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We consider a system in which a ground state is coupled to a general quasicontinuum of levels
and to a true continuum. In the long-time limit, the true continuum spectrum can exhibit zeros, the
positions of which depend on the energies of the quasicontinuum levels. The initial conditions
determine the existence of these zeros. We describe this phenomenon by studying dressed states for
the complete system and in particular derive dressed states which are ground-state independent.
We use these to explain the locations of the zeros and their dependence on the initial conditions.

I. INTRODUCTION

The time evolution of a superposition of quasicontinu-
um levels excited from a single ground state has been ex-
tensively studied.!~> Much of this work has discussed
the model of Bixon and Jortner,? consisting of the excita-
tion of a single ground state to an equally spaced
quasicontinuum (QC) of levels. The dynamics of the
ground-state population exhibits a complicated time evo-
lution beginning with a Weisskopf-Wigner decay; subse-
quent dephasing and partial reconstruction of the popula-
tion occur. We have recently! discussed a semiperturba-
tive treatment for a general QC in which one QC level is
resonant with the ground state and is treated nonpertur-
batively and the other QC levels act to perturb this two-
state evolution.

In this paper the system we consider consists of a
ground state coupled to a general QC of levels and to a
true continuum. We examine the spectrum of final states
in the true continuum. This spectrum can exhibit zeros,
the positions of which are determined by the energies of
the QC levels and the existence of which is determined by
initial conditions. We obtain a general expression (for
any QC) of the true continuum spectrum and consider
the special cases of first, a Bixon-Jortner QC, and second,
a Rydberg series. We then study the dressed states*° for
the whole system and derive “sparse” dressed states
which contain few continuum levels and, more impor-
tantly, no contribution from the ground state. We show
that the initial population in one of these sparse dressed
states determines the existence of the corresponding zero
in the spectrum. This is a similar mechanism to popula-
tion trapping in certain systems® where the population in-
itially in a sparse dressed state is immune to photoioniza-
tion. In Sec. II we derive a general expression for the
spectrum. Section III discusses the special cases with
particular reference to the initial conditions. The two-
photon ionization problem discussed by Knight’ is also
seen as a special case of our general treatment. In Sec. IV
we discuss the total dressed states and explain the ob-
served features using the sparse dressed states.

II. BASIC EQUATIONS

The system under consideration is that shown in Fig. 1,
where a single discrete state | 0) is coupled to both a true
continuum of states {|f)} and a quasicontinuum of
discrete states { | b)}. For simplicity we take the matrix
element between |0) and any state | f) to be ¥, (in-
dependent of f); that between |0) and state |b) is
denoted V. A special case is the extended Bixon-Jortner
model which we have studied recently.! The equations of
motion for the probability amplitudes cy(t), ¢,(¢), and
¢, (1) corresponding to states |0), | f),and | b ) are

—if —ia
éo=—i 3 Vycpe °”l—iffVocfe Fort | (1
b
i
ébz—iVbCoel 0! s (2)
: i
ép=—iVocoe ', (3)

where Ag, and A, are the detunings between |0) and
| ), and between |0) and | f), respectively. We now
put

—ilAg,t —iAy,t
e P =a, cre Y =a, )

1)

0>

FIG. 1. Level scheme with the ground state coupled to an ar-
bitrary QC and to a true continuum.
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so that (1)-(3) become

b
db:—iAObab—iVbCO ; 6)
df=—iA0faf—iV0C0 . (7)

To solve these equations we Laplace transform (with
variable s) and take general initial conditions for the
discrete states:

co(0)=4, a,(0)=B,, a,0)=0. (8)
Equations (5)-(7) become

sto—A=—i3 VbZib—-iVoffﬁf , )
b

(10)
(1

(S +1A0b )ﬁb—Bbz—tVbEO ’
(s +iBg) ), = —iV,T, ,

where a tilde denotes the Laplace transform. Using the
final-value theorem in (11) gives

a(o0)=—iVZols = —ilgy) (12)

so that we require C, to find the final-state spectrum.
Substituting for @, and @, in (9) and using (10) and (11)
gives

S‘C“‘O——- A=—1i 2 Vb(Bb—iVbEQ)/(s +1A0b)
b
_Vgaoff(s+iAofr‘. (13)

Assuming the states { | f)} form a true infinite continu-
um of density 1/6, then

ff<s+m0f)—'=rr/a : (14)
Using (14) and rearranging in (13) to find ¢, we have
A—i3 VB, /(s +ilgy)
Eols)= : (15)

s+y+ 3 VE/(s +ilg,)
b

where y =V} /8. From (15) the final-value theorem re-
sult (12) can be written

A+ 3 VB, /(Bop—ABg,)
b

as(o0)=—iV, (16)

0 ;
—1A0f+7/+1 2 Vg/(AOf—AOb)
b
so that the spectrum of true continuum final states is

[A+2VbB,,/(AOf—A0,,)]2

a () |2=V2 b .

| f l 0,}/2+ lAOf—EVg/(AOf—AOb)]Z
b

(17

In Sec. III we shall examine particular quasicontinua
and their associated spectra using the general result
above.
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III. SPECIFIC QUASICONTINUA

A. The Bixon-Jortner quasicontinuum

In this case we assume that one of the levels | b ) is res-

onantly coupled to |0) and that Ay, =bA, where b is an
2

integer,” — o <b < «, and ¥V, =V, (constant). Then
TTAof
(Ag;—Agy)~'=Tcot | —L |, 18
§ 0f Ob) ACO A ( )

which is required in (17). We shall study two different sets
of initial conditions.

(i) cy(0)=1, ¢, (0)=0 (so that 4=1, B,=0). From (17)
we have

VZ
la ()] 2= 0 5 (19)
s 5 TV? T,
Yo+ Aoy — A cot A

and for convenience put

F=mVi/A, G=n’y/AY, H=mVi/A® (20)
and x =mA,/A. The resulting spectrum is
L2
S, (x)= Fsin’x 21

(x sinx — H cosx)?+ G sin’x

In Fig. 2 we plot this spectrum as a function of x for
Vo=V,=y=A=1. The spectrum has zeros correspond-
ing to the positions of the energies of the Bixon-Jortner
levels. This may be thought of as a “multiple hole” in the
same manner as that studied by Knight’ in two-photon
ionization. His results can, of course, be retrieved by re-
placing the QC by a single level. The origin of these
zeros (or holes) can be described by reference to dressed
states for the whole system which we discuss in Sec. IV.
In Fig. 3 we plot S,(x) from (21) as a function of x for

FIG. 2. Spectrum S,(x) from Eq. 21) for V)=V, =y=A=1
(Bixon-Jortner QC).
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Vo=y=A=1 as before but with ¥ =0.1, so that the
Bixon-Jortner levels nonresonant with |0) are only
weakly coupled. The spectrum has an underlying
Lorentzian structure (a single state is strongly coupled to
the true continuum) with a narrow hole at x=0, as would
be expected from the calculations of Knight;7 in addition
there are the zeros at the energy positions of the Bixon-
Jortner levels and the approach to multiple confluences.®
We note here that the peaks all have the same height for
the spectrum S,(x) in (21) since they occur where
x sinx = H cosx and S,(x) then has value F/G (equal to
1 in Figs. 2 and 3).

(i) ¢(0)=0, ¢, _n(0)=1, ¢, y(0)=0 (so that 4=0,
By=1, B, y=0). Here we begin with all the population

FIG. 3. Spectrum S,(x) from Eq. (21) for Vy=y=A=1, in Oni_ 0::2 the B';xox;;]ortner levels b =N, where

¥, =0.1 (Bixon-Jortner QC). N=0,%1,%2,... . Inthis case

vivi
iaf(oo)|2= 0" 1 > 5 (22)
(Bgy—NAF 112+ [y — T cot | T2
of Y of A A
[

so that using the same notation as before, in (20), in Fig. 5. A single peak is observed but note that the oth-
FH sin? er zeros persist. In Fig. 6 we again choose
S,(x) St x (23) Vo=V,=A=y =1, but put N=1 to show an asymmetric

T (x —N7P[(x sinx —H cosx*+G sin?x]

Note that the existence of population initially in level
|b=N) of the QC generates a factor (x —N7)? which
will cancel the corresponding zero (of the factor sin’x at
x =N) at the position of this Bixon-Jortner level in the
same manner as at a confluence.® We shall describe this
feature again in Sec. IV. In Fig. 4 we plot S,(x) against x
for Vo=V, =y=A=1 and N=0. The zero at x=0 has
been removed and the spectrum retains the pair of cen-
tral peaks from Fig. 2, arising from the strongly coupled
states |0) and |b =0). If we decrease the coupling V,
or increase ¥ we should see the two peaks merge into a
single central peak. To illustrate the effect of large ¥ we
plot S,(x) against x for Vy=V,=A=1, N=0, and y =4

. 0 8

FIG. 4. Spectrum S,(x) from Eq. (23) for V,=V,=y=A
=1, N=0 (Bixon-Jortner QC).

spectrum. Now the zero corresponding to x = at the
energy position | b =1) has been removed.

B. Rydberg series

We take {|b )} to be the levels of a Rydberg series
| n) with the level |n =N) resonantly coupled to the
discrete state |0). The detunings are

2
1N

n2

Ay, =D , (24)

and the initial conditions c,(0)
to begin with. Hence in (17),
spectrum is

1, ¢,(0)=0 and cf(0)=0

A=1 and B, =0, and the

Sz[X)

\

-8 0 « 8

FIG. 5. Spectrum S,(x) from Eq. (23) for Vo=V, =A=1,

N=0, and y =4 (Bixon-Jortner QC).
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FIG. 6. Spectrum S,(x) from Eq. (23) for Vo=V ,=A=y
= N=1 (Bixon-Jortner QC).
S\ ()= = 25)
Q +[my —O6(y)]
where
P=nm*V§/D? Q=u*y?/D? y=Ay/D, (26)
and
VZ
e (27)
2 ngl y —14N?/n?
Taking the matrix elements to be
=V?/n3, (28)
we may write (27) as
d 1
O(y)=R , (29)
=i nlniy —1D+N?]
where
R =mV?/D?. (30)

The function ©(y) can be evaluated in closed form in
terms of digamma functions.® We plot S,(y) from (25)
against y in Fig. 7 for P=Q =R =N=1. Note that there
is a zero in the spectrum at each position of a Rydberg
level (y =1—1/n _0,3,3, £,...). The zeros end at
y=1, which corresponds to the upper limit of the Ryd-
berg series and crowd together as y tends to 1 from below
as expected.'® In Fig. 8 we again plot S,(y) against y
with P =Q =R =1 but choose N=2 (and note that the
zeros now occur at y =1—4/n?=-3,0,3,3 2L 8 )

The zeros of S(y) in (25) originate from the diver-
gences in O(y) at the positions of the Rydberg levels. We
can see from (17) that if initial conditions were chosen
with all the population in one Rydberg level N (4=0,
By =1), then the divergence in the denominator of (17) at
that place is matched by that of the single term in the
numerator. Hence the zero in the spectrum correspond-
ing to the populated Rydberg level is removed and the y
dependence of the spectrum for N=1is
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FIG. 7. Spectrum S,(y) from Eq. (25) for P=Q =R =N=1
(Rydberg QC).

S,y HQ +[my —6(») )} L. (31)

We illustrate this in Fig. 9 by plotting this spectrum nor-
malized to unit height with Q =R =N=1. Note the ab-
sence of the zero at y=0 corresponding to the n=1 Ryd-
berg level.

It is also instructive to consider a Rydberg-like series
where the detunings are as above, Eq. (24), but the matrix
elements are taken to be

V2i=v?/n? (32)
With this choice
e 1

O(y)=R _ . (33)
Y ,21 nYy —1)+N?

instead of (28).

This series can be summed analytically in terms of the
coth function but we do not specifically need the expres-
sion here. With ©(y) as in (33), we plot from (25) in Fig.
10 with P=Q =R =N=1 and compare this with Fig. 7.
The two spectra are very similar: the zeros occur at the
same positions in both. The particular form of the ma-
trix elements does not affect these zeros but the peaks
differ slightly in position and shape in the two figures.
Again, a particular zero can be removed by initially
populating the corresponding QC level. We will not

show this here. The importance of initial conditions in

determining the continuum population has been dis-
11

cussed, in a related context, by Agassi.

FIG. 8. Spectrum S,(y) from Eq. (25) for P=Q=R=1,
N=2 (Rydberg QC).
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FIG. 9. Spectrum S,(y) from Eq. (31) for Q =R =N=1 nor-
malized to unit height (Rydberg QC).

In Sec. IV we discuss the dressed states for the total
system with a general QC and explain the above features
in the spectra.

1V. DRESSED STATES

We now discuss the dressed states for the whole system
in Fig. 1 in order to more fully account for the features in
the spectra of Sec. III. With labels O and 1 to denote the
fields driving the |0) to { | f)} and |0) to { | b)} tran-
sitions, respectively, with photon numbers n, and n, we
write

li)=|0,ng,n,), (34)
= | fong—1Lon,) (35)
| 1Y=|bng,n,—1) . (36)

The states have energies, say, E;, E;, and E;. We wish to
find eigenstates of the total Hamiltonian

A=A+ 3 Vi+ 3 Wy , (37)
! k

where H, |i)=E,|i), and similarly for |k) and |I).

FIG. 10. Spectrum S,(y) from Eq. (25) with ©(y) given by
(33) and P=Q =R =N=1 (Rydberg-like QC). This is to be
compared with Fig. 7.
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The sums represent the possible couplings between |i)
and any of the states | /) in the case of V;;, and between
| i) and any of the states |k ) in the case of W,. We re-
quire |e), where H|e)=¢|e), and expand |e) in
terms of the basis states (34)—(36):

le)=P(e)|i)+ 3 Qe) | D)+ [dkeye)|[k) . (38)
1
The procedure is similar to that adopted by Fano and by

Coleman et al.:®> Taking matrix elements of the eigenval-
ue equation for | €) with each of (34)-(36) in turn gives

(E;—e)P(e)+ 3 Qe+ [dkc,(e)Wy, =0, (39
!

(E;—€)Q,(e)+P(e)V; =0, (40)

(Ey —€)cy(e)+P(e)Wy =0 (41)

The sensitivity of the zeros in the spectra to initial con-
ditions arises because of the existence of special dressed
states, namely, states which contain no contribution from
| i), so that if all atomic population begins in |i), then
these dressed states are initially unpopulated. We first
find these states. For them to exist there must be values
of €, €, say, such that P(€)=0 [see (38)]. Hence, from
(40) we have

(E,—€)Q,(8)=0 . (42)

Note that (42) is a set of equations, one for each /. Now
not all the Q,(€) are zero (otherwise the dressed state con-
tains no continuum states) so the only possibility is that €
equals one particular E; and that the corresponding Q,(¥)
is the only nonzero one. We therefore have a set of possi-
ble solutions for €, namely, any of the energies of the QC
levels (the positions where the zeros appear in the spec-
tra). We conclude that there are as many of these sparse
dressed states containing no contribution from |i) as
there are QC levels and that their energies are those of
the QC levels. To find these states we first use (40),

) VyP(g)
Q)(e)= e—E, (43)
From (41), since E, is a continuous variable,’
e (e)=P(e)W, [P—— 4 R(e)8(e—E,) | , (44)
e—E;

where P denotes the principal part and R (¢) must be
found self-consistently. Substituting (43) and (44) into
(39) gives

(E—op(e)4 s LD
['-8 e+ ; E-—E,

1
e—FE,

+ [ak P(e)W} P +R(e)8(e—E,) |=0 .

(45)

This must be true for all g, so that canceling P (g) gives
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2

+R(e)m_o

(46)

where W, means that value of W, such that E; equals
the chosen €. Hence

Re—-L le—b—s "1 _pfak Wi
&= 2 g S_E[ E—Ek

Wie r
(47)
From (44), we find that
ck(e=E1)=Elin;IW,~kP(£)R(e)S(s—Ek) . (48)

Combining (47) and (48), we notice that as e—~E;, P(¢)
tends to zero whereas R (e) diverges. The only term
which contributes, therefore, is

E,()—lm lim
’l e—E,

Ck(E=E1 )= WikS(

2

—P(¢e)
12 €= E)

(49)

where W, means W, for that value of k such that

E,=E,. Again only one term in the sum in (49) will con-
tribute,
(=)= — % §(E,~E ) lim [P (e) Vi
cHe=E) =~ NE B i [P T

(50)
Substituting for P(g)/(e—E,) in (50) using (43), we find,
finally,

Wi
——SVyQe=EDS(E,—E,) . (51)

il

Ck(£=E,)=

The dressed state | e=E,) is, therefore, from (38),

|e=E;)=Q)(E) | 1)+ [dk c,(e=E)) | k)

=Q/(E))

|I)——ls, J (52)
11

where |s;) means that continuum state | k) with energy
equal to the chosen QC energy E;. We therefore have a
set of sparse dressed states, as many as there are QC
states, each of which contains contributions only from a
particular QC state and the true continuum state that is
two-photon resonant with that QC state. This is a similar
situation to that encountered in other systems with two-
photon resonance, for example, three-level systems and
other multilevel systems,® where population trapping re-
sults. In the present system, if the population is initially
in | i), then the sparse dressed states are unpopulated in-
itially; zeros appear in the spectrum at places correspond-
ing to the energies of these |i)-independent states. If,
however, we populate one of these states initially then the
corresponding zero is removed. Hence we anticipate that

4739

the population in the true continuum states at the special
positions should contain a nonvanishing term for long
times that is proportional to the initial sparsedressed
state population. We now show that this is the case.

The total wave function would be

E!/})=fA(e)e“‘“|€)de (53)
so that
(s (9= [ A(e)e "%, (e)de . (54)
Now
¢ (e)=P(e)Wy E)) (55)
Using the expression for R (g), (47) in (55),
¢, (€)=P(e)W,P—
! £— i
Wi
+P(£)F5(E—E1)
Vi w3
—E,— —P [dk ,
X e~ £ ZE—E, fd E——Ekl
(56)
Substituting (56) into (54) we find
P(E A(g) ,,‘
<51l¢>- IPf E—-E, fde
1 —iEgt P(¢)
_— lim ——— . 57)
W, A(E))e £ eaE, c_E, (

Again using the expression for P(g)/(e—E;) from (40) in
(57) and taking the modulus squared, we have the popula-
tion in the true continuum state |s,;),

| {s;|¢) | %= |A(E))Q,(E))

il
Wi
2

——'-I—eiE’tfw Qi(e)A(e)e Fde| ,

(58)

If |¢(t=0))=|i) then A(E;)=0 and we know that
| (s;|¥)]|?>—0 as t—ow. If |¢(z=0))=]|I') then
A (E;)+0 and the first term on the right-hand side of
(58) is nonzero. At long times the expression tends to a
constant and the zero in the spectrum is removed.

V. CONCLUSIONS

We have shown how sparse dressed states containing
contributions from a limited number of continuum levels
are responsible for the appearance of zeros in our model
QC problem. The existence of the zeros is determined by
the initial populations in these sparse dressed states. We
stress that the treatment is valid for a general QC so that
the positions of the zeros follow the distribution of QC
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levels. In the Rydberg example, this results in a succes-
sively narrower gap between adjacent zeros as the Ryd-
berg levels crowd together at the top of the series. The
matrix elements in the case of the Rydberg-like series we
considered do not, therefore, affect the positions of the
zeros. These calculations indicate how clear the features
of certain resonantly coupled multilevel problems may
become when a dressed treatment is adopted.
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