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The number of quasibound or rotationally predissociating levels of diatomic molecules is investi-

gated using a long-range approximation of the difference between the Je6'reys-%entzel-Kramers-
Brillouin estimates of the vibrational quantum numbers at the maximum of the rotational barrier
and at the dissociation limit. It is found that for a fixed J the expected number of quasibound levels
is approximately J/20, essentially independent of the magnitude and form of the potential and in-

dependent of the mass of the nuclei.

The efkctive interatomic potential for a rotating dia-
tomic molecule, UJ(R ), is typically represented at large R
by adding the rotational kinetic energy to a single-term
multipole expansion, giving an expression of the form

UJ(R) irt'J(J+1)I2pR' —C„IR" .

Such a potential has a maximum value of

E =[Pi J(J+1)/ls]" " '(nc )
'" '( —' —1/n), (2)

1/{n —2)
npC„

irt'J(J+1)

derived from the condition Uz(Rb ) =0. We are interest-
ed in estimating the number of quasibound vibrational
levels that can exist behind this barrier. To do this we
follow Stogryn and Hirschfelder' and Dickinson and
Bernstein and construct the JefFreys-%entzel-Kramers-
Brillouin (JWKB) estimate for the vibrational quantum
number U& at the barrier maximum E =EI„and compare
it with the vibrational quantum number U0 at the dissoci-
ation limit E =0. Suppose that R i(Eb) and R2(Eb ) =Rb
are the left- and right-hand turning points for E =EI„as
shown in Fig. 1(a); then,

R2{Eb 3

(4)

where a=&(2p)I(sruti). Similarly, if R, (0) and Ri(0)
=80 are the left- and right-hand turning points for
E =0, w'e have

82{0)

8 i{0)
vb —vo ——a [Eb —UJ(R)] ~ dR

Ri{Eb)
R2{0)

Eb —U, z '"

2pC„
irt'J(J+1)

' 1/{n —2)

from the condition UJ(RO) =0, we are ready to perform a
number of back substitutions.

The remarkable result of these substitutions is that the
molecular parameters p and C„disappear entirely, and

—[ —UJ(R)]'~ IdR

A~{Eh )

+af„, [Eb —UJ(R)]'"dR . (6)

Following the approach of LeRoy and Bernstein, we
plan to ignore the first term [supposing that
Ri(Eb) —Ri(0) is small and that the repulsive wall is
steep] and to replace UJ(R) by its asyinptotic expansion.
This gives

vb —vo pf I -[1—UJ(R)/Eb]'
0

+[—UJ(R)/Eb]' I
'

dy

+pf [1—UJ(R)IEb]'~ dy, (7)

where we have substituted p=aRo+Eb and y =R IRo.
See Fig. 1(b) for a comparison of the exact [Eq. (6)] and
long-range approximation [Eq. (7)] to the JWKB
difference integrand. Deriving
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TABLE I. Numerical values for the integral I„.
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(o)
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6
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9
10

0.0451
0.0498
0.0498
0.0482
0.0462
0.0441
0.0420
0.0401

Ref. 2

0.0498

0.0482

0.044

FIG. 1. a. 1. (a) Upper curve: ES'ective potential Uq(R) based on
a Leonard-Jones (12,6) form. (b) Lower curves: J%'KB
dilerence integrands for the exact potential and for the long-
range approximation.

only the dependencies on n and J remain. %e first note
that 8b/Ro=(n/2)'/'" I'=— then=—p„, t en we evaluate

+1)/y„] /Ir, where

( n /2 )
n /( n —I )

(n /2 —1)
(9)

and further observe that —Uz(R)/Es= (s=r. y

Nqa(J) =Ub —Uo ——0.048%0.02[J(J+1)]'/I

=J/20, (12)

is entirely independent of the molecule under considera-
tion.

To assess the applicabihty of the expressions derived
a ove, we ave examined the published compilations of
quasibound levels in which it is claimed that all the quasi-
bound levels have been calculated. The formula for

&z( ) above indicates the average number of quasi-
bound levels expected. For any specific J, we expect to
find at least J/20 —1 and at most J/20+1 levels. To
evaluate whether the number of levels found matches our
expectation we count aB the levels expected for angular
momenta up to the speciSc value of J,

(Tqa(J)= g Nga(L)=J(J+2)/40 .

Ub
—Uo —[J(J+ 1)]I/II„,

where

(10)
0

Figure 2 shows a graphical comparison of the numbers

1

I[1+x.(y "—y ')]'"
y„

+[~.(y "—y ')]'"l 'dy
'1 00

I' n+ [1+y„(y "—y ')]' 'dy

%e have gust shmvn that the number of quasibound levels
does not depend on p, and C„.

An even more surprising result is obtained wheh me
evaluate the intee in egral I„. Integrating numerically we find
the results given in Table I, and we conclude that the
number of quasibound vibrational levels is electively in-
dependent of n as ~ell. Also included in Table I are the
numbers dcfivcd by Dickllisoil and Bernstein for n =4,

l in term
JWKB integrals for uI, and uo could be evaluated ex 1' '-e exp 1cit-

y in terms of elliptic integrals and extracted the leading
term in J of the dilerence between them. The n ed
the near inindependence on n, but their formulation did not
make clear that the expected number of b d 1quasi oun ev-
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FIG. 2. Qr. Graphical comparison of expected number of uasi-
bound levels with the numb
HeH+ (Ref. 4) 's +
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TABLE II. Numbers of quasibound levels in ranges of J.

TQQ

obs
Tga
calc

X&& in ranges of J's, T~B(J)-T~B(J—10)
20—29 30—39 40--49 50—59

He'H+ '
'He'H+ '
He'H+ '

CH+ '
He H+'

H2'
HgH
H2+ '
HEY
HT'
Q C

DTf
f

26
27
34
36
36
38
39
41
44
47
54
59
67

20
21
32
37
39
47
43
46
65
73
96

113
144

19
20
31
34
34
38
40
44
51
58
76
90

116

10
14
14
15
17
19
10
12
18
16
15
15
16

14
12
18
10
23
19
30
17
25
24

2

17
36
36
34

8
28
45

FAl. (13)

' Reference 4.
"Reference 5.' Reference 6.
d References 8 and 9,' References 10 and 11.
Reference 7.

12.5 17.5 27.5

of quasibound levels found in exact calculations from the
literature with the above simple formula (we have used a
square-root scale on the y axis to make the low J values
more discernible). For low J (say g30), the present
theory is clearly consistent with the exact results. The
only exceptional case is HgH, for which the potential is
known to have an abrupt change of form at 8 =4 A (Ref.
12) and thus cannot be represented by a single long-range
multipole term. For higher values of J, the present
theory consistently underestimates the number of quasi-
bound levels, because of the increasing contribution of
the left-hand turning points to the JWKB difference in-

tegral; however, the exact calculations continue to exhibit
a common dependence on J,

Table II shows numerical summaries of these same
comparisons. The levels have been grouped in ranges of
ten values of J. Again, we see that essentially perfect
agreement for low J and rather good agreement even for
the total number of quasibound levels up to the highest J
for which quasibound levels are supported by the poten-
tial.
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