the same suggests that their origin lies within the medi-
um, and that the effective dipoles do not necessarily have
a peak in their spectrum at 2.42 eV. The excess amount
of p polarization then corresponds to an excess of di-
poles (in the low-frequency range) directed in'the plane
of observation, compared with a uniform distribution. It

may be significant in this connection that the data dis-
cussed here were taken with oblique incidence (75' from
the surface normal) of the electron beam.

IV. DISCUSSION AND CONCLUSIONS

We have presented solutions of Maxwell's equations
for oscillating dipoles embedded in a dielectric half
space, Expressions are given for power radiated per unit
solid angle and for degree of polarization for various as-
sumed distributions of dipoles„assumed to radiate in-

coherently. Results are presented for aluminum, carbon,
silver, copper and gold. Detailed comparisons are made
with measured Auorescence of silver, and luminescence
of silver, copper, and gold under bombardment by low-

energy electrons. Positions of the major peaks in the ex-
perimental luminescence spectra are found to be repro-
duced precisely by the present model, starting with an
ensemble of oscillators that does not contain any such
features in its frequency spectrum. This means that
these features in the luminescence spectrum are charac-
teristic of the optical properties of the media, and may
not correspond to structures in the density of states of
electrons or holes excited by the primary radiation.
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