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The resonantly enhanced multiphoton ionization of atomic hydrogen is studied for the case of
four-photon ionization (three-photon resonant). The time-dependent probabilities, the shape of the
resonance proNe at diferent intensities, and the nonlinear index are computed for coherent light at
frequencies around the resonance (365 nm). The systematic dependence of the cross section as a
function of the principal quantum number of the resonant state (as this tends towards the Rydberg
states) is investigated at zero detuning. The probabilities of absorption of one photon more than

necessary for the four-photon ionization process (resonantly enhanced above-threshold ionization)
is computed and the relevant branching ratios are examined. Then it is shown that the effect of the
spatio-temporal structures of the laser pulse is to red shift the maximum of the resonance proNe,
whereas that of an ideal chaotic light is to blue shift and broaden the resonance peak. The shape,
shift, and width of the profile resulting from both these effects are in very fair agreement with the
experimental ones.

I. INTRODUCTION

Resonantly enhanced multiphoton ionization (REMPI)
is an important sub-branch of research in the general area
of multiphoton processes which has been the object of
numerous experimental snd theoretical investigations for
the last few years. ' The principal characteristics of
REMPI lie in the fact that around the resonance, the ion-
ization probability is much larger than what may be
termed the background probability, which itself is a sub-
ject of much theoretical and experimental activity. The
importance of REMPI resides also in the fact that the
shifts and the widths of the resonance peaks, which are
functions of the strength of the external electromagnetic
6eld as well as its coherence properties, reveal dynamics
of the absorption process of photons while the system
ends up in the continuum. REMPI has been, therefore,
the subject of s large number of investigations.

The frequencies that have been available experimental-
ly to date to study REMPI for atoms along with the ac-
cessibility of the atoms themselves have restricted these
studies predominantly to alkali-metal and alkaline-earth-
metal atoms. This lopsided imbalance in favor of these
atoms also contrasts sharply with the dearth of experi-
ments regarding what we consider the fundamental atom,
i.c., the hydrogen atom Uis-a-Uis REMPI. Fortunately,
this situation is changing, and one notes that experiments
with the hydrogen atoms are being reported or are being
performed. Two recent experiments on H concern four-
photon ionization, with three-photon absorption being
the resonance condition. If one goes back in the theoreti-

cal literature, one notes that, while a great deal hss been
achieved regarding nonresonsnt multiphoton ionization
(MPI) for H, utilizing a variety of theoretical techniques,
few calculations exist regarding REMPI.6*" Calculations
that have been done for the nonresonant cases are inap-
propriate for REMPI, since the amplitudes of REMPI
that are calculated with these techniques simply lead to
divergences. The situation being such, we report here a
detailed investigation of REMPI for H, limiting ourselves
mostly to that frequency range where two experiments
have been performed. 'i' In other words, we treat three-
photon-resonant four-photon processes [Fig. 1(a)]. As
will be clear from a perusal of this paper, we shall cover
an aspect of REMPI that goes much beyond the limits
imposed in these experiments. Our investigations for the
above processes consist of calculations of the following
quantities: (1) time dependence of the ionization proba-
bility, (2) shape of the resonance profile, (3) intensity
dependence of the ionization probability I'(I) around the
resonance, (4) nonlinear index E=d[lnP(I)]ldI in the
same energy range, (5) dependence of the probability on
the principal quantum number of the resonant level, (6)
the branching ratio of the photoelectrons between four-
photon an.d 6ve-photon absorption with the same fre-
quency of light, (7) efFect of the spatio-temporal pulse
shape, and (8) ionization probability for thermal or chaot-
ic light. From the above hst, it is clear that we shall be
presenting a large number of results of quite extensive
computations. Fortunately, our paper is mostly that.
There is no need for an excessively lengthy paper where
the formalism, the theory, and the results all have to be
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ionization, one additional photon absorbed) to the
(3+ 1)-photon ionization. The calculation of the branch-
ing ratio between these two processes is extended to a set
of resonant levels in order to obtain the systematic (if
any) variation of this branching ratio to the principal
quantum number of the resonant state. Section IV is con-
cerned with the eKect of the realistic spatio-temporal
pulse shape of lasers currently in use on the results
presented in Secs. II and III. This is of great experimen-
tal interest. Also in Sec. IV, results are presented for
thermal or chaotic light vis-a-vis REMPI, one of those
cases of much interest as far as optical physics is con-
cerned. A brief section (Sec. V) with some pertinent re-
marks concludes the paper.

II. BASIC IONIZATION PROBABILITY

FIG. 1. (a) Four-photon ionization of atomic hydrogen. The
2p state is the resonant one, which may be replaced by a general
np state for n & 10. %'hen Zp is the resonant state, the process is
at the threshold energy of the electron. (b} Four-photon ioniza-
tion with 3p being the resonant state and an additional absorp-
tion of one photon (resonant above-threshoM ionization).

presented. The basic theory need not be expounded in
any detail, since this has already been done elsewhere. '

Only the results of calculations relevant for the list above
will be presented. It will be shown how these calculations
may be of help in understanding experiments that have
been performed and some interesting future experiments.
Since these calculations are in some sense exact, these ex-
periments are indicated for satisfactory understanding of
the H atom Uis-u-Uis aspects of multiphoton ionization
that lie within the scope of these calculations. Sections
II-IV contain the exposition of our results. Section II,
after a brief outline of the basic theory, reports the time
dependence of the resonant-ionization probabihty with
the initial state being the ground state of H atom and the
2p state being the resonant state. One then considers the
linear (in time) regime of the probability. This is most
often the accessible experimental domain. In this
domain, the shape of the resonance profile, the depen-
dence on intensity of this pro5le, and the well-known
nonlinear index around the resonance are all calculated
and reported. Section III deals with two problems con-
cerned with some recent aspects of REMPI. Calculations
are presented for the cross sections of ionization as a
function of the principal quantum number of the reso-
nant state. %e uncover some remarkably general
features for these. Next, the probability of the absorption
of an additional photon in the continuum is treated [Fig.
1(b)]. We report the branching ratio between (3+1+1)-
photon ionization (three-photon resonant, four-photon

In this section, the basic results of a four-photon ion-
ization calculation of the H atom with the 2p state as the
resonant state is reported. By the term basic, we mean
that the ionization is due to an idealized square
monomode pulse. The photon frequency is approximate-
ly 27419.7 cm ' for the ionization to occur with the 2p
being the state that would allow a three-photon bound-
bound transition. The basic expressions for the ioniza-
tion probability need not be derived here„since they have
been derived elsewhere. ' However, before the expres-
sions necessary for computations are written down, a
brief guide to these expressions must be given in order to
appreciate the results.

Given that the atom can be described by the Hamil-
tonian Ho [the Green's function thereof being
Go= 1/(E —80)] and the interaction Hamiltonian is
V = V++ V, the generic mth-order operator may be
defined as

+(j ~D G D+
~
j)), (2)

where V+—=g(I/Io)D +, with I brin—g the laser intensity
in W/cm, Io 1.4X10' W/c——m~ and D being the di-
pole operator.

We shall also need the shift of the initial state
~

i ),
b,; =(I/Io)((i

)
D+GOD
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i )+ (i

(
D GOD+

(
i ) ) .

The width y;, which arises from eighth-order matrix ele-
ments, may be neglected compared to y. , which arises
from second-order ones. The nondiagonal matrix ele-
ment of interest is

R; =(I/Io) (i (D GOD GOD
~
j) .

Define further a detuning, containing the shifts

5=(E;+b;) (Ej+&J ) . —

M= V GoV 60 V GoV

where V occurs m times. The shift width of the
resonating state

~ j ) is then given by

iy /2=—(I/I )((j
~
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A global width and a width dil'erence are also de6ned„

I =(y, +y, )/2,

p=(y; —y, )/2 .

%ith the quantities above, we define the following:

P, =
I
5

I [1+2R,/(5'+p')],

P2 e
I p
——

I [1—2R;, /(5 +p )],

(5b)

(6a)

(6b)

where + =5/
I
5

I
.

The time-dependent ionization probability is then
given by

P(t, I)=1 FI(A——28)e ' +(A +28)e

—2[C cos(Pit)+2D sin(Pit)]& 'I,
(7a) 10

{

0 20 60 So

P [4(52+~2)]—1

A =2(5 +p )+4R,~j,

8 =pp2 —5p, ,

C =48.;
D =o&i+@4

(7c)

(7d)

(7e)

P(r, I)=R,', y, r /(5'+ y2/4),

The expression in Eq. (7a) is our basic expression from
which all the relevant quantities are to be obtained. The
computations are performed to obtain the expressions
given in Eqs. (2), (3), and (4) with the now standard tech-
nique of solving an ensemble of coupled hierarchical
differential equations.

These are then utilized to obtain P(t). Results of the
calculations are shown in Fig. 2. These curves are useful
for studying the dependence of the process as a function
of the duration of the interaction. Furthermore, it helps
us to understand in what region of a hypothetical laser-
pulse duration one may expect to have linear dependence
of time and, therefore, in which time domain rates of ion-
ization that are independent of time may be defined. As a
concrete example, the experiment in Ref. 12 has utilized
a 9-nsec pulse which falls in that linear regime.

The expression for the time-dependent probability is
essentially linear over a quite large interval. The linear
time dependence results under certain algebraic condi-
tions, which for our case are

1+
I ~2 I

)1»I —
I 6 I

~ ~'»C
Under these conditions, one can reduce Eq. (7a) to

t{ns)

FIG. 2. Four-photon ionization probability of H as a func-
tion of time for three near-resonant photon energies (a) 27421.8
cm ', (b) 27423.8cm ', and(c) 27425.8 cm '. The laser inten-

sity is I =3&10' %/cm .

crease with the increase of intensity (the denominator
cannot keep pace with the numerator, where R;~yj in-

creases faster than y2), while the widths of the profile be-
come larger with the increase of y, . It is worthwhile to
compare these profiles with those for the cesium atom
which have been calculated before. ' The shapes of the H
resonance profile are much broader while those of Cs are
sharper. Apart from attributing the difFerence between

&Ct),

10
P

6 7 8

hE {cm ")

and the time-dependent rate is directly obtained by divid-
ing by t. The resonance profile is best studied in that con-
dition as a function of intensity.

In Fig. 3, the profile of the resonance is plotted for a
square pulse having three ditt'erent intensities (I = 1

X10', 2X10', 3)&10' W/cm ). The probabilities in-

FIG. 3. Four-photon ionization probability of H as a func-
tion of the photon energy. Notice that the process has an ener-
getic threshold for photons at E~=27419.7 cm ' (DE=0).
The interaction time ~ is 9 nsec and the curves are dravrn at in-
tensities (a) I =10' W/cm, (1) I =2&10' %'/cm2, and (c)
I =3&10' %/cm .
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and a probability P =10 ), and remains the same for the
probability 10 (but now at b,E=1 cm '), indicating
also that the resonance profile shifts towards the blue.
On the red end of the maxima, the variation of K is
indeed very steep. The sharp decline dipping down to
less than 2 is indeed only revealed by the computation
and does not appear to be easily predictable analytically.
The j' index at the threshold for hydrogen may also be
discussed in relation to other typical atomic cases. One
expects, barring the hydrogen atom, the threshold to be
at nonresonant frequencies. Thus, the index would be
E =N, where S is the order of the multiphoton process.
One also shows that at the threshold, the probability is
constant for hydrogen. "" The four-photon ionization is
an atypical case where, while the probability of ionization
goes to a constant at the threshold, the index E will jump
from E ~2 to E p 5 (with b,K ~ 3), while the probability
of ionization will show a discontinuity, as expected for a
transition from a four-photon to a five-photon process.
The usual nonresonant ionization process will show the
discontinuity with hK =1 across the threshold.

reflect the results of our calculations since, apart from the
intrinsic limitations of the lowest-order perturbation
theory, additional effects such as those due to blackbody
radiation may lead to complications. This is why the cal-
culations have been limited to not too large values of n.
The calculations are divided into two parts: (a) four-
photon ionization from the ground state [Fig. 1(a)], and
(b) five-photon ionization with the last photon being ab-
sorbed in the continuum [Fig. 1(b)]. This second calcula-
tion is therefore a calculation of the above-threshold ion-
ization as well.

(a) Resonant four photo-n ionization as a function of n

(REMPI). The results of the calculation are shown in
Fig. 6 and Table I. Referring to Eq. (g) with 5=0, we see
that the transition probability per unit time can be writ-
ten as

gy(4i 4 [ R
I

2y Il )

IR;, I'=(I~Io)'I &» ID GoD GOD Itip& I'

(10a)

The results of all the calculations reported above are
expected to be useful for quantitative comparison with
other calculations as well as for comparison with experi-
mental data, if arid wheil tlley becotile available. All of
these rather involved computations refer to the 2P state
as the resonant state. An interesting question is how the
REMPI processes depend on the quantum numbers of
the resonant states. This question is especially relevant
for the hydrogen atom, since exact calculations can be
performed. The results of a systematic study of this
problem are presented here. The qualitative trend, if any,
could also be of help in understanding the systematics of
some other atoms such as the alkali-metal atoms, for
which experiments may be easier to perform. %e report
here the results of our calculations performed for all the
resonant states from n =3 to 10 (n is the principal quan-
tum number). Our results will show that even for these
not very large values of n, a systematic trend emerges
which converges towards the behavior expected for the
Rydberg states. %e ~ould further add that real experi-
ments with Rydberg states cannot be expected to fully

yji"=2m(I/Io)(
i

(,E,s
i
D

i np) i

+ J (E,d [D [np) f') . (lob)

The dependence on n arises both in 8;, and y'". Now
R;J is essentially the three-photon excitation probability
to the state j:—

~
np). With the increase in n, this de-

creases, somewhat in analogy with one-photon excitation
as a function of n (this latter varies inversely as the cube
of n) y'." is a. kin to the photoionization probability from
the state

~
np) which decreases with n The ra. tio of

these two functions is an increasing function of n. The
increase, however, is rather small as n reaches the value
10, and the probability of ionization reaches a plateau
around that value for n.

(b) Resonant JRe photon ioni-zation (REA TI). At inten-
sities at which four-photon ionization signals are mea-
sured, it is also of interest to measure the Ave-photon ab-
sorption probability. This means that one more photon is
absorbed, this photon being absorbed entirely in the con-
tinuum. Such processes in which one or more photons
are absorbed in the continuum in conjunction with usual

TABLE I. Numerical values of the quantities defined in Sec. III for the principal quantum numbers n =2 to 10. R is the branch-
ing ratio between Sve- and four-photon processes.

2
3
4
5
6
7
8
9

10

1048
~

R
~

zyI3

11.97
4.192
2.626
1.544
0.962
0.634
0.438
0.314
0.232

17~(1)yl

75.38
9.420
3.126
1.443
0.790
0.482
0.316
0.219
0.158

1032'(2)yr 2

146.9
27.11
7.786
3.356
1.776
1.057
0.685
0.471
0.338

0.63
1.78
3.36
4.28
4.87
5.26
5.54
5.74
5.89

1.24
5.15
8.37
9.96

10.9
11.5
12.0
12.3
12.6

1.96
2.89
2.49
2.33
2.25
2.19
2.17
2.15
2.14
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(c)

~ ~ ~

I

10 n

FIG. 6. (a) Transition rates T=10 'W' '/I (in units of
sec ' W cm") of four-photon ionization (shown with open cir-
cles) for difkrent resonant states. Principal quantum number n

of the resonant np state is taken from n =2 to 10. (b) Closed
circles are transition rates T=($""X10 )/I (in units of
sec 'W 3cm ) of the five-photon ionization, with one photon
being entirely absorbed in the continuum. (c) Branching ratios
R = 10' 8""/8" 'I (in units of % ' cm2) between the four- and
five-photon ionization processes.

multiphoton ionization processes have been called
above-threshold ionization (ATI). ' In one practical case,
the relevant process being REMPI, we may call it reso-
nantly enhanced above-threshold ionization (REATI).
At least one such experiment has been performed, as we
shall see later. '

As long as the process occurs with relatively moderate
1sser intensity, the transition in the continuum can be de-
scribed adequately by the perturbation theory, and the
extension of the theory for REMPI to treat such process-
es is rather simple. One essentially needs to replace, in
Eq. (8), the y in the numerator by y' ' [defined in Eq.
(1 lb)], while the yj in the denominator has to be replaced
by y,

'" [Eq. (10b)]. The obviousness of all this requires
little explanation. One notes that the frequency depen-
dence of REATI can then only be that of REMPI. The
intensity dependence is also very simple. We have there-
fore decided to study REATI (at zero detuning) for its
dependence on the principal quantum number n of the
resonant state. The probability per unit time is given by

gr(5) g
~

R
~

2~(2)/(~()))2

where

,,(2)=2~(l/10)2(
~

&F.,J ~

D GOD

+ i &Zf iD-G,D-
i q) i') .

We have made calculations for these processes for vari-

ous values of n (up to n =10) for the same frequency as
the one utilized for the calculations of four-photon ion-
ization. The results are shown in Table I and Figs. 6(a)
and 6(b). While the results are self-explanatory, we note
that the increase of the probabilities with n is much faster
than those calculated for the four-photon process. This
leads to the nature of the branching ratio of these two
processes (which is essentially the ratio R =y,' '/(y'"I)
in units of cm /W. This is depicted in Fig. 6(c), which is
a nonmonotonic function of n. It shows a rapid rise snd
then a fallofF which becomes rather slow, essentially
becoming s constant. Notice that for n =3, the branch-

ing ratio deviates by about 8% from its measured value

reported in Ref. 13.
Summarizing the results presented in this section, s

fairly clear qualitative picture of two fundamental pro-
cesses for the hydrogen atom as a function of the princi-
pal quantum number of the resonant state hss emerged
from these calculations. It is possible to deduce from
them the extrapolated values for very large n.

IV. COHKRKNCK AND PULSE-SHAPE EFFECTS

One aspect of cs1culstions for multiphoton processes is
that it is improbable that a theoretica1 estimate of the
number of ions or total number of electrons, such as the
ones reported in Secs. II snd III, can be directly com-
pared to measurements. The reason lies in the spatio-
temporal structure of the laser pulses which have to be
taken into account. These do modify the shapes of some
of the curves shown above. Therefore, there is the need
to examine carefully the modi6cations brought in by the
realistic simulation of laboratory conditions. A second
point that also merits some consideration is the changes
in the probability due to the transition from s single-
mode to s multimode laser.

We first investigate the efFects of a general pulse
shape' of the following kind:

I(R,Z, t)=I()t [cosh(2. 63t/r)](1+Z')
(12)

where IM is the maximum intensity at the focus,
R =0.053r pm, and Z =3.6z mm for s focus diameter of
53 pm. R snd Z are the usual dimensionless cylindrical
coordinates snd ~ represents the pulse width at half max-
imum. The reason for choosing this particular form is
that this is an excellent prototype for pulse shapes of
many experiments done currently in this area. Therefore
calculations of the ionization probability P, (t, IM, R,Z)
with such spstio-temporal laser pro61es serve as realistic
illustrations of efFects of the laser-pulse structure. The
total ion number collected during s 9-nsec interaction
time is shown in Fig. 7 (solid and dashed lines without
open circles), and can then also be compared to the ex-



perimental data. The resonance profiles have been com-
puted for three ddferent intensities (I ——1 X 10',
2)& 10', 3&(10' W/cm ). Comparing Fig. 3 with Fig. 7,
one immediately notes how the profiles are modified. The
general effect of the pulse shape is to red shift the maxi-
rna and to change the shape of the curves to a slightly
asymmetric one. It is not too dificult to understand
these modifications. Since the intensity that the atom
"perceives" is always less than I, aH the "local'" proba-
bilities that go on to contribute to the global" probabih-
ties are seen to be red shifted, causing the asymmetry as
well.

Finally, we go on to consider the case of the probabHi-
ties for a four-photon resonant-ionization process due to
thermal (chaotic) light. Owing to the results of Ref. 19,
we know that the dispersion curves corresponding to
chaotic fields are blue shifted. Thus spatio-temporal
efFects contradict those resulting from light statistics.
The aim of the last part of this paper is to evaluate the
effects of these two confitcting shift mechanisms. Utiliz-
ing the well-known representation of coherent states, the
probabihty P, (t,I~,R,Z) can be expressed in the n

photon representation in the form P„(t,n, R,Z) The. ion-
ization probability computed with thermal hght then
reads

P,„(t,n)=g, P, (t, n) .
o (1+n)"+' (13)

The numerical problem in such summations is well
known and has been solved as usual. The results are also
shown in Fig. 7 at the same three intensities as before
(lines with open circles). The tendency towards larger
asymmetries is general in all the curves. A laser with 20
or more modes is suScient to approximate the e8'ects
shown here. It might be of some interest also to study
the gradual transition from a single mode to the chaotic-
light limit, but we have not pursued that question.

It is of interest to compare some of our results with the
existing experimental data. From the curves in Fig. 7,
the width and the shift of the resonance profiles can be
measured for thermal light. It can be easily seen that
they are in excellent agreement with the results reported
in Ref. 12. In addition, an analogous curve to those in
Fig. 7 has been computed at I=2.3X10'0 W/cmi (7.1

mJ). After we normalized our results, we made the com-
parison between theory and experiment. The agreement
is strikingly good and impossible to demonstrate graphi-
caHy, since the two curves overlap one another. %e con-
clude from this that the spatio-temporal structure of the
laser pulse along with the assumption of thermal light ex-
plain the data very well.

V. CONCI. USj:ON

210 —
j q~,

f
l

l

I

hE (cm '}

FIG. 7. Number of electrons produced for four-photon ion-
ization of H with the effect of the spatio-temporal pulse shape of
a laser taken into account at three diferent maxinmn intensi-
ties: (a) I~——1O' %/cm ( —- ——.) (b) I =2 X 10'
%/cm ( ), and (c) I ——3&1O' %'/cm ( ———). The
additional el'ect of chaotic light is also shown in this 5gure for
the three mean intensities: (a) I=10' %/cm (—o —), (b)
I=2& 10'0 %'/cm ( —0 0—), and (c) 5=3& 10'
%'/cm (—O —0—). The interaction time is 9 nsec.

%e have considered tbe problem of resonant rnultipho-
ton ionization of atomic hydrogen with the intent of ob-
taining a certain number of significant new results as well
as filling some lacunae in the hterature. The calculations
reported in this paper have been done for a pulse dura-
tion of 9 nsec. In this case, the ionization probability has
a linear time dependence which can be seen in Fig. 2.
From the relevant expression of the probability [Eq. (8)],
we may clearly expect to have a resonant enhancement of
the ionization profile. As has been shown in a previous
paper, this could not be the case for smaller interaction
times in a region where the probability varies as the cube
of time. It is not necessary to summarize all the results
reported in this paper. %e have investigated, in addition
to the four-photon ionization via the 2p resonant state,
the four- and five-photon ionization of H when three pho-
tons are in exact resonance with the np states (n = 1, 10).
In doing this, we have observed that the relevant proba-
bilities are more and more slowly increasing functions of
n. Then we have seen that, for weak values of the order
of nonlinearity, the shift, the broadening, and the ioniza-
tion probabilities can vary significantly in the interaction
volume. This produces a red shift, a moderate broaden-
ing, and an asymmetry of the resonance profile which
have been experimentally observed. ' In contrast, the
REMPI that is induced by a square and Gaussian 1aser
pulse gives rise to a blue shift and a very large broadening
of the resonance peak. These two eS'ects combine to give
results that are in excellent agreement with experiment.
It is clear to us that the hydrogen atom, in combination
with strong electromagnetic fields, reserves for us many
interesting observables that have been only partly ex-
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plored. A very recent experiment, regarding the mea-
surement of the angular distribution of the electrons pro-
duced in the above-threshold ionization and its corre-
sponding calculation, serve as one example of such.
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