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Collisional broadening of the Balmer-a transition of H and He+ in plasmas
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%e have computed the Stark-broadened width of the H transition of neutral hydrogen

(n, =10"-10"cm 3) and singly ionized helium (n, =10"-10"cm ') at several plasma tempera-
tures. Our calculations include dynamical contributions of perturbing ions, which dominated the
widths of this important transition, particularly at lower electron densities. %e compare our re-

sults for neutral hydrogen with experimental results over a span of two decades in electron density

(n, ), and excellent agreement is obtained.

I. INTRQDUCTION

Some of the most frequently observed transitions in
astrophysical and laboratory plasmas are the Ba1mer
(n„»«~ 2) transitions in hydrogen and hydrogenic ions.
In»neutral hydrogen, the Balmer-a transition is the most
prominent feature in the visible spectrum. Also, since
the lower level is not the ground state, the self-
absorption phenomenon is much less serious than for the
Lyman lines. The collisional broadening of the Balmer-
a transition in plasmas is quite sensitive to the so-called
ion dynamic eff'ect, particularly at lower electron densi-
ties. We have performed calculations over a range of
temperatures and densities for the Stark-broadened
profile of H, transition of the neutral hydrogen atom
and the singly charged helium-ion radiators.

Before the first observation of the "ion dynamic"
eff'ect, ' it was generally assumed that ion perturbers
behaved quasistatically. Calculations were performed by
averaging over the static electric-microfield distribu-
tion ' generated by the perturbing ions. This
quasistatic-ion assumption is only valid when the ion
collision duration ( =to; ', the inverse of ion plasma fre-
quency) is long compared to the "time of interest" or
coherence time of the perturbed atomic state (inside the
half-width, the time of interest is =y ', the inverse of
the collisional width; outside the half-width, it is
= hco ', the inverse frequency separation from line
center). Thus, unless y &geo;, the quasistatic-ion ap-
proxirnation is not va1id inside the half-width. Except at
quite high electron densities, where the time of interest
is short, ion dynamics plays an important role near the
center of co11ision-broadened proSes of hydrogenic tran-
sitions. This e8'ect is generally pronounced for hydro-
genic radiators, which experience a first-order Stark
eft'ect. In this case the perturbing interactions are long
range so that important collisions often occur on a time

scale long compared to the collisional lifetime of the
state. Our calculations show that at low electron densi-
ties, ion dynamics increases the half-width of H of neu-
tral hydrogen several fold.

We have recently reported our computed widths of
the H transition for the C + ion, primarily because of
the importance of this transition in x-ray laser schemes.
However, precision measurements of H Stark broaden-
ing have been made extensively only for neutral hydro-
gen. The present work, using the method of Ref. 4, has
been done to provide a comparison of our computed re-
sults with the existing measurements over an electron
density range of two decades. %'e have also included
our computations for the H line of the He+ ion in the
hope of stimulating precision measurements of this tran-
sition.

The ion dynamic problem has proven challenging
theoretically because it generally involves treating over-
1apping strong collisions. The "uni6ed" theory treated
strong collisions to all orders, but only in the binary lim-
it. To date there is still no analytic solution to this prob-
lem. Indeed, any such solution would be tantamount to
solving the time-dependent many-body problem. Thus it
has proven necessary to resort. to numerical methods.
So-called model-microfield methods (see, e.g. , Ref. 5),
not discussed here, have also been applied to this prob-
lem.

All of the numerical methods rely on a numerical
Monte Carlo-type simulation to generate time-de-
pendent electric fields. This represents what we might
call the plasma part of the problem. The atomic prob-
lern, i.e., the response of the radiating atom or ion to the
plasma fields, has been treated in two different ways. In
the fully numerical approaches, the coupled time-
dependent Schrodinger equations for the radiator-plasma
system are solved numerically. ' Other approaches
evaluate the observable plasma eff'ects on the radiator
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analytically. ' The method adopted here uses a relaxa-
tion theory of ion broadening. An approximation to
the time-development operator permits the separation of
the ion plasma average from the atomic coordinates,
with the result that the ion perturber dependence is
confined to two functions which depend only on ion 6eld
magnitude and time. %e have evaluated these functions
using a Monte Carlo method similar to that in Ref. 9.
Recently, this method has been applied to the broaden-
ing of the Balmer-a line of the C + ion. The fully nu-
merical methods pose more severe computational prob-
lems, and until very recently were applied only to Ly-
man lines. Seidel has recently performed fully numeri-
cal calculations for the neutral H line and obtained
similar results to those we present in this paper.

II. PLASMA CONDITIONS FOR COMPARISON
KITH EXPERIMENTAL RESULTS
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The comparison of the experimental line profile for
the 8almer-o. ' transition at a single plasma density
showed good agreement with the computed one in Ref.
9. In the present work, we have extended the calcula™
tion to an extensive range of electron densities where ex™
perimental results are available (see Table I and discus-
sion below). Since the measured line profiles and our
computed line profiles are Lorentzian in shape, ' "it is
convenient to make a comparison of the half-width pa-
rameter compactly in a single figure (Fig. l) over an ex-
tensive range of plasma conditions. The electron contri-
bution is computed with the effects of time ordering in-
cluded. The pro61es depart from Lorentzian shape in
the wings where ion dynamics is not important for plas-
ma conditions considered here. We remark here that we
are examining the efkct due to dynamic ions which
dominates the electron contribution to the half-width
quite significantly.

In the present calculations we followed the method de-
scribed in Ref. 9. However, the computer codes used
were modified to treat the numerically difficult case of
near-impact ion calculations with dynamic ions. The ra-
dius of the sphere used in the numerical simulations was
set to two or more times the Debye radius. At lower
densities, where there is significant deviation from the
condition of static ions, the Debye radius has an exten-
sive range. In common with nearly all other approaches

FIG. 1. Full width at half maximum (FTHM) for Balmer-a
line of a neutral hydrogen radiator with collisional-broadening
effects only. Solid curve, present calculations with dynamic-ion
effects {see Table I for perturbers and temperatures used);
dashed curve, static-ion approximation (Ref. 3); hatched area,
experimental results without Doppler and instrumental

broadening {Refs. 10 and 13).

to dynamic ion broadening, we assume a simple model of
fixed radiator perturbed by fictitious particles of reduced
mass p. The actua1 problem is more complicated in a
plasma since the reduced mass arises naturally only in
the two-body problem. Nevertheless, the reduced mass
has proven to be a useful scaling parameter in predicting
ion-radiator dynamic effects.

In Fig. I we compare our computed results performed
using the method of Ref. 9 for the H line with the ex-

perimental values. In making the comparison with the
experiment, there is a considerable amount of uncertain-
ty in the appropriate ion temperature to be used in the
calculations, particularly at low electron density. The
lower-density measurements we compare with were per-
formed in a helium plasma with a small admixture of
hydrogen. ' ' ' Such a plasma is very far from thermal
equilibrium. In particular, the temperatures of the
heavy particles are considerably lower than the elec-
trons; the electrons take up most of the energy from the

TABLE I. Plasma parameters corresponding to the experimental conditions (Refs. 10 and 13) for
which the calculations (shown in Fig. 1) are performed. At lower densities the effective temperature
was estimated to be between the electron and the gas temperature, closer to the gas temperature. At
higher densities, it was chosen to be the electron temperature (see discussion in text}.

Electron
density
(cm ')

1015

5~10"
10l6

6.4g 10'
10"

Electron
temperature

(K.)

3 500
11 000
12 000

Effective
temperature

(K)

7 500
14000
15 000
12 000
13000

Perturber

He+
He+
He+
Ar+
Ar+
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electrodes and the heavy particles are in turn heated by
collisions with the electrons. At low densities the
heavy-particle temperature lags behind that of the elec-
trons, due to the ineKcient energy transfer between the
particles of very different mass. In the experiment, only
the neutral gas and the excitation temperatures were
measured. The excitation temperature is presumed to
reAect the electron temperature rather closely. Howev-
er, the ion temperature is not measured explicitly. At
low densities, where ion dynamics is very important„ the
linewidth will depend most sensitively on the ion tem-
perature. For lack of a better estimate, we have chosen
the ion temperature to be slightly larger than the gas
temperature. We make the further approximation of us-
ing a net effective temperature between the electron and
estimated ion temperatures. The temperature used was
closer to the gas temperature at lower densities where
ion dynamics dominates, and equal to the electron tem-
perature at near-quasistatic-ion conditions (high density),
where only the electrons exhibit a temperature depen-
dence. The actual conditions used for Fig. 1 are indicat-
ed in Table I. No attempt was made to adjust the es-
timated effective temperature to optimize agreement
with experiment. In fact, as seen in Fig. 2, the half
width at half maximum (HWHM) of the H transition is
quite insensitive to the temperature, so that the large
difference between electron and gas temperature at low
densities corresponds to less than 10% difference in the
width. No Doppler con volutions were performed.
Rather, comparisons were made with experimental data
in which the Doppler broadening was deconvolved using
the gas temperature (shown as hatched area in Fig. 1).

A further uncertainty in comparing with the lower
density experimental widths is the "efFective" reduced
mass. The lower density measurements'+ ' were made
in a helium plasma with I-2%%uo of hydrogen added. In
our calculations, we assumed the perturbers to be He+

ions, '+ ' bui it is possible that a significant fraction of
the perturbers were actually protons. The ionization po-
tential of hydrogen is so much lower than that of helium
that a significant portion of the perturbing ions could be
stripped hydrogen nuclei, even if hydrogen is only a 2%
admixture. However, in the lower density range of Fig.
1, the width of the H line is relatively insensitive to the
reduced mass. The difference in the reduced mass for
hydrogen perturbers (p, =0.5) and helium perturbers
(@=0.8) corresponds to a difference in the H width of
a few percent.

Our calculations do not presently include effects due
to fine structure; the states of a given n level are as-
sumed to be degenerate. The fine-structure splitting be-
tween different 6ne-structure components of H is on the
order of 0.015 nm (0.33 cm '). '+b'. This is small
enough to be unimportant for electron densities (n, )

greater than 10' cm, the lowest density included in
Fig. 1. We have recently performed calculations of the
H profile for the experimental plasma conditions of
Sanchez, Fulton, and Griem, " n, =6.7&10'" cm and
T=2.8 eV with He+-ion perturbers. Our calculations
yielded Lorentzian profiles of HWHM of 0.51 crn ' for
hydrogen radiators and 0.54 cm ' for deuterium radia-
tors. Sanchez et al. superimposed the different Stark-
and Doppler-broadened fine-structure components hav-
ing our computed widths and obtained a net width in
-10% agreement with their measured width. Such a
superposition is an approximate method to compensate
for the fact that fine structure has not been incorporated
into the Stark-broadening calculations. Thus the 10%
agreement may be somewhat fortuitous because the fine-
structure splitting is of comparable magnitude to the col-
lisional broadening. In Fig. 1 we have limited the range
of densities to those for which fine structure can be ig-
nored. Fine structure for the H transition has been in-
cluded by Stehle and Feautrier' in the impact-ion limit
at electron densities at least an order of magnitude lower
than considered here.

10 III. RESULTS AND DISCUSSION
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FIG. 2. Calculated half width at half maximum (H%'HM)
for Balmer-a line of neutral hydrogen with protons as per-
turbers. Solid curve, dynamic ions at T=10000 K; dash-dot
curve, dynamic ions at T=20000 K; dotted curve, dynamic
ions at T=40000 K; dashed curve, static ions at T=40000 K.

We compared our computed half-widths of the H line
of neutral hydrogen atoms with the experimental results
over a range of densities n, =10' -10' cm . The tem-
peratures and reduced masses are discussed in the previ-
ous section. Good agreement is obtained with experi-
mental values' ' over the full range of densities. Both
the experimental and the computed profiles of the H
transitions are observed to be Lorentzian in shape out to
more than two half-widths. For comparison, the widths
obtained by treating the perturbing ions as static are in-
cluded in Fig. 1. At the lower densities, the static-ion
results are too low by a factor of 3 to 4; the agreement is
better at higher densities because the static-ion approxi-
mation becomes more valid at these densities. Making
quantitative estimates of the uncertainty of our theoreti-
cal values is diScult, but w'e estimate the uncertainty of
our computed results, including the effect of uncertainty
in plasma parameters discussed above, to be larger than
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TABLE II. Half width at half maximum (H%HM) in cm ' calculated for the Balmer-0. transition
(A, =656.3 nm) of a neutral hydrogen radiator in plasmas consisting of difFerent perturber ions. These
values include collisional broadening due to dynamic ions and electrons but not due to the Doppler
efkct.

Plasma temperature
(K) 1.0"

Electron density (cm ')
10" 10' 10"

10000 Proton
He+
Ar+

Static ions
Doppler

0.0962
0.113
0.119
0.028
0.544

0.640
0.650
0.646
0.223

2.81
2.73
2.67
1.49

11.5
10.9
10.6
8.83

20000 Proton
He+
Ar+

Static ions
Doppler

0.0804
0.0954
0.103
0.0209
0.770

0.597
0.634
0.641
0.181

3.10
2.88
2.76
1.31

11.9
11.2
10.9
8.29

Proton
He+
Ar+

Static ions
Doppler

0.0604
0.0741
0.0803
0.0156
1.09

0.515
0.589
0.617
0.145

3.24
3.04
2.92
1.15

12.5
11.5
11.1
7.63

the de'erence between computed snd measured results in
Fig. 1, so that the extent of the agreement may be partly
fortuitous. However, the good agreement over such a
wide range in electron density is encouraging. Similar
good agreement hss been obtained in the fully numerical
results of Seidel.

In Fig. 2 and Table II we have indicated our theoreti-
cal results for the H, line of neutral hydrogen at three
diferent temperatures. The ststic-ion results are also in-
cluded for comparison. The three curves in Fig. 2 exhib-
it an interesting crossing at n, =5&10 cm . Such a
crossing can be expected roughly in the density region
where the ion collisions start to become "impact", i.e.,
where y =~;. At su%ciently low densities, the duration
of an ion collision (-~p-, l) becomes sho~er than the
coherence time for the transition (-y ). In this limit
the collisions are completed in the time of interest and
become fully dynamical, at least near the line center. In
this impact limit, the width decreases with increasing
temperature. The situation is quite the opposite at
higher densities in the ion dynamic region near the qua-
sistatic region. Here the width increases with increasing
temperature because dynamical contributions give rise to
more broadening than quasistatic ones. These two op-
posing trends result in the crossover of the difFerent tem-
perature curves in Fig. 2. Compared to the higher tem-
perature curve, the low tempersture curve gives rise to
larger widths at lower densities and smaller widths at
higher densities. In Ref. 14 we identify four regions of
difFerent dependence of the width on reduced mass, tem-
perature, and density, and discuss their physical origins.

In Fig. 3 we compare our theoretical computation
with the "impact limit" expression of Stehle. ' In Fig. 3

the two theoretical results have only a single electron
density in common because the impact approximation is
not valid at higher densities, snd our computational
method experiences numerical problems at low densities.
At lower densities, more and more particles are con-
tained within the Debye shielding radius, snd it becomes
di%cult to include them aB in the numerical simulation
of the time-dependent micro5elds. At n, =10' cm
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FIG. 3. Calculated half width at half maximum (H%HM)
for Balmer-o. line of neutral hydrogen w'th protons as per-
turbers. Solid curve, dynamic-ion approximation; dotted
curve, impact-ion approximation (Ref. 15).
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FIG. 4. Calculated half width at half maximum (HWHM)
for Balmer-a line of singly charged helium ion with singly
charged helium ions as perturbers. Solid curve, dynamic ions
at T=4 eV; dash-dot curve, dynamic ions at T=2 eV; dotted
curve, dynamic ion at T=1 eV; dashed curve, static ions at
T=4 eV.

the value of the H half-width estimated by Stehle's
impact-limit expression is a factor 2 larger than our re-
sult. Part of this difference may be due to the fact that
the validity criterion for the impact limit is only satisfied
by a narrow margin. At n, =10' cm, T=40000 K,
the ratio of the duration of a collision (with impact pa-
rameter at the Debye radius} to the time between phase-
interrupting collisions (the inverse width) is equal to 0.6,
i.e., only shghtly less than 1. However, we believe it un-

likely that this marginal satisfaction of the validity cri-
terion could account for a factor as large as 2. When
the validity criteria are clearly violated, i.e., when the
above ratio is a factor of 2 to 3, the slope of the impact-
limit curve starts to dip down drastically. But in Fig. 3,
the slope of the impact-limit curve is virtually the same
as it is at lower densities (not shown}. Also, the slope is

almost exactly the same as that of our computed results
over the next higher decade in density, as seen in Fig. 3.
We infer from this that, in the region n, —10' cm
the impact-limit results of Stehle for H are roughly a
factor of 2 larger than our results and the experimental
results in Fig. 1. However, it is worthwhile to note that
Stehle s result is contained in a simple analytical expres-
sion. ' It is therefore useful for making estimates within
its validity region. The impact limit of Ref. 15 provides
effectively an upper limit to the computed collisional
width for a lines at low density, a considerably more ac-
curate result in this region than the static-ion approxi-
mation, which is the opposite extreme of the impact lim-
it.

In Fig. 4 and Table III we present our theoretical re-
sults for the collisional broadening of the H line of the
He+ ion. The method of computation is the same as
discussed earlier for the H line of neutral hydrogen
atoms. In this case, the nuclear charge and the reduced
mass are, of course, larger. Also, the static-ion
microfield distribution' against which we normalize our
simulated microfields (yielding small corrections) are for
a charged point rather than a neutral one. In the nu-
merical simulation of the time-dependent microfield, the
perturbers are assumed to move along straight-line
paths. According to Greene, ' the fact that the per-
turbers actually move in hyperbolic paths around a
charged radiator can be safely ignored when

Z,Z a &&1, where the plasma parameter a is equal
to po lpD. This criterion is satisfied for the conditions

e

of this paper. Also, we note that the fine-structure split-
ting (not included in our computations} of the two dom-
inant components of the H, line for the He+ ion are
5.28 and 4.81 cm ', respectively. We have not included
any experimental results in Fig. 4 because we are not
aware of any precise measurements in optically thin uni-
form plasma conditions. We hope that the challenge of
making such measurements will be met in the near fu-
ture.

In conclusion, our theoretical coxnputations for the

TABLE III. Half width at half maximum (HWHM) in cm ' calculated for the Balmer-cx transition
(A. =164.0 nm) of He+ radiators in plasmas consisting of He+ perturbers and electrons. Effects due to
Doppler mechanism are not folded in.

Plasma temperature
(eV)

1.0

Approximation

Dynamic ions
Static ions

Doppler

10"

4.28
3.15
1.17

Electron density (cm ')
3.16' 10"

9.30
7.83

21.3
20.1

2.0 Dynamic ions
Static ions

Doppler

4.64
2.90
1.66

9.53
7.24

20.9
18.1

4.0 Dynamic ions
Static ions

Doppler

5.23
2.50
2.34

10.11
6.62

21.2
16.6
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collisional width of the H transition of neutral hydro-

gen are in good agreement with measured values over a
wide range of electron densities. The temperature
dependences we f]tnd are weak, vvith higher temperature
decreasing the width at low densities and increasing the
width at higher densities near the quasistatic region. %e
also present our computed results for the H line of the
He+ ion, for @which precise experimental results are still
not available.¹teadded in proof. It has recently been noted by C.
Stehle (J. @nant. Spectrosc. Radiat. Transfer) that if one
uses the more appropriate "spherical" Debye cutoF for
impact approximation for the perturber ions rather than
the "cylindrical" one used earlier, ' one obtains widths
that are approximately 15% smaller. This would de-
crease the difkrence between the results of impact-ion

approximation and dynamic ion calculations shown in
Fig. 3.

Vitel [J. Phys. 8 ZO, 2327 (1987)] has recently reported
measurements of line profiles of H line in a plasma den-
sity near 10' cm . We have extended our calculations
to tile densities betweeil 10 aild 10 cill [D. H. Oza
and R. L. Greene, J. Phys. 8 (to be published)] and find
them in agreement with the experimental results.
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