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Cross sections for the ionization of n of Ã electrons with equal single-electron ionization proba-
bility P are considered, %'hen both X and the projectile charge q are large, the cross sections for
single and double ionization are both found to be approximately linear in q at 1 MeV/amu. The ra-
tio of double-to-single-ionization cross sections is independent of q. Moreover, first-order perturba-
tion theory for the single-electron ionization probability P, which varies as q, is found to be applic-
able due to the damping of contributions with large P caused by factors of t', 1 —P} ", For large P
there are differences between the inclusive probability g„(„")P"( 1 P)' " a—nd the probability NP

commonly used for a target with X electrons. Both of these probabilities differ significantly from
the exclusive probability XP{1—P) ' for the ionization of only one electron. For large X and

large q, the exclusive ionization probabilities for removing exactly n of the X electrons tend to be
concentrated in somewhat separate ranges of impact parameters b, defining impact-parameter "win-

dows. " The windows which we obtain using the quantum-mechanical semiclassical-Coulomb-
approximation (SCA) probabilities are similar to those using classical Monte Carlo calculations.
Model calculations, based on analytic Ats to the SCA probabilities, are used to obtain approximate
analytic expressions for single- and double-ionization cross sections and for the impact-parameter
windows. Results of this simple model are in reasonable agreement with measured cross sections
for single and multiple ionization of neon atoms by projectiles of charge q varying from 1 to 13 at a
velocity corresponding to 1 MeV/amu.

I. INTRODUCTION

For an understanding of an atomic or molecular col-
lision it is in principle necessary to specify exactly what
happens to each electron. However, since a detailed
knowledge of each of possibly many electrons is difficult
to obtain, it has in practice been useful to select a single,
active electron, whose properties are specified, and to
sum over the final states of the remaining, so-called pas-
sive electrons. Such procedures, which include sums over
the final states of some electrons, are called inclusive.
Studies' " of the more dificult exclusive procedures,
where the states of the electrons are specified, are becom-
ing morc common and are yielding more detailed infor-
mation about atomic and molecular collisions. In this pa-
per, using the independent-electron approximation (IEA),
expressions for inclusive and exclusive cross sections are
related, and some properties of exclusive cross sections
for single and multiple ionization are examined.

A number of useful properties of inclusive and ex-
clusive cross sections have been discussed by a variety of
authors. ' ' In this paper we shall work with the simple
binomial distribution for the ionization probability func-
tion. ' ' Although other methods are available, some of
which incorporate a more complete quantum analy-
sis, ' *' the simple binomial distributions have been used
to describe multiple-vacancy production in ion-atom col-
lisions *' and multip1e ionization by strong laser
pulses. ' A substantial amount of experimental data
has been analyzed using binomial distributions. For bi-
nomial distributions, if one sums over the final states of

all electrons in atomic shells other than the shell contain-
ing the active electron, the inclusive probabilities for the
summed states is unity. ' ' In this paper we form sums
over states of electrons within the same shell. In this case
there is a difFerence between the inclusive sum

g„(„)P"(1 P) " and th—e single-electron ionization
probability P multiplied by the number of electrons N in
the shell of the active electron.

Of particular interest in this paper are some properties
of exclusive cross sections for multiple ionization by
high-velocity projectiles with a large charge q. Using
first-order perturbation theory, where the single-
electron-ionization probability P varies as q~, it is shown
that both the single- and double-ionization cross sections
are approximately linear in q and the ratio is independent
of q for systems where N &&1. Furthermore, under these
circumstances, it is shown that perturbation theory is
applicable when n g~¹For large q and large X, ioniza-
tion of a particular number n of electrons tends to occur
in distinct ranges of the impact parameter, i.e., distinct
impact-parameter "windows, " as was pointed out by Ol-
son' using classical Monte Carlo calculations and by
Cocke ' using a statistical energy-deposition model. Cal-
culations presented here using the semiclassical-
Coulomb-approximation (SCA) single-electron ioniza-
tion probability P(b) are found to be in reasonable agree-
ment with measured cross sections for single and multiple
ionization of neon by projectiles of various charges at a
velocity corresponding to 1 MeV/amu. Furthermore, us-
ing an analytic fit to the SCA single-electron ionization
probability tail we show that the charge dependence of

37 3685 1988 The American Physical Society



BEN-ITZHAK, GRAY, LEGG, AND McGUIRE

few-electron ionization cross sections stems from the bi-
nomial distribution. The exact functional form of the
slllgle-elect foll lolllzatloll p fobablllty P ( b ) llas ollly a
small e6'ect.

In Sec. II we briefly describe the independent-electron
approxlmat1on us1ng the blnomlal dlst11but10n of 10nlza-
tion probabilities and interrelate exclusive and inclusive
cross sections. In Sec. III we develop calculations of ex-
clusive cross sections for single and multiple ionization
based on SCA calculations for P(b}. In Sec. IV we dis-
cuss the implications and limitations of our results.

Two new points are elnphasized in this paper. First,
when n ~~X, perturbation theory is applicable for calcu-
lations of total cross sections, even if the single-electron-
ionization probability P is sometimes close to unity.
Second, the binomial distribution gives a constant ratio of
double- to single-ionization cross sections when q is large.

II. THEORY

In the independent-electron approximation, whatever
happens to any one electron does not aft'eci any of the
other electrons, i,e., there is no correlation. In atomic
scattering this approximation may be derived ' ' as-
suming that (i) the projectile acts as a point charge, (ii)
the internuclear motion may be treated classically, in-
dependent of the electronic activity, and (iii) the
electron-electron Coulomb interactions are approximated
by single-electron potentials. To obtain the usual binomi-
al distributions it is additionally assumed that (iv) Pauli

exclusion effects may be ignored and (v) aH electrons with
a given shell have the same probability P for ionization.
Studies concerning assumptions (ii), (iii}, and (iv) may be
found elsewhere. ' ' Assumption (v) may be avoided
by using multinomial distributions, where each electron
has a different ionization probability.

In this paper we adopt all of the above simplifying as-
sumptions, and in addition we ignore electron capture
and excitation. If one wishes to extend our results to in-
clude capture and excitation, one may replace P =P;,„by
P =P;,„+P„+P,„, and follow the development below,
using a difFerent charge scaling for P„~. For X electrons
with the same single-electron ionization probability P, the
binomial distribution is formed by the expansion

N
1 =[P+(1 P)] =—g P "(1 P)—

n=0

The exclusive probability of ionizing exactly n of N elec-
trons is („)P"(1 P) —" and the inclusive probability is
g„(„)P"(1 P) ".—The total cross section for ioniza-
tion of exactly n of S electrons is found by integrating
the exclusive probability over impact parameters, name-
ly,

a„=2m f P(b)"[1 P(b)] —"b db .

For systems with s diferent shells, one may take

1=[Pl+(1 Pl )] '[Pl+(1—Pl)] ' —[P, +(1 P, )] *—
~'

N) N,
Pl'(1 P, )

' ' g— „Pl'(1 Pl) ' '. g— P, *(1 P, ) '—
nl ——0 n2=0 n =0

S

(3)

NP& g „P"(1—P)" "&NP(l P)—
n=1

(4)

Th1s ls show'n as follows. Consider

D=NP —g P"(1 P) "=NP —[1—(—1 —P) ] .
n=1

Since [P~+(1 PJ)] '=1, su—mming over all the final
states of electrons in a shell gives a factor of unity, and as
a consequence that shell may be ignored. Such electrons
are passive electrons. If Pk ~~1/Nk, then the probability
for ionizing a single electron in the kth sheH is simply—1

In this paper we consider only one shell with a total of
X electrons. However, we shall consider the effects of
large probabilities, corresponding to projectiles with a
large charge q. Consequently, we may not ignore factors
of (1 P). In this case one ma—y show that

Now, since 0&P & 1, we have that

=N[1 —(1 P) '] &0 . —

Since D=O at P =0, then the 6rst inequality is proved
for O~P &1. The second inequality is trivial since the
right-hand side is the first in a sum of non-negative terms
from the middle expression in Eq. (4).

This means that the probability XP commonly used for
single ionization is greater than the correct inclusive sum
for ionization of at least one electron. This sum in turn is
greater than the exclusive single-ionization probability
for electrons within a given shell. If P is small, then
(1—P) =1—NP, and for P &&1/X, then all three quan-
tities reduce to the same value, namely, XP.

As we later use perturbation theory to calculate
single-electron-ionization probabilities, it is important to
verify that small values of the probability make the larg-
est contribution to the total exclusive ionization cross
section. The probability function for n-electron ioniza-
tion by a highly charged projectile peaks at a certain im-
pact parameter b, „defined by
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[P(b, )]"[1 P—(b, )] " =0 .
Ip I I I r r 4 t I I i I I t I l~

The extremum condition lO'-

[n N—P(b, )][P(b,)]" '[1 P(—b, )] " ' (b, )=0,

yields for a maximum,

P(& )=-n

for any monotonically decreasing P(b), i.e., if dP/db&0.
Since the integrand in Eq. (2) is weighted with a factor of
b, most contributions to the total cross section come from
b ~b, for which P(b) ~niN The. independent-electron
approximation limits the maximum value of the single-
electron-ionization probability contributing signi6cantly
to few-electron ionization. Perturbation theory is applic-
able for any value of P (b) so long as n &&N, because con-
tributions for large P are damped by a factor of
(1 P)N —n
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FIG. 1. SCA single-electron ionization probability P(b) for
H+ + H at 1 MeV (—). An analytical 6t, Eq. (8), to the proba-
bility tail P(b)=Cb '

(——)

HI. CALCULATIONS

In this section we consider exclusive probabilities and
cross sections for the ionization of n of a total of N elec-
trons in a sing1e atomic shell with single-electron-
ionization probability P(b) using the binomial distribu-
tions discussed in Sec. II. We give emphasis to cases
where the number of electrons X and the projectile
charge q are both large. We shall work at high velocities
where the projectile velocity is large compared to the ini-
tial orbit velocity of the target electrons. The experimen-
tal single- and double-ionization cross sections at this ve-

locity are approximately linear in q. The experimental
ratio of double- to single-ionization cross sections is in-
dependent of q. Also for 1arge S and q, the exclusive
probabilities for ionizing n electrons tend to occur in dis-
tinct impact-parameter windows.

A. SCA calcu1stions

Let us now consider the impact-parameter dependence
of the exclusive probability of ionizing n of N electrons
using the SCA single-electron-ionization probabilities
tabulated by Hansteen, Johansen, and Kocbach. z5 The
exclusive probability is given within the binomial distri-
bution by the probability function

P(b)"[1—P(b)]

A typical curve for the SCA P(b) is shown in Fig. 1,
corresponding to protons on hydrogen at v=6.3 a.u. The
SCA P(b) was calculated using the SCA code ' to gen-
erate probability values for impact parameters larger
than the tabulated range. Values of P(b) for other pro-
jectile charges q and target charges Z may be found from
the well-known scaling law

P(q, Z, u;b)= P(1, l, ulZ, Zb) .
Z2

For highly charged projectiles, this scaling law gives
single-electron-ionization probabilities greater than l. If
P(q, b) actually were greater than 1, in violation of uni-

tarity, then for some impact parameters the probability
function in Eq. (6) would be negative, which is unphysi-
cal. Consequently, it is both necessary and reasonable to
constrain P(q, b) to be no greater than 1 either by limit-

ing P at P=1 or by using a unitarized expression

P„„,=1—e for which some justification has been
given. Since in ionization of a multielectron target
there is not much contribution except when P gg1, it is
not important which method we use to limit P. We use
the unitarized expression in the development of this sub-
section.

In Fig. 2 we show the impact-parameter dependence of
the ionization probability function Pz(l, b) for n=1, 2,
and 3 electrons in a shell with %=8 electrons bombarded
by 1 MeV protons. The probability functions become
more sharply peaked about b =0 as n increases. The fac-
tors of (1 P) have little e—ffect since P,„-0.03.

In Fig. 3 we show the exclusive probability functions
for ionization of n=1, 2, and 3 electrons at U=6.3 for
q=10. Now there is a clear effect due to the (1 P)—
terms. In this case the single-ionization probability func-
tion is negligible except near b, =3.6, where P(b, ) is
about 0.125. This value P(b) indicates that application
of the SCA method is not unreasonable, and error due to
unitarization (or truncation at P= 1) is small. For double
and triple ionization the probability function is peaked
about b, =2.8 and 2.2, for which the values of P(b, ) are
0.25 and 0.375. The impact-parameter ranges contribut-
ing to single, double, and triple ionization are somewhat
separate, forming windows in impact-parameter space for
various degrees of multiple ionization. These windows
form because at large impact parameters P(b) goes to
zero while at small impact parameters [1—P(b)] goes to
zero. These windows become more distinct as X in-
cr eases.
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FIG. 2. Ionization probability function P&(1,b) as a function

of impact parameter for H+ + Ne at 1 MeV/amu (v=6.3 a.u. ),
for ionization of n=1, 2, and 3 from a total of %=8 outer-shell
electrons. The SCA single-electron-ionization probability P is
represented by the solid curve. The exclusive ionization proba-
bility functions for n-electrons ionization are P8 (b), —~ —,
P {b) —"—P (b) —~ ~ ~—
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In Fig. 4 we show total exclusive cross sections for
n= 1, 2, and 3 as a function of q, for 1 MeV/amu projec-
tiles. They are compared with data of Cocke ' and Gray
et al. for multiple ionization of neon by highly charged
projectiles and with proton bombardment data of
%exler and DuBois. In our calculations we have very
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FIG. 4. Cross sections for ionization of n=1, 2, and 3 elec-
trons out of %=8 at 1 MeV/amu. SCA calculations: cr &,

o„——;cr„———.Data: 6, Ref. 21; 0, Ref. 28; o, Ref.
29; ~, Ref. 30.

simply used 1-shell SCA single-electron-ionization prob-
abilities instead of I.-shell SCA probabilities to illustrate
that a rather simple model for P(b) can give good agree-
ment with experimental results. Since hydrogenic wave
functions are used, there is some uncertainty about the
normalization of the SCA probabilities. Consequently,
we normalize our probabilities to the total cross section
for q =1, where the SCA results are at their best. Note
that for large q even though the SCA P(q, b) and
2~f0"P(b)b db are both quadratic in q, the exclusive

single- and double-ionization cross sections are approxi-
mately linear in q.

In Fig. 5 the ratios of double to single ionization and
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FIG. 3. Ionization probability function P&(10,b) as a func-
tion of impact parameter for ¹

' + + ¹ at 1 MeV/arnu (v =6.3
a.u.), for ionization of n=l, 2, and 3 from a total of %=8
outer-shell electrons. The SCA single-electron-ionization prob-
abihty P is represented by the solid curve. The exclusive ioniza-
tion probability functions for n-electron ionization are Ps(b),——' P (b) —"—P {b) —"—.
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FIG. 5. Cross-section ratios R, =o2/o, and R, =o.,/o, as a
function of projectile charge at 1 MeV/amu. SCA calculations:
82, , 83, —.—.Data: E, Ref. 21; O', Ref. 28; o, Ref.
29; , Ref. 30.
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triple to single ionization, R2 and R3, are plotted as a
function of projectile charge q at 1 MeV/amu. These ra-
tios increase approximately as q and q, respectively, for
small-q values. For q greater than 5 these ratios are prac-
tically constant.

In Fig. 6 the ratios of double to single ionization and
triple to single ionization, R2 and R3, are plotted as a
function of projectile velocity U for q=12. The slow de-
crease in the calculated ratios is caused by a change in
the power dependence [cf. Eq. (8)] of the tail of P(b) at
increasing projectile velocity.

8. Model calculations

In order to illustrate some properties of binomial dis-
tributions for large-q projectiles, it is useful to develop an
analytic fit to the SCA P(b) at large impact parameters.
It was shown in Fig. 3 for q=10 that the main contribu-
tion to few-electron ionization comes from collisions at
large impact parameters where only the tail of P(q, b)
contributes. The analytic form we have chosen for the
single-electron-ionization probability is

0 2~(i)f P(q, b) [1 P—(q, b)] b db

2m'(&) f P(q, b)[1 P(q—, b)] b db

2
R2 ——

0']

(1 2( b
—m)6b —

2m+ bodb
~
2

~ ~

~

~
»

~qb7 Cq 2 Allllf" (1 iCb m)7b——m+ldb
min

Integrating the denominator by parts and using the fact
that 1 qP( q—,b;„)=0 yields,

that some properties of multiple ionization depend only
slightly on the functional form of the single-electron-
ionization probability. These properties are a general
consequence of the binomial distribution resulting from
the independent-electron approximation.

Let us first consider the ratio of double to single ioniza-
tion at large q using our simple fit to the SCA P(b),
namely,

P(b) =Cb (8)

(m —2)
R2 ——

2pl

In Fig. 1, m=3.5 gives a good fit to the large impact-
parameter region as shown for q =1. As the projectile
velocity increases, m decreases slowly, giving relatively
more ionization at large impact parameters. Here we
truncate the scaled probability P(q, b)=q P(b) such that
P(q, b) =1 for b & b;„,where b;„ is the largest value of
b such that P(q, b)=1 in the SCA approximation. The
purpose of this simple analytical treatment is to show

(m —2)(m —1)
3m

(10)

Note that this ratio is independent of q and ¹ But q
must be large for Eq. (8) to hold in the impact-parameter
region where single and double ionization are large. It
may be similarly shown that

O 0.8-
CP

lf}

04.

U

0.2-
0

I

Cl + Ne

2

Rp

Again this is independent of q and ¹ Constant values
for R 2 and R 3 may be similarly obtained by an exponen-
tial fit ' to P(b), i.e., P(b)=Poe '. For m=3.5 these
ratios are R2 ——0.21 and R3 ——0.10, while the experimen-
tal ratios are 0.34 and 0.17, respectively. The SCA calcu-
lations of Sec. IIA shown in Fig. 5 are in somewhat
better agreement with experiment than these simpler cal-
culations.

Next we evaluate the total cross section for single ion-
ization using Eq. (8) for P(b). The integration starts at
b;„because 1 P=0 for b & b;—„Errors in P (.q, b) near
b;„are not important, since both [1 P(q, b)] and the-
weighting factor of b in Eq. (2) tend to emphasize the re-
gions of impact parameters where P is small and Eq. (8) is
applicable. Now, using Eq. (8) in Eq. (2), we have for
n=1

0.0--
0

I

0.5
I

l.G

Ep (MeV/amu)

l.5
o, =2m f P~(q, b)b db

0

FIG. 6. Cross-section rat1os 82=0'P/01 and 83—03/01 as a
function of projectile energy for q=12. SCA calculations: 8 &,

—;83„———.Data: 6, Ref. 2l.

8
=2m Cq f (1 qCb™)b +—'db .

1
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where

0.0 ——2m%m, '
C /X!

g,". +,'(im —2)

Since m is close to 4, the single-ionization cross section
o

&
is nearly linear in q at large q, consistent with the be-

havior seen in Fig. 4. From the above analysis for R2
and R3, o z and cr3 have the same q dependence for large

Now we consider the impact-parameter dependence of
the exclusive ionization cross sections for n g N and large
q. Solving Eq. (8) for b;„defi nedby P(b;„)=1, we
have

b C i /rn 2/m
min (12)

Next we 6nd the impact parameter b, where the ex-
clusive probability function for ionizing n electrons
peaks. Solving Eq. (5) «r b„

2 —mP(q, b, )=Cq b,

yields

2/m (13)

Note that both b;„and b, increase as q increases, having

the same functional form q
~ . The peak positions for

various degrees of ionization tend to separate as n/N in-

creases. These can be seen in Fig. 7 in which b, is plotted

as a function of projectile charge state.

I0

g 8-
+~

X +Ne
Qt I MBV/QITIU

0 I t I t I I I/

0 2 4 6 8 l0 l2 l4 l6 l8 20

FIG. 7. Impact parameter b, corresponding to the maximum
of the probability function [cf. Eq. (5)J, as a function of projec-
tile charge for ionization of n=1, 2, and 3 from a total of %=8
electrons.

Using integration by parts and the definition of b;„,we
obtain,

4/m

IV. DISCUSSIQN

We have used perturbation theory within the
independent-electron approximation to evaluate cross
sections for multiple ionization of multielectron targets
for high projectile charge q. This includes some contri-
butions from large P(q, b). The resulting error is small if
n/N « 1. For example, for single ionization in a system
with eight identical electrons, the maximum contribution
comes from b, where P(q, b, )=n/N=O 125. Sin. ce the
integrand in Eq. (2) is weighted with a factor of b, most
contributions to the total cross section come from b ~ b„
where P(q, b) &0.125. Numerical estimates using trun-
cated and unitarized P(q, b) give an error of less than
10% due to the improper use of perturbation theory in
evaluating total cross sections. It seems remarkable to us
that perturbation theory indeed seems to work so well in
the high-q limit. Similarly we 6nd that for double ioniza-
tion with %=8 that P(q, b, ) is 0.25 and the error intro-
duced in the total cross section is less than 20%. The er-
ror in the cross sections increases with n and reaches
about 40% for cr3. The total cross sections monotonical-
ly decrease as n increases so that the large-n cross sec-
tions never dominate the inclusive total cross section.
This may not be the case if electron capture is included or
if molecular orbital effects are important. However, in
the experimental systems we have used, capture contribu-
tion to few-electron ionization is negligible. This is evi-
dent from the work of Gray et al. , on the collision sys-
tem F ++¹at 1 MeV/amu, in which the capture con-
tributions for doubly and triply charged recoils was less
than 1% and 10%, respectively. By using the
independent-electron approximation we have ignored
correlation snd shakeout' effects.

The functional dependence of P(q, b) selects the range
of impact parameters which contribute to the exclusive
ionization cross section, resulting in a window for ioniza-
tion of n electrons. These windows" occur such that
the deep inelastic collisions cause multiple ionization and
the soft collisions contribute primarily to single ioniza-
tion.

Using the independent-electron approximation we have
shown that the ratio of double to single and triple to sin-
gle ionization is independent of q for large q. Thus a ra-
tio of double to single ionization independent of q (Refs.
35-37) does not always indicate a breakdown of the
independent-electron approximation. For small q the ra-
tio of double to single ionization does vary as q . In these
cases where q is small, i.e., P «n/N, a value of R2
which is independent of q is not consistent with the
independent-electron approximation. In those cases
some other mechanism for double ionization, such as a
shakeoiT; msy be dominating over independent interac-
tion of each electron with the projectile. In the shakeout
mechanism 82 is independent of velocity U while the bi-
nomial distribution at large q the ratio 8 2 decreases slow-
ly with increasing U.

Our present calculations are very simple and as noted
above many improvements are possible. On the other
hand, since the method is so simple it may be easily ap-
plied to more complicated systems. The wave functions
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of outer shells of many systems decrease exponentially
and may be regarded as isotropic, at least on the average.

Applying the SCA P(b) may not be unreasonable for
many atoms and molecules, whenever correlations may
be ignored. In the region of intermediate q where the
cross sections change from. a q dependence to an approx-
imately linear dependence on q, there are few data and
further observations may be useful. For broad qualitative
features of exclusive ionization cross sections our method

may be useful and should be tested further.

V. SUMMARY

Binomial distributions have been applied to collisions
of atoms with fast projectiles of arbitrary charge q. The
factor XI', commonly used for ionization of a single elec-
tron in a shell containing X electrons with the same
single-electron ionization probability I', is an upper
bound to the inclusive ionization probability. If
P ~g 1/X, then both expressions are approximately equal.

%e find that perturbation may be applied for exclusive
ionization probabilities if n/N ~&1, because factors of
( 1 P—) " suppress contributions where the single-
electron ionization probability P (q, b) is large.
Specifically, when P(q, b) is not smaller than n/N, the
maximum contribution to the exclusive probability for
ionizing n of X electrons occurs at P(q, b, ) =n /X. when
N ~~1 and q is large, each of the exclusive ionization
probabilities is contained within somewhat separate
impact-parameter windows. For large q the ratio of dou-
ble to single-total-ionization cross sections is independent
of q. The single-ionization cross section is approximately
linear in q in agreement with data for the ionization of
neon by projectiles with q =6—13 at 1 MeV/amu.
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