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Nonlinear spectroscopy with cross-correlated chaotic fields
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A general theory of four-wave mixing in correlated pump and probe fields is developed. The form
of the signals„when the probe is delayed, is also given. The theory is applicable to both degenerate
and nondegenerate four-wave mixing. The cross correlation between pump and probe leads to an

extra contribution to the signal. This extra contribution is easily isolated in an experiment where
the probe is delayed with respect to the pump apd carries useful information about the physical pa-
rameters of the system. Various applications of the theory are discussed. The theory is shown to
lead to the existence of fluctuation-induced resonances in a natural way.

I. INTRODUCTION

It has been recently recognized that the incoherence
and, in general, the partial coherence of the pump and
probe fields can lead to important spectroscopic applica-
tions. For example, Yajima and co-workers' have em-
phasized that extremely fast dephasing phenomena can
be studied by doing four-wave mixing with incoherent
light. Steel and Rand have demonstrated the existence
of ultranarrow resonances in four-wave mixing in ruby.
These resonances are possible only if the pump and probe
are completely correlated in phase; otherwise, the in-
dependent Auctuations of the pump and probe would
worsen the resolution. Other important applications are
possible only if the input fields are highly stabilized or
various pump and probe fields are correlated. It has also
been demonstrated that the fluctuations of the pump and
probe can lead to new resonances in nonlinear mixing.
The cross correlation of the pump and probe is quite
significant in such studies. It is obvious that one needs a
theory of nonlinear-spectroscopic experiments involving

fluctuating pump and probe fields. Moreover, one should
formulate the theory in such a way that any cross corre-
lation between the pump and probe is fully accounted for.
The theory will depend on the statistical nature of the in-
put fields. It may be noted that in most nonlinear-
spectroscopic experiments one uses a Nd-YAG (yttrium
aluminum garnet} laser for the pump field. Such a laser's
output has many modes and it can be modeled by a
chaotic field. Thus it necessitates a theory of spectro-
scopic experiments with chaotic pump and probe fields.
Considerable work ' has already been done on the
coherent ant1-Stokes Raman scatte11ng s1gIlals 1n QPscoflv-
lated (i.e., statistically independent) pump and probe fields
modeled by a Gaussian stochastic process. It has also
been possible to account for the delay between two pump
beams. ' In view of the importance of the cross correla-
tion here we address ourselves to the more general ques-
tion of how to describe nonlinear mixing experiments if
the pump and probe fields are Inodeled by correlated
Gaussian randoln processes. In this work we ignore the
saturation efFects and consider only the steady-state non-
linear spectroscopic phenomena.

The organization of the paper is as follows. In Sec. II
wc; present the general result for four-wave mixing signals
in terms of convolution integrals. The additional terms
due to the cross correlation arise in the signal. In Sec. III
we present the form of the signal for the case when the
pump and probe are delayed with respect to each other.
Spectroscopic consequences for the case of broadband
pump and probe are discussed. In Sec. IV we discuss the
modifications in the formulas of Sec. II for the case of
nondegenerate four-wave mixing. %e present in Sec. V
applications of formulas to fluctuation-induced extra res-
onances in four-wave mixing which have been previously
studied ' for the phase-difFusion model of the input
fields.

II. THEORY OF THIRD-ORDER
NONLINEAR-OPTICAL PHENOMENA

IN CORRELATED PUMP AND PROBE FIELDS

In this section we derive the expressions for the four-
wave-mixing signals produced by a system interacting
with cross-correlated pump and probe fields. Consider
the input fields represented by their Fourier transforms
e(cd ),

E(t}=f e(cd)e
2m

Then the induced polarization can be expressed as

p(t)= f p(cd)e

(2.1)

P(~)= f f fX"'(~„~,,~, )e(~, )e(~,).(~, )

)(5(td —cdi —Cd2 —tds)dcdidcd2dcdi . (2.2)

~( l) +~(s)

then the four-wave-mixing signal is obtained from

(2.3)

In writing (2.2) we ignore for simplicity all vectorial in-
dices. Note that if the fields are written as the sum of
pump c.'" and probe c",
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P( ) =3f d IN]X13'(Ni, N2, —N3)e'"(N, )e'"(N2)

X[e"(N3)]'5(N, +co2 —N3 —N) . (2.4)

signal can be obtained from the spectrum of the polariza-
tion Auctuations. The spectrum S(co) of the polarization
Auctuations, defined by

We should bear in mind that X' ' in (2.4) has the usual
permutation symmetry. For fluctuating fields the c.'s are
stochastic functions of the frequency and therefore P(co)
is a stochastic quantity. The spectrum of the generated

I

(P (N )P '(N') ) =5(N —N')S (cO ), (2.5)

can be related to the sixth-order correlation function of
the electric fields,

S(co)=9fd(N)d(co )5(N co—, co—2+N3)5(N co—i N—2+N3)X' '(coi, co2, —co3)

X [X (coi, co2, N—3)] I (N), N2, N3, N), N2) . (2.6)

Here the sixth-order correlation function I of the fields is defined by

Nl)s N2)[e N3)] [s Ni)] [s N2 ] e (N3 ~ 5 Ni+N2+N3 N3 Ni N2 ~ Nl&N2&N3~N1~N2) (2.7)

The relation (2.7) is the analog of the Wiener-Khintehin theorem for higher-order correlations and depends on the sta-
tionarity of the field. If the input fields are chaotic then the sixth-order correlation function I can be expressed in
terms of the second-order correlation function of the field defined by

(8' '(N)[E' '(N')]')=I' '(N)5(N —N'), cr=l, s

and the cross correlation C(co),

(c'"(N)[s"(N')]' ) =5(co—co')C(co) .

(2.8)

(2.9)

In writing (2.9) we have assumed that the fields e'" and e"' have the same optical frequency. A careful application of
the moment theorem for Gaussian random processes enables us to obtain I in terms of I' '(co) and C (co),

~(N1&N2&N3&Nl&N2) 5(N2 N2)5(N3 N3)I (Ni)I {N2)I {N3)+5(N2 Nl)5 N3 N3)I Ni)I (N2) {N3)

+5(N2 N3 5 N3 N2)I Ni)C(N2)C {N2)+5(N2 N3 5{Nl N3)I Ni)C{N2 C Ni)

+5(co2—coi)5(co2 —co3)C(coi)I'"(co2)C'(co2)+5(co2 co2)5(coi——co3)I'"(co2)C(coi)C'(coi) . (2.10)

Note that the last four terms in (2.10) arise due to the cross correlation between the pump and probe. Upon substitut-
ing {2.10) in (2.6) and making use of the permutation symmetry of I' ', we get our key result for S{co),

S(co)=18fd IcoII'"(Ni)I' '(co2)I"(co3)5(co coi co2+—co3)
~

—X (Ni N2|y co3)

+36fdN)5(N Ni) f dN—2C(N2)X' '(cOi, cO2, —cO2) I'"( N)i. (2.11)

X5(co—co, N2+ N3)—
X ( X (Ni, N2, —N3)

~
(2.12)

The result (2.12) has been used extensively in the past
in connection with coherent anti-Stokes Raman spectros-
copy (CARS) in fiuetuating pump fields. It has also been
used to examine the existence of various types of
Auctuation-induced resonances in nonlinear mixing. In
what follows we concentrate on the second term (2.11)
which arises from the cross correlation between the pump
and probe. Let us denote this contribution by S"(co),
S"'(co)=36f1co)5(co co, )I'"(coi)—

X f dN2C(N2)x' '(Ni, N2, —cO2) . (2.13)

It is important to note that the terms dependent on the

If there is no cross correlation between the pump and
probe, then (2.11) reduces to

S(N) =18fd (cO)I'"{cO,)I'"(cO2)I"'(cO3)

I

cross correlation involve the susceptibility
X' '(co„co2, —co2), which is actually responsible for two-
photon processes like Raman processes. Thus the four-
wave mixing acquires a contribution from the integrated
sum of the Ranian-like susceptibihties. We will see that
the fluctuation-induced resonances in four-wave mixing,
i.e., in radiation at frequency 2cuI —co„actually originate
from such Raman-like susceptibilities. The Auctuation-
induced resonances of Ref. 6 occur in a diA'erent frequen-
cy range and do not require the presence of the cross
correlation. Finally, the vectorial properties, which, for
instance are, important in problems involving magnetic
degeneracies, Zeeman coherence, etc., can be restored by
inspection; for example, (2.13) is to be replaced by

S„"„'(co)=36f dco, 5(co —co, )I'".(co, )

X f dN2X„"~»(N„N2, co, )C»(c—o, )

Xfd NQ~~ p &
( cO1, cO3, —N3 )C)3 & (cO3 ),

(2.14)
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~here quantities liter'". are defined by

( e'"(co)[e"'(co')j*) =5(co co—')I'" (co) . (2.15)

induced contribution in the resonant term coming from
the factor y, /(I'+y, ) in the parentheses.

X (co, co2, —co2) = A +(3) 8
(co2 —co —cott +1I )

(2.16)

The integral in (2.13) can be evaluated explicitly for the
case of a Lorentzian spectral profile

y, /m
I(co)=C(co)=

2 I,
y, +(co—cot)

with the result

S(c)(~) ~ I2y, /n

y, +(co—cot )

(2.17)

2

(2.18)
cot —co —coit + 1 (I +yq )

The contribution of the cross correlation to the total sig-
nal S"= Jdco S"(co) is equal to

S11I2=~~~ + ~ l 1+
I

2

~g + I ~+Ye

A 8
r r'=r+2r—Ng +l I

(2.19)

Thus the fluctuations not only change. the linewidth from
I to I"'=I +2@, but there is a genuine fmuctuation-

%'e conclude this section by examining the form of
(2.13) for the case of an isolated Raman resonance
whence 7' ' has the form'

III. No)NLINKAR MIXING %'ITH PUMP
AND PROBE DKI.AY

In this section ee shoe how the basic formulation of
Sec. II can be generalized to include the delay between
the pump and probe fields. It has been demonstrated by
several authors that the four-eave-mixing signal as a
function of delay can yield various dephasing times, par-
ticularly if the pump and probe fields are derived from
the same fluctuating source with negligibly small correla-
tion time. Note that if the fields were purely rnono-
chromatic, then the four-wave-mixing signal in the long-
time limit would be independeJit of the delay between the
pump and probe. This is because the steady state of a
system is generally independent of the initial state or the
initial preparation. The system can "remember" its ini-
tial preparation due to a 6nite correlation between pump
and probe. The treatment given here also forms the basis
of the incoherent spectroscopy. '

For simplicity we only treat the case of degenerate
four-wave mixing. The field e in (2.3) is to be replaced by

s(t) =s'"(t)+ e"'(t —5), (3.1)

where 6 is the delay between the pump and probe. The
Fourier transform of E( t ) will be

s(co)=s "(co)+E"(co)e', 5&0, (3.2)

which implies that Eq. (2.4) is to be modified by replacing
eI"1 by s"'(co)e' . Thus, in place of (2.6), the spectrum of
the polarization fluctuations will now be

S(co)=9f d (co)d (co }5(co—coi co2+co3—)5(co coi —co2—+coi)X' '(co„co2, —coi)

~ ~ I

g p' '(co'i, co2, —co&)]'e ' ' 1 (co'„co&,co&, coi, co2) . (3.3)

This can be further simplified for chaotic fields by using Eq. (2.10) for the sixth-order correlation function of the input
6eld. The result of such a calculation is

S(co)=18fd IcoII' '(coi)I' '(co2)I"'(co2)5(co coi co2+coi—)
~

X—' '(coi, co2, co3}—
+36fd~15(~ ~1)I (~1) fd~2C ~2 ~ ~1 ~2 ~2) (3.4)

Note that the first term in (3.4) is independent of the de-
lay between the pump and probe. It is the term arising
from the cross correlation between the pump and probe
that depends on the delay 5. In the scan of the signal as a
function of 5, the first term in (3.4) only contributes to
the background and thus the interesting contribution will
come only from the term depending on C (co), i.e., from

S"(~)=36I'"(~) fd~2C(co2)X'"(~, ~„—~2)

—t QP25
Xe

The general form of S'"(co) can be evaluated depending

I

on the form of the spectral profile of the input field.
Analytical results can be obtained for Lorentzian spectral
profiles. For other profiles, such as Gaussian, the in-
tegrals are to be evaluated numerically. The total signal
is the integrated sum of (3.5).

If the field has a very short correlation time, i.e.,
I'"(co}=C(co)=IO, then the delay-dependent contribu-
tion to the signal becomes

S'"=fS'"(co)d~

=36IO f dco f dco2e '~X' '(co, co2, —co, ) . (3.6)

Thus the delay dependence of the signal is governed by
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the complex poles of the Raman-like susceptibility
X' '(co, co2„—co2) .For example, a pole at co2 ——coo —iI in

the lower half of the complex co2 plane will yield a term of
the form e " . The scan of the signal as a function of 5
will therefore yield the width I . In general, 5'" will be a
sum of several decaying exponentials, since X' ' can have

several complex poles. For large delay times, the term
with the smallest relaxation width will survive.

We next evaluate {3.6) explicitly for the case of four-
wave mixing in a two-level system. The nonlinear suscep-
tibility g' '(co, co2, —co2) is well known for a two-level sys-

tern:

X (CO2, —CO2, CO) =(3) X 2 1 +
(COO —CO —t I ) t 1' COO i I ——

CO2
L

—A)o —/ I +a&2

2 1

( CO CO2+ t f ) COO
—/ I —CO

+ —No —iI +N2
(3.7)

2

g(ci 36I3 ~~~2f
~

' 0 ~2
(COO

—CO) +I 2

(36)(16)~ Iii'e-'", 5)0.r'r (3.8)

This result is in agreement with the work of Morita and
Yajima. ' The result is more complicated for 5g0 be-
cause two poles at co2 ——no+i I", ~o+i y contribute, which
leads to three exponentials in 5'". Next consider a typi-
cal CARS experiment involving a single isolated reso-
nance. In this case g' ' is given by

X (CO, CO2, —CO2)= A +
6)~ —QP —Gag + / I

(3.9)

We assume that 5&0. The only poles in the lower half of
the complex plane contribute. Thus the nonvanishing
contribution comes from ~2 ——uo —iI with the result

copy with incoherent fields enables one to suppress the
eff'ects of the unwanted nonresonant terms.

IV. NONDKGKNKRATK FOUR-%'AVK MIXING
IN CROSS-CORRKI. ATKD FIKI.DS

We next treat the nondegenerate four-wave mixing in
chaotic pump and probe fields with cross correlation. We
will obtain a result analogous to (2.11). We now write the
pump and probe fields as

E'"(t)=e'"(t)e ' +c.c. ,

E'"(t)=si'(tie ' ''+c. c. (4.1)

The envelopes e'"(t) and s"(t) are stationary random

processes. In subsequent equations E'"(co) stands for the
Fourier transform of s'"(t) and the spectrum of s'"(t) is

centered around zero frequency. In view of (4.1), the in-

duced polarization is now given by [cf. Eq. (2.4)]

P(CO)=3 f d [CO)X '(COi+COl, CO2+COl, —
CO3

gi'i(co)=36IO
~

g
~

2(2ir)2e 2rs 5y0 (3.10)

The integral in (3.6) is easily evaluated with the result x e'"(~, )s'"{co2)[s"(co3 }]'

)(5(COi+CO2 —CO3+ 2COl —
COs

—CO) (4.2}

It is important to note that the nonresonant background
term A does not contribute to S,(co). Thus the spectros-

The spectrum of the coherently generated radiation can
be calculated in the usual way leading to

&{~)=9f d [~)d I ~'I&i3'(COi+COl Cu2+6)l Q)3 Cds)[~ Cd(i C+dl CO2+COl Ci)3 ~s)]

X I ( CO i, CO2, CO3, CO i, CO2)5( CO i + CO2 —CO3+ 2COi —CO —CO )5(CO i
—CO2 —CO3+ 2COl —CO —CO ), (4.3)

where I is the sixth-order correlation function of the envelopes of the pump and probe fields. For chaotic fields this
correlation function is still given by Eq. (2.10) with I(co) and C(co} standing for the second-order correlation functions
of the field envelopes. Upon substituting (2.10) in (4.3) and making use of the permutation symmetry of X' ', we get our
key result for the nondegenerate four-wave-mixing signals in correlated chaotic fields,

S (CO)= 18f d [CO II (COi )I (CO2)I ( )5CO{3COi —CO2+CO3 —2COl +CO )
~
7 ( COi+C,OlCO2+C,O—lCO3 —CO )

~

+36I [CO —(2COl —
COs )] fC (CO2)d CO2X (CO+ COs —COl, CO2+COl, —

CO2
—COs ) (4.4)
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Note that for monochromatic but correlated chaotic where the optical coherences (r, (=p») and (r2 (=p23)
fields (4.4) reduces to are given by

S(co)=65(cd—2Q)(+Nz )
i
31 (co(, fd(, —(Li~ )

i

)((1(l))21(si (4.5)

(7 i
= (1 fi + I i + 1 5 i ) ( —lg 2 0'5 —2lg i c7 7

—ig i cT s

—iz21P, —2ik, (iP, —iz, iP, ),
The numerical factor 6 is the kinematical enhancement
factor that arises due to (a) chaotic nature and (b) com-
plete correlation of the pump and probe fields. The term
dependent on the correlation between the pump and
probe shows that the four-wave mixing at m =2~1
—co, +x can result in (a) absorption of a photon in the vi-

cinity of (0& and (b) emission of a photon in the vicinity of
m„such that the net dN'erence between the absorption
and emission process remains ml —~, . This is due to the
cross correlation between the pump and probe. These
two processes are to be accompanied by the absorption of
another photon of frequency mI +x.

V. APPLICATION OF THK CONVOLUTION
RESULT TO FLUCTUATION-INDUCED

RESONANCES IN FOUR-%AVE MIXING

%'e now show how the formulation of Sec. II can be
used to explain the existence of the Auctuation-induced
resonances that arise in four-wave mixing with cross-
correlated pump and probe fields. Such resonances have
been recently ' discussed by assuming the phase-
diffusion model' for the pump and probe fluctuations.
Our present discussion will show their existence for
chaotic fields, thus establishing the general existence of
the fluctuation induced-resonances for the difrerent sta-
tistical natures of the pump and probe fields.

For the sake of brevity we consider a V system with
two cxcltcd Zcciliaii states labeled

~

1 ) and
~

2 ) . The
ground state will be denoted by

~

3). We also restrict
our analysis to the case of degenerate four-wave mixing.
The susceptibility X' '(co„—co(, A@2) is known for the
three-level model. %e quote its simplified form for the
case of radiative relaxation of the excited states at the
rates y;,

~ (~i —~i ~2)
I ei

l
e2=(d»~i+d32~2»(3) 2

(p, =g, g'(I', +id, , ) '(I, &&—2)

'P7=
I gi I

'~(11+~i» PS=
I
g21'~(y2+~&)

o& A——igZ (I 2 ib2—) '(I, +id, +i5)

(76—$2g) (I (
—jgi) (I 2+i 62+i 5)

g7 —
Rig i (I,—jb, , ) '(I'2+id 1+i5)

(5.3)

~ =X g*(i —&'a ) '(I +&'Z+(S) ', r, =y;y2.
(5.4)

Here various detunings and the coupling constants are
given by

~1 ~13 1& ~2 ~23 ~l& 8 1 ~2 &

&

——d». &&, gz ——d

A, ) =dI3 F2, X2=d23 F2 . (5.5)

The expression (5.1) is to be used in (2.13) to obtain the
contribution to the signal from the cross correlation of
the pump and probe. The Hanle resonance corresponds
to 6& ——52. Such a resonance can arise from terms like
( I,+i b, , ) '(I

2
—i 62) '. We thus focus our attention

on the following term in expression (5.1):

H = (i o+ I'1+i 6—, 1) '( i i(.2 g, —g 2 )( I', +i 5, )

X(I 2
—id 2) 'd31

+(i5+I 2+ id 2) '( i k 1 gi g—2)(I 1
i b1)—

X(I'2+ib2) '132 .

One needs to evaluate integrals hke

(5.6)

(r2 (——i6+I 2+ib2) ( igi—a6 ig2—o7 2'ig—2crs

—i A, ,V6 —i A, 2%7—2ik, 2%'s ), (5.2)

y, /m 1
dpi 2 2o) +y (~(3 ~l 1~1)(~23 ~1+1~2)

21f
(5.7)

~(2 i(~(+ ~2) l~(3 ~O 1(~(+y—, ) jl ~23 ~0+( (y +~2)l

(5.8)

Thus for a large value of the detuning 5& =hz=6 and
upon ignoring the vectorial character of the dipole matrix
elements, we find that the term (5.6) contributes the fol-
lowing to the four-wave-mixing signal:

2y, (i 1+I 2)

co(2+(1 1+I 2)

The other terms in (5.8) contribute to the background
which also depends on y, . It is clear from (5.8) that the
Hanle resonance in a four-wave-mixing signal can result
from the correlated fluctuations of the pump and probe,
even in the absence of the dephasing collisions. ' Note
that the width of the Hanle resonance is independent of
y, . This is in contrast to the pressure-induced reso-
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nance' 1Q syst, eIQS, which gcncIally has a width propor-
tional to the pressure.

In conclusion we have developed a general theory' '
of nonlinear spectroscopy with correlated pump and
probe fields. Many applications of this theory are possi-
ble. %C have demonstrated its applicability to dclaycd
pump-probe experiments, and to the fluctuation-induced
resonances.
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