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Rabi oscillations in an infinite-order correction
to the adiabatic approximation for a two-level system
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%e derive an in5nite-order correction to the adiabatic approximation for the polarization in-
duced in a t~o-level system by nearly resonant laser irradiation in the low-Rabi-frequency limit for
two general classes of Seld envelopes. %e 6nd that Rabi oscillations at the resonant sideband fre-
quency are a general occurrence and study the inhuence of the pulse shape on the form of the
asymptotically decreasing amplitude of the Rabi oscillations as a function of the detuning and time
constant, %e go beyond the low-Rabi-frequency limit by comparing the analytic solution w'th nu-
merical solutions of Schrodinger s timeMependent equation. For symmetric laser-pulse envelopes,
the numerical solutions predict eigenvalues of the pulse area at which the amplitude of the Rabi os-
cillations is zero. The phase of the temporal osciBations changes by m at these eigenvalues. For the
special case of a hyperbolic-secant envelope, these eigenvalues correspond to the 2n m-area pulses of
self-induced transparency. For large-area pulses, the central region of the polarization as a function
of time contains additional oscillations, the number of oscillations being determined by the number
of pulse-area eigenvalues. For a propagating pulse, these oscillations are impressed on the Seld and
ampli6ed, thereby initiating pulse breakup (nonresonant self-induced transparency).

I. INTRODUCTION

In the adiabatic approximation of quantum mechanics
a system remains in an eigenstate of a Hamiltonian of
which one or more parameters vary slowly in time. '

The adiabatic approximation is exact in the limit of
infinitely slow parametric change. In this limit there are
no Rabi oscillations. ' For any finite rate of change, the
system is in a superposition of eigenstates of the instan-
taneous Hamiltonian, so that the expectation value of an
off-diagonal operator such as the dipole moment displays
complex oscillations. In this paper we study the depen-
dence of the amplitude and phase of these oscillations on
the time history of the Hamiltonian for the speci6c exam-
ple of a two-level system irradiated by a laser pulse. The
adiabatic approximation discussed here and in Ref. 1

should not be confused with the quasisteady-state ap-
proximation in which coherent laser driving is in dynam-
ic equilibrium with collisional and other damping pro-
ccsscs.

The results presented here are the foundation for a
physical, as well as quantitative, understanding of several
coherent laser propagation phenomena. When the con-
tribution of the nonlinear polarization to the laser propa-
gation equation is large compared to the contribution of
diFraction, as in many experiments on nearly resonant
propagation in atomic vapors, diNerent parts of the wave
front propagate nearly independently. In this case the
possibly small intensity- and phase-dependent corrections
to the adiabatic approximation have a major effect on the
evolution of a propagating pulse since thcsc oscillatory
col rcct1ons are impressed upon thc pulse and arc
ampli6ed in subsequent layers of the medium. We shall
describe the application of our results to the explanation
of frequency-shifted conical emission in a future publica-
tion.

The adiabatic approximation has usefully been applied
to problems in the propagation of nearly resonant light in
two-level vapors. ' If the field envelope varies slowly
compared to the precessional period and if the pulse is
suSciently short that the relaxation times T, and Tz can
be considered to be infinite, then the atomic system
remains approximately in the quantum-mechanical state
that evolves continuously out of the zero-field eigenstate.
To the extent that this approximation is valid, no new
frequencies are generated. Thus the atomic response can
be expressed as a nonlinear dielectric susceptibility, obvi-
ating the need for integration of the complete set of
quantum-mechanical equations of motion. The adiabatic
approximation for the induced polarization in two-level
systems was derived phenomenologically by Grischkow-
sky, who used it to explain certain experimental results
of laser propagation. Subsequently, Crisp3 provided an
analytic derivation and obtained an explicit quadrature
for the error. %'e have extended Crisp's results by mak-
ing a systematic study of the error for a variety of pulse
shapes and parameters.

In this paper we derive analytic solutions for an
infinite-order near-adiabatic approximation for the in-
duced polarization of an undamped two-level system in
the low-Rabi-frequency limit for two general classes of
6eld envelopes. These solutions, which may also be
viewed as providing in6nite-order corrections to the adia-
batic approximation, involve various special functions.
For complex arguments the special functions begin oscil-
lating at a 6nite time and continue to oscillate indefinitely
with constant amplitude. We call these the "tail oscilla-
tions. " From Messiah's discussion of adiabaticity, it is
known that the adiabatic approximation is asymptotic.
Crisp established its validity for

~
b,

~
r~&1, where b, is

the detuning from resonance and ~ is a characteristic
time. The analytic solutions we obtain describe the func-
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tional dependence of the asymptotically decreasing am-

plitude of oscillation on the detuning and time constant.
However, the induced polarization contains Rabi osci11a-
tions at the resonant sideband frequency ( —b, ) for all
finite values of

I
~

I
~.

In the near-adiabatic regime, the infinite-order correc-
tion is much smaller than the adiabatic polarization. In
order to extend the range of

~
b,

~
r over which nonadia-

batie effects are visible in graphs, it is useful to subtract
low-order approximations from the total polarization.
For this application we derive the 6rst 6ve orders of ap-
proximation in Appendix A using a technique introduced
by Crisp which does not invoke the low-Rabi-frequency
limit. The first two orders of approximation are also de-
rived for a complex 6eld envelope, yielding results that
differ from previously published results ' for a real field
envelope. The complex formulation is essential in analyz-
ing laser propagation where self-phase modulation causes
an initially real field to become complex.

The numerical solution of the two-level time-dependent
Schrodinger equation is complicated by imaginary eigen-
values, improper initial conditions (at t = —ao ), and adia-
baticity requirements. %e describe the numerical tech-
niques used to solve Schrodinger's time-dependent equa-
tion and compare the numerical solutions with the ana-
lytic solutions to show that our infinite-order approxima-
tion is valid for a wide range of

~
b,

~

v. We then use the
numerical method to survey the new effects that occur at
higher Rabi frequencies than those to which the analytic
solutions apply. For symmetric pulse envelopes, the nu-
merical solutions predict eigenvalues of the pulse area at
which the amplitude of the tail oscillations is zero. The
phase of the temporal oscillations changes by m at these
eigenvalues. For the special case of a hyperbolic-secant
envelope, these eigenvalues correspond to the 2nm-area
pulses of self-induced transparency. Asymmetric pulses
have similar but less sharply defined behavior. For
large-area pulses the central region of the polarization
(corresponding to the maximum of the incident pulse)
contains additional oscillations, the number of oscilla-
tions being determined by the number of pulse-area ei-
genvalues. For a propagating pulse, these oscillations are
impressed on the Seld and amplified, thereby initiating
pulse breakup (nonresonant self-induced transparency).

II. COMPLEX POLARIZATION

In this paper we are concerned with the excitation of
an ensemble of atoms or molecules with two energy levels
connected by an electric dipole transition, the frequency
(E/irt) of which is nearly equal to the laser frequency. In
order to make the underlying physics more apparent, we
use the undamped time-dependent Schrodinger equation
rather than the Bloch equations. This is permitted be-
cause the pulse is assumed to be short enough that T,
and Tz can be neglected. In the rotating-wave approxi-
mation for a system with a ground state and one excited
level interacting via an electric dipole transition with an
external, classical, time-varying field E(t) cos( cot+/)—
[where the complex field envelope E(t) is supposed to
vary slowly on the time scale of the period 2n/co], the
time-dependent Schrodinger equation takes the form '

BCO pE(t )*

i3t 2A

BV i pE( t)=i 20+EAVi
Bt

~here 6 js the detuning of the laser frequency from reso-
nance, b =co elf—i; }Lt is the matrix element of the dipole
operator; and Vo and V, are the probability amplitudes of
the ground state and excited state, respectively. The
complex polarization

P=2iEpV oV&

is proportional to the source term of the wave equation
describing the spatial propagation of a laser pulse in the
slowly varying amplitude and phase approxima-
tion. ' The complex polarization is related to the Bloch
vector components by P =i'(u iu).—The time deriva-
tive of the complex polarization is

dP dv', dL'0=2lX}Lt V () + Vi
t dt dt

Substituting (2) and the conjugate of (1) into (4) and let-
ting Z= )0',

)
—(Vo ~

be the inversion results in the
first-order linear differential equation

NdP .
& Np Ez (5)

dt

which has the integrating factor exp( ib, t). W—ith the
imtial condition P( —oo ) =0, the polarization is

2 I

P(t)= J E(t')Z(t')exp[ —ib(t' —t)]dt' . (6}

Making the change of variable x =t —t' yields the exact
expression

P(t) = J E(t x)Z(t —x—}exp(ibx )dx,
x=o

which is equivalent to a result obtained by Crisp.
Equation (7) is completely general. For a nearly adia-

batic pulse, the expression for the inversion derived in

Appendix A,

(6 +p i
E

i
/irt )'i

can be substituted into the integral. (The minus sign is
used for systems starting in the ground state and the plus
si n for systems starting in the excited state. ) If
i} ~~@

~
E ~2,„/A (low-Rabi-frequency limit), then the

inversion is nearly constant and can be brought outside
the integral, resulting in the approximate expression

P(t) = J E (t x)exp(i b—x )dx . (8)
x=O

For a given field envelope, the integral in Eq. (8) is gen-
erally a special function with a complex argument. The
technique of solution is to 6nd an integral representation
of a special function or a tabulated de6nite integral that
corresponds to (8}. To iBustrate the method and to de-
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scribe the resulting physics we evaluate the integral for
the important cases of a generalized Gaussian and a gen-
eralized hyperbolic-secant field envelope. Experimental-
ists ofteIl strive to obtain a pulse that, is Gaussian in time,
while the hyperbolic-secant pulse has long been known to
play a special role in the propagation of laser pulses. "

Both the Gaussian and the hyperbolic secant are sym-
metric about a maximum. Real pulses, especially those
modified as the result of propagation, may be asymmetric
and may have acquired a small modulation at other fre-
quencies than the center frequency e of the laser pulse.
In order to allow for these physically important cases, we
multiply the originally symmetric unmodulated pulse en-

velope by the factor exp[(u+iu )r]. The parameter u al-

lows consideration of asymmetric envelopes such as
would occur for a self-steepened pulse. The oscillating
component should be thought of as a perturbation of the
basic envelope [1+e exp(i ut )], where e is a real ampli-
tude small compared to 1, rather than an oscillation of
the entire envelope. Provided that the amplitude r. is
sufficiently small, this allows for an input sideband of
nearly arbitrary frequency without violating the adiabatic
condit1on.

W'(z) =e ' erfc( iz—) . (13)

The general solution to (11)becomes

Np EOZ
P(r)= exp

2

+(u+iu)r &npw(iy&p),
2

while the polarization for the generalized Gaussian field
envelope (9) is

P(i)=
rNp EOZ

2

' j/2

exp — +(u +EU )r
2

(b, —U)r . r ur—2
—i

2 v&2
(15)

The above integral is simply a special case of an integral
representation of the parabolic cylinder function. '

Because the argument of the complementary error
function is complex, the properties of the solution are
more apparent if we utilize the so-called complementary
error function of complex argument, 8', which is defined
as14

HI, ANALYTIC SOLUTIONS

A. Gaussian envelope

Consider the generalized Gaussian field envelope

t 2

E( )i=Et xep[(u +i )U]rexp
2~2

with u, U, and r, real, and r ~ 0. Since the peak of the en-
velope is located at to ——uv, we define the normalized
amplitude as Eo ——Eoexp( —u'r /2). By Eq. (8), the
complex polarization is

Np, EoZ
P(t) = I exp[(u+iU)(t —x )]

fi x=0

t xt x
Xexp — +——

W(x iy ) =—2 exp(y x+ 2—ixy ) —[ W(x +iy )]'
to divide (15) into a solution valid for r & u r:

rNp EOZ
P(t)=

fi 2
exp

t 2

+(u+iu)t
2

(b, —U)r . )
t —uH

~~IV ~ +i
L

and a solution valid for t p u r:

The major part of the polarization given by Eq. (15) is a
scaled image of the original pulse modified by the coIn-
plementary error function of complex argument, 8'.

Because $V exhibits smoothly varying behavior if the
imaginary part of the argument is positive and complicat-
ed behavior if the imaginary part is negative we use the
identity

Xexp(ibx)dx . {10)
rNp EQ

P(t)= &2n'exp ibt i+uH( —U b)

——(b, —2bu+U —u )
2

2
exp — +(u+iu )r

2

With the subsititutions p=r /2 and y =u rle-
+i(U —b, ) one converts the integral to

Np EOZ
P(i)= exp — +(u +iu )r

x= oo X 2

X I =
exp — —yx dx.

x=0
(6—U)r . t uH—x W +i {18)

P(r)=
NpEoZ,

exp — + (u+ iu )t
2

In terms of known special functions the result is' In order to investigate the most fundamental proper-
ties of the solution we consider the symmetric Gaussian
envelope by taking u =U=0. Perhaps the most interest-
ing feature of the solution is the occurrence of Rabi oscil-
lations at the resonant sideband frequency ( —5) begin-
ning at the peak of the envelope, t =0, and persisting
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indefinitely in time with constant amplitude. The overall
phase of these oscillations is the same as the phase of Eo.
In this infinite-order low-Rabi-frequency approximation,
the amplitude of these oscillations is proportional to ~
exp( —5 r /2), whereas the adiabatic approximation
(A19) predicts no oscillations and is valid only if

~

b,
~

7'&& 1 (Ref. 3).
Nonzero values of u and U move the peak of the pulse

to uv and introduce a phase factor exp[iud (U —b, )] that
fixes the node of the Rabi oscillations at the peak. The
amplitude of the Rabi oscillations is now proportional to

lations resulting from the first term in (18), which
operates on the entire pulse envelope.

The result of calculating' the polarization from Eqs.
(17) and (18) for a real symmetric Gaussian pulse is
shown in Fig. 1. The first-order adiabatic polarization
(A19) was subtracted from the total polarization in order
to make the effects of the higher-order terms more discer-
nible. The tail osciHations are clearly visible in the figure.
This figure also shows the asymmetry of the even terms in
the expansion which gives rise to pulse reshaping under
propagation.

~exp ——(b, —u ) exp2

2

ii

2
(19) 8. Hyperbolic-secant envelope

For an asymmetric pulse, the amplitude of the tail oscil-
lations depends on the magnitude, but not the sign, of the
asymmetry. Constructive interference occurs when u and
6 have the same sign, and destructive interference occurs
when they have opposite sign. In particular, if u =5 then
the amplitude of the Rabi oscillations no longer asymp-
totical1y decreases with h~, but increases with ~ for the
fraction e/(1+ e) of the pulse that is osciHating initially.

The second term in (18) is also oscillatory when the ini-
tial field contains oscillations at frequency U. The com-
plementary error function of complex argument intro-
duces a phase of 0 to sgn(b, —U )m /2 for t ~ u r and from
sgn(b, —U)rr/2 to sgn(h —v)n for t &ur. The physically
significant result is that during propagation any input
sideband oscillations occurring before the peak are
amplified and those occurring after the peak are attenuat-
ed. The phase approaches the hmiting values slowly so
that the efFect is very small. Further, we have assumed
that the fraction of the pulse with input oscillations is
small, making the effect much smaller than the tail oscil-

Consider the generalized hyperbolic-secant field en-
velope

E (t) =Eoexp[(u +IU )t ]sech'(I /w),

with a, 7, u, and u real, a and r &0, and u & —a/~. If
u ga/~, then the peak of the envelope is located at
to ——[ln( 1+u r/a ) —ln(1 ur/—a ) ]r/2. We define the
normalized amplitude

Eo =Eoexp( uto—)cosh (to A)

By Eq. (8), the complex polarization is

&P EOZ ~= exp[(u+iv )(t —x )]P(&)= exp(ib, x )dx .
cosh'(t /r x lv )—

(21)

Making the exponential substitution for the hyperbolic
cosine and defining z = —exp(2t /~), we obtain

2'Ep EOZ
P(r)= exp[( u +a /~+I v )I ]

X
exp I

—[u +a /~+i(U —b, )]x ] dx
[1—z exp( —2x /~)]'

(22)

The change of variable y =2x /~ and the substitution

/

I

I

1 I

I

/

I

I

/

I

[u+a /~+i(v —h)]r
2

convert (22) to

2' 'rXp EOZ
P{r)= exp[(ii +0 /1 +iU )r ]

(23)

I

0
TIME (ns)

FIG. 1. Polarization for a real, symmetric Gaussian pulse
demonstrating the tail Rabi oscillations. The solid line
represents the real part of the polarization, the short-
dashed-long-dashed line represents the purely imaginary adia-
batic polarization, and the dashed line represents the higher-

order imaginary polarization. The parameters are A%=0. 1

crn-' ~=0 183 ns, Eo ——50 statvolts/cm, p= 10-"
statcoulombscm, and %=5)& 10' cm {v:—1/k).

exp( by)—X
y=o [1—z exp( —y)]'

which can be expressed as

2' '~X{u EoZ 1P(t)= exp[(u +a /~+iv )r ]
b

(24)

X iF(a, ;bb+1; )z (25)

using an integral representation of the hypergeometric
function. ' lf t &0 then

~

z
~

& 1, and the infinite series
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b I'(b)I (a b)—
I (a}

where use has been made of the identity 2Fi (a, 0;c;z }= .
Then the solution is, for t &0,

P (t)= exp[(u +iu )t ]exp(at /r }
2'rNp, EOZ

and for t p0,

I (a +n ) ( —1)"exp(2nt /r)
I"(a} [a +2n+ur+i(u b)r]n—!

(27)

P (t)= exp[( u +iu )t ]exp( at /r—)
2'reap E'OZ

I (a +n) ( —1)"+'exp( 2nt/r)—
I"(a) [a +2n ur i (u——b,—)r]n!n=0

1(b)l (a -b)+ I"(a)
(28)

The factorials are simplified if we consider only the
case where a =1. Then the solution is, for t & 0„

2rNp EOZ
P(t) = exp[(u +iu )t ]exp(t /r)

for the hypergeometric function does not converge.
However, the function can be evaluated by analytic con-
tinuation,

b —t2

b —a
F (a b'b+1 z)= ( —z)

1
X2F, a, a —b;a —b +1;—

structive or destructive interference with an input side-
band. The phase ((} of the oscillations is determined by
the phase of Eo and by the asymmetry constant u

through the expression

rtr(u —b )
tan(((})= tanh

2
tan

L

The magnitude of the oscillations is proportional to
—1/2

(31)

mr(u —b, )
~ cosh2

~ 2 u1m'—sm
2

(32)

IV. NUMERICAI. METHOD

I~

which again depends on the magnitude, but not the sign,
of the asymmetry constant u.

An important special case of the input pulse, 20
occurs when a =1 and u =1/r. The pulse shape is then
a Fermi pulse and the oscillation magnitude becomes pro-
portional to

~

r csch[n r(u —b, )/2] ~, which asymptotical-
ly approaches (x) as the argument approachs zero,
demonstrating considerable interference between the
Rabi oscillations and the input sideband.

Figure 2 shows real hyperbolic-secant pulses with posi-
tive ( u = +2. 1) and negative ( u = —2. 1) asymmetry.
Equations (29) and (30) were evaluated for these pulses.
In both cases, the first-order adiabatic polarization was
subtracted from the total polarization in order to make
the e8ects of the higher-order terms more discernib e.
The results are shown in Fig. 3 for the positive-
asymmetry case and in Fig. 4 for the negative-asymmetry
case, where the solid line is the real polarization and the
dashed line is the higher-order imaginary polarization.
The purely imaginary, 6rst-order adiabatic polarization,
which is not shown, is an inverted image of the electric
field with magnitude 1.26 picostatvolts/cm.

( —1)"exp(2nt /r)
1 +2n + it r + l ( u —5 )r

(29)

In this section we describe the numerical method used
to solve the time-dependent Schrodinger equation [Eqs.

and for t g 0,

P(t) = exp[(u+iu )t]exp( tlr)—2rNp EOZ

( —1)"+ 'exp( 2nt /r)—
u 1+2n ur i (—u b,)r——

reap EOZ
+ exp(i ht)n.

~r(u —5)~ sech

E
v 40'

0

30

~~ 20

~~ 10

I
I

I
/

/
/

The physical properties of this solution have much in
common with the results given for the Gaussian pulse.
The polarization contains Rabi oscillations at the reso-
nant sideband frequency that begin at a 6nite time and
continue inde6nitely with constant amplitude. The oscil-
lations have an amplitude that is an exponentially de-
creasing function of

~
6

~

r and which demonstrates con-

I

0
TIME {ns}

FIG. 2. Hyperbolic-secant pulses with positive (solid line)
and negative (dashed 1ine) asymmetry. The parameters are
v =0.31 ns, Eo ——50 statvolts/cm, and u = +2. 1.
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U

V)

0

0
CL

Q.QQ'

Q
~~ —0.07

—Q. 14'. .

—5 —2.5 Q

TIME (ns)

FIG. 3. Polarization for the real„positive asymmetry,
hyperbolic-secant pulse shown in Fig. 2. The solid line

represents the real part of the polarization and the dashed line

represents the higher-order imaginary polarization. The param-
eters are A,%=0.1 cm ', @=10 ~' statcoulombs cm, and
%=5X10"cm '.

E

O
Q.Q7'

C)

QQ
~U.

CL

O
CL

(1) and (2)] in order to verify the applicability of the ana-
lytic solutions which were derived assuming near-
adiabaticity and low-Rabi-frequency limit, and to extend
the solution beyond the range of validity of the adiabatic
and low-Rabi-frequency approximations. The most
significant aspect of the differential equations (1) and (2),
from a numerical point of view, is that they have imagi-
nary eigenvalues. Because of these imaginary eigenval-
ues, it is surprisingly difficult to obtain accurate numeri-
cal solutions for an arbitrary time-dependent field en-
velop E(t). Several well-known methods for solving sys-

tems of ordinary differential equations are actually unsta-
ble for equations with purely imaginary eigenvalues. Chu
and Cantrell' present a method for solving the time-
dependent Schrodinger equation that has a very small lo-
cal error and high computational speed. The finite-
di6'erence equations for their multistep method are

y„+,——0.43y„—0.35y„2+0.92y„,+2.38hy

—l. 59hy„' ) +2.28hy„' 2
—0.01hy„' 3 (33)

with a stability limit of 0.6i. For the numerical results
presented here, the multistep finite-difference method was
started with an Euler predictor and an iterated tra-
pezoidal corrector. This starter is stable but is not suit-
able for the complete solution due to the amount of itera-
tion required to achieve acceptable accuracy.

At the end of the numerical calculations it is necessary
to verify the accuracy of the solution by calculating the
norm of the state vector

~
Vo

~
+

~
2, ~, which must be

unity to within a prescribed error range. A standard
technique for determining the required accuracy of a
finite-difference method is to compare the solution for a
given step size with the solution for a half-step size. The
error ~~ng~ 0 9999&

I co I
+ lci I

&1 0001 was con-
sistent with repeatable results when a smaller step size
was used. Due to small-scale structure at the generalized
Rabi frequency,

0'(t) =(hi+@
~

E(t)
~

2/A2)' 2, (34)

the number of time points required to achieve this level of
accuracy was often considerably greater than the Nyquist
limit based on the detuning frequency alone. We note
that this physical structure is present in the total polar-
ization when

~
b,

~

r is large, but may not be visible graph-
ically. Techniques that can be used to make it visible in-
clude subtraction of the low-order polarization (Appen-
dix A) and truncation of larger features. The origin and
characteristics of this small-scale, high-frequency struc-
ture are discussed in Sec. V.

An additional numerical diSculty is the imposition of
an initial value that is defined at t = —oo. Since the field
varies slowly from t = —oo to the point where the calcu-
lations begin, we can use the dressed state (eigenstate of
the effective Hamiltonian) that is correlated with the ini-
tial zero-field state as the initial value for solving Eqs. (1)
and (2), provided the logarithmic derivative of E is also
small. ' In order to meet the second part of the adiabatic
criterion, which limits the logarithmic derivative of E (t),
a small field of constant amplitude, which we call a pede-
stal, is added to the field.

For the system of Eqs. (1) and (2), the efFective Hamil-
tonian is given by

T

I

0
TIME (ns)

0 0*
eff0 Q (35)

FIG. 4. Polarization for the real, negative asymmetry,
hyperbolic-secant pulse shown in Fig. 2. The solid line
represents the real part of the polarization and the dashed line
represents the higher-order imaginary polarization. The param-
eters are the same as for Fig. 3.

ko ———l — 1+4—iQi
Q2

(36)

where Q=pE/2A. The eigenvalue of (35) corresponding
to the ground state is
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and a colrespondlng normalized dressed-state elgenvec-
tor is

X2

/0/ +ho pE(i}dt .d (39}

pEO. The pulse area 8, defined as the angle through
which the pseudodipole rotates during the pulse when the
detuning is zero, is given by the expression

(38)

Due to a small amount of nonadiabaticity, the system is
not precisely in the dressed state (37) and (38). It is there-
fore necessary to start the calculations when the field is
quite small and almost constant in order to allow the
parasitic roots of the finite-di8'erence method to die
away before the 6eld becomes signi6cant. The derivative
of the phase of a propagated Seld is used as a sensitive in-
dicator to verify that the calculations were started adia-
batically. If the derivative of the phase is not smooth,
then the parasitic roots have not died off rapidly enough
and the physical small-scale structure may have been lost,
even though the accuracy criterion has been met.

V. NUMKRICAI. RKSUI,TS

The 6nite-difkrence solution of Schrodinger s equation
described in Sec. IV was used to test the validity of the
analytic so1utions and to extend these results to higher in-
tensities. For all numerical calculations, the system was
started in the ground state and the pedestal was 5g 10
statvolts/cm (intensity =3 X 10 kW/cm ).

The analytic solutions (17) and (18), and (29) and (30),
w ere evaluated numerically and compared with the
finite-difkrence solutions. A dipole moment of 10
statcoulombs cm [compared to 6.49 X 10 ' statcoul-
ombscm for the (3 Si/2 3 P3 /)Dz2trans1tion of Na]
and a field strength of 50 statvolts/cm (intensity=300
kW/cm ) were chosen as a representative of the low-
Rabi-frequency limit. In order to facilitate comparisons,
the first-order adiabatic polarization (A19) was subtract-
ed from the total polarization. No discernible difference
was found between the finite-difFerence solution and the
analytic solutions over the entire range of parameters
tested, except near ihe origin, where, for certain ranges of
the parameters, the infinite series in Eqs. (29) and (30) did
not converge su%ciently fast. The range of hv was from
5.00, where the Rabi oscillations were barely observable,
to 0.001, where the oscillations dominate the higher-
order polarization.

For values of pEO that violate the low-Rabi-frequency
limit considered in the previous paragraph, the 6nite-
di8'erence and analytic solutions begin to diverge. The
frequency of oscillation was investigated for positive
asymmetry pulses where the generalized Rabi frequency
decreases slowly from (b +p Eo/fi )' at the peak of
the pulse, asymptotically approaching 6 at large time. It
was found that the oscillations occur at the instantaneous
generalized Rabi frequency.

The finite-di8'erence solution to Schrodinger s equation
was also used to make a systematic study of the variation
in the amplitude of the tail oscillations for larger intensi-
ties. A parameter of interest is the pulse area, which is
important in pulse propagation and is proportional to

For symmetric pulses, there exist eigenvalues of pulse
area at which the amplitude of the tail oscillations is zero.
For resonant pulses, these eigenvalues occur at a pulse
area of 2n m, where the pseudodipole makes n complete
revolutions and the medium is returned to its initial state.
For nonresonant pulses, the pulse-area eigenvalues de-
pend on the pulse shape; the pulse area must be such that
the energy absorbed during the rise of the pulse is reemit-
ted into the tail at a rate that exactly follows the fall of
the pulse. If there are no tail oscillations, then no energy
remains in the medium after the pulse has passed.

The hyperbolic-secant pulse is a special case where the
eigenvalues of the pulse area at which the amplitude of
the oscillations is zero occur at integer multiples of 2m for
all values of detuning and time constant. The eigenvalues
of a symmetric, Gaussian pulse exhibit more complex be-
havior. Figure 5 shows the variation of the first few ei-
genvalues with A. Only positive detunings are shown
since the eigenvalues are symmetric about the resonance.
For small 5, the pulse-area eigenvalues asymptotically
approach the 2nm area expected for resonance. For
nonzero detuning, the eigenvalues also approach 2nm
asymptotically with decreasing ~.

Figure 6 shows plots of the oscillation amplitude (zero
to peak of the out-of-phase quadrature) versus Eo for
several values of asymmetry of a real hyperbolic-secant
pulse, The dashed line corresponding to a very small
asymmetry is visible as a rounding of the cusps of the am-
plitude, displaying the sensitivity of the eigenvalue behav-
ior to asymmetry. In Fig. 7 we present the phase of the
oscillation as a function of Eo for the same pulses. The

I

g 0.10
6 I/ (1/c(Tl}

I

Q. t 5

FIG. 5. Eigenvalues of pulse area, as p is varied, as a func-
tion of detuning for a real, symmetric, Gaussian pulse. The ei-
genvalues are symmetric with respect to the detuning. The pa-
rameters are v.=0.212 ns, Eo =50 statvolts/cm, and %=5& 10"
cm
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FIG. 6. Amplitude of Rabi oscillations in the polarization as
a function of Eo for five values of asymmetry for a rea
hyperbolic-secant pulse. The values of u are u =0.0 (solid line,
u =+0.1 (dashed line), and u =+1.0 (short-dashed-long;
dashed line). Additional parameters: N =5 &( 10' cm

p = 10 ' statcoulombs cm, v =0.2 ns, and hv=0. 032 cm

I F2+4[fl(t)]2) 1/2 (40)

%hen viewed from the origin, the pseudodipole rotates
clockwise about the torque vector. The oscillating por-
tions of the Bloch vector components are

and

u, = —sgn(b, ) A; cos(Q't ) (41)

of precession, the trajectory of the tip of the pseudodipole
is approximately equivalent to rotation in a plane. Fur-
ther, the plane of rotation must slowly change its orienta-
tion in order to remain perpendicular to the torque vec-
tor. For nonresonant pulses, the oscillations in the polar-
ization have both in-phase and out-of-phase components
b se the plane of rotation is not parallel to the U-zecause

Fi. 8p ane1 ne in Bloeh space. An example is shown in ig.
~ ~ ~

where the oscillations are made visible by subtracting ou
the fifth-order approximation (A35) to the polarization.
The ratio of the amplitude of the imaginary component
of the oscillations to the amplitude of the real component
is given by the absolute value of the sine of the angle be-
tween the effective field and the u axis,

U„,= A„sin(Q't ) . (42)
eigenvalues of the Schrodinger equation discussed here
are distinct from the bound-state eigenvalues of the cou-
pled Maxwell-Bloch equations' which determine t e
asymptotic result of uniform plane-wave propagation.

In the nearly adiabatic regime, the pseudodipole
precesses in a narrow cone about the slowly evolving
efFective field (torque vector) in Bloch space. ' This pre-
cession induces oscillations in the polarization, with an
asymptotically small amplitude, at the instantaneous gen-
eralized Rabi frequency. %hen the torque vector
changes its direction very slowly compared with the rate

The complex polarization I' =iNp(u iu ) —becomes

imp A„
P =Po—

2
o~1+ e — —,e0' 0'

w'here P is the contribution of the nonoscillating com-0
ponents due to the evolution of the effective field. From
this equation we see that the sideband on the resonance
side of the center frequency is larger than the opposite
sideband for nonresonant pulses.

The central oscillations are the origin of pulse breakup
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FIG. 7. Phase of the Rabi oscillations as a function of Fo for
five values of asymmetry for the same pulse as 'g.Fi . 6. The
values of u are u =0.0 (solid line), u =0.1 (upper dashed line),

u = 1.0 {upper short-dashed —long-dashed hne), u = —0. 1 (lower

dashed line) and u = —1.0 (lower short-dashed-long-dashed
7

line).

12
0 a.5

TlME (ns)

FIG. 8. Higher-order real (dashed line) and imaginary (solid
line} polarization for a real, symmetric Gaussian pulse demon-
strating relative amplitudes of the central oscillations. The pa-
rameters are Av= 0.0478 cm, ~= 1.06 ns,

—1 E =SO
10"cm-'statvolts/crn, p=10 "statcoulombs cm, and X=5& 10 cm
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FIG. 9. Polarization as a function of Eo for a real„symmetric Gaussian pulse demonstrating addition of lobes at the pulse-area ei-
genvalues. The polarization axis is inverted to expose features. The parameters are hv=0. 0239 cm ', v=0. 743 ns, p=4)&10
statcoulombs cm, and N = 5 & 10' crn

into subpulses. A lobe is added to the polarization for
each eigenvalue of pulse area, as shown in Fig. 9. As the
pulse propagates the oscillations in the polarization are
impressed on the field and then amplified by several
mechanisms, including those discussed in Sec. III. The
rate at which pulse breakup develops depends strongly on
b, and r in accordance with the amplitude of the central
oscillations.

VI. SUMMARY

The analytic solutions for the infinite-order near-
adiabatic polarization explicitly detail the lnanner in
which physical phenomena develop from the adiabatic
limit for low-Rabi-frequency pulses. In addition, they are
a useful starting point for determining how near-
adiabatic effects are afFected by the Rabi frequency and
what additional effects develop that are not contained in
the near-adiabatic, low-Rabi-frequency limit.

The authors wish to thank K. Strozewski for assistance
with data acquisition and coInputer graphics. This
research was supported by Cray Research, Inc. , Convex
Computer Corporation, the U.S. OSce of Naval
Research, the National Science Foundation, the Texas

Advanced Technology and Research Program, and the
University of Texas System Center for High Performance
Computing.

APPENDIX A

The derivation of the adiabatic approximation by in-
tegrating the polarization integral (6) by parts is due to
Crisp, who derived the first-order approximation to the
inversion and two orders of approximation to the polar-
ization for real field envelopes. In this appendix, expres-
sions for the first-order through fifth-order approxima-
tions to the inversion and polarization are derived for
real field envelopes. Making higher-order approxima-
tions to the inversion, as well as the polarization, results
in a significant improvement in the accuracy of this ap-
proxirnation technique. First- and second-order approxi-
mations to the inversion and polarization are also derived
for complex field envelopes. The complex formulation is
essential in analyzing laser propagation where self-phase
modulation causes an initially real field to become com-
plex. In what follows the subscript (n) is used to indicate
the order of the approximation of the inversion Z and the
polarization I'; unsubscripted variables imply the exact
expression. Repeatedly integrating the polarization in-
tegral (6) by parts, defining the radiative coupling
Q=pE/2A, and dividing by 2iXp results in an expres-
sion foI c oci .'
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QZ i d(QZ)
dk

1 d (QZ)
g5 dt4

1 d (QZ) i d (QZ)
dt 5 dt3

Allowing for a complex field, the derivatives

2200' 16 dQ 18Q d 0
dt 6 dt

L

(A13)

400' 600 dQ 400 d 0 1 d 0
dt QS d't 2 A5 dt 4

(A12)

dt
=2i(QVoVi —'0 doVi),

d(c oui) i—(QZ bZo—c, ),

(A2) and

(A3)
140 dQ 800 dQ

dt +5 dt
20 dQ d 0 100 d 0

dt2 8 5 dt3

(A14)

d(Vor ', ) =+i(0 Z —hV'oZ'i')
f

(A4)

are obtained by using the time-dependent Schrodinger
equation to eliminate the derivatives of the Schrodinger
coellicients. Specializing to a purely real field and using
Eqs. (A2)-(A4) to eliminate derivates of the inversion,
the terms of the expansion (Al) are recast in terms of the
inversion and the Schrodinger coeScients:

i d(QZ) i dQ Z, 20
dt Q2 dt

20
+VOV ] Q2

1 d(QZ) Z 40 1 dQ
dt' 6' b, ' dt'

202 .60 dQ
+V OV1 —

2 +f

202 . 60 dQ
5' « (A6)

=i AZ+c oui( —8+iC)+V(g i(8+iC)', 'i d (QZ)
dt'

(A7)

1 d (QZ)+ =DZ+Voci(E+iG)+'coo i (F iG) . —

where 0' is the (instantaneous) generalized Rabi frequen-
cy 0'(t)=lb, +4[0(t)] I'

The first-order (adiabatic) approximation consists of as-
suming that the 6eld and inversion vary slowly such that
only the first term in the expansion (Al) is significant:

nz(, )
V OV1~ (A15)

Multiplying the previous equation by the complex-
conjugate equation and by 4 yields

4
I ~o I

'
I ci I

'=
Q2

(A16)

Expanding Z in terms of the Schrodinger probability
amplitudes and adding it to both sides of the previous
equation, one obtains

I ~o I
'+2

I ~o I

'
I ~i I

'+
I ~i I

'=
t Z('1) +Z' .

+2

The left-hand side of the preceding equation is
(

I
0'o

I
+

I
V',

I
) =1. Making the approximation Z

=Z(, ~
and solving for Z(1i results in the usual expression

for the inversion in the adiabatic approximation, '

1

40
' 1/2

1+
Q2

(A18)

In Eq. (A18), and all subsequent equations for the inver-
sion, the negative sign is appropriate for a system starting
from the ground state at t= —00 (attenuator) and the
positive sign is appropriate for a system starting in the
excited state (amplifier). The first-order (adiabatic) polar-
ization is simply Eq. (A15) multiplied by 2iNp:

The temporary variables are de6ned as follows:

(AS) 2EXPQZ( 1 ~

~(1) (A19)

240 dQ 1 d Q
dt

8= 2QQ' 6 dQ 8Q d 0
dt'

100 dA
Q3

(A9)

0 i dQ
C 0 C1 Z(2)

2,Q, 2Q—C OP1 2 +CO 1

(A20)

The second-order approximation consists of the 6rst
two terms on the right-hand side of (Al). Making the ap-
proximations Z=Z~2i and (dZ/dt)=(dZ~2i/dt) allows
Eq. (A5) to be used for the second term:
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Z{2) + gt

' 2 —1/2

1+ 4h dQ

The second-order polarization

0 i dQ
P{2) =2lXPZ{2) Q' dt

(A23}

is obtained from Eq. (A21).
In the next order of approximation, the first three

terms on the right-hand side of (A. l) are used. Making
the approximations Z=Z(3~, (dZldt)=(dZ(3~/dt), and
(d2Z/dt )=(d2Z(3~/dt ), and using Eqs. (A5) and (A6}
to eliminate the derivatives of the inversion, one obtains

0 40' 1 d'0 i dQ
~o~l Z(3) g 1+ 2 3 2 2dt

Grouping coeScients of 2'OV& and using the complex con-

jugate of the resulting equation to eliminate cod; gives

4Q 0 40 i dQ1+ Z{2) 1+
+2 Q +2 +2

(A21)

Multiplying by the complex-conjugate equation and by 4,
expanding Z in terms of the Schrodinger probability am-

plitudes and adding it to both sides of the resulting equa-
tion, making the approximation Z =Z{2), and solving for

Z{2) yj,elds

The third-order polarization

i 10
gl2 «

+c oc(( &+—iC)+cot ((8+iC) . (A28)

To simplify the algebra we define the temporary variables

0 120 10
dt

1 d 0
AQ' dt

(A29)

P 2 ~ Z
& 120 dQ

{3)= ' IJI {3) &
+

AQ'

i dQ
dt

is obtained from Eq. (A25).
%hile each order of approximation can be derived in-

dependently by the techniques presented here, it is con-
venient to begin with the expression for Voc1 from the
previous order and add the next term in the expansion.
This is permissible because the derivatives of Z were used
to approximate the derivates of Z{„). Therefore we re-
place Z(3) by Z(4~ in Eq. (A27}, divide by 2'(M, and add
the fourth term (A7) in the expansion (Al) to get

0 120 dQ 1 d 0
60' «b.Q' dt'

40 6iQ dQ—
o (

, 6iQ dQ
0 ( and

(A24)

Grouping coefFicients of V'02& and using the complex con-
jugate of the resultmg equatton to ehmtnate V'OV' ', gives

40
V 021 1+

1 0
Q'2 dt

(A30)

The approximate inversion and polarization are obtained
by the same manipulations as before, with the results

2 —1/2

~+ 1+4I 2+4 (A31)

0 4Q~Z 1 +(3)
1 d20 i dQ

b3 dt' b2 «

X 1+
402 120 d 0

(A2S)
. :-+2I C

Pi4) ~2l'XpZ{4) I +l 1+28
(A32)

Multiplying by the complex-conjugate equation and by 4,
expanding Z in terms of the Schrodinger probability am-
plitudes and adding it to both sides of the resulting equa-
tion, making the approximation Z =Z{3)„and solving for
Z{3) yields

2 '2

1+ 4h dQ 960 dQ
g l{) Jt QI 6 «

96Q dA dQ 8Q d0
n' «dt2 0' dt2

:"+2IC
1+28 (A33)

The approximate inversion and polarization are obtained
by the same manipulations as before, with the results

For the fifth-order approximation we define the addi-
tional temporary variable

576Q2 jQ
g &10

4 a+I —2GA
1 —2I'

2 —1/2

(A34)
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P(5) =2lXpZ(5)
D+ 1"—2GA

I —2I'
(A35) 4h dQ dQ*

Q' Q' dl dr

The method of approximation for the real 5eld can be
generalized to a complex 6eld, with the results

Sb, '+16
( Q )

'
a'n'

z~i) =+ 1
1/2

4iQi1+
(A36)

4& QdQ'
Q

dQ
QQ~2

2EXpQZ( ~ )

~(i) = (A 37) and
(A38)

0
P(2) =2iXpZ(q) ' —i

1 dQ 2Q dQ', dQ
Q' dr g'Q' dr dr

(A39)

where Q' is the generalized Rabi frequency for a complex
field, Q'(t)=[6 +4

~

Q(t)
~

]'~ . The term QdQ'/dt
Q'dQ/—dt is purely imaginary and can be a significant

portion of the approximation for self-phase modulated
pulses„especially if the Rabi frequency is large and/or if
the detuning is small.

APPENDIX 8

The graphical results can be applied to related prob-
lems and physical understanding can be enhanced by
scaling Schrodinger's equation. De6ne a dimensionless
time r=tv and a dimensionless field s=lsE~ /2i)I, where

is a characteristic pulse time. Equations (1) and (2) be-

come

respectively. Equations (81) and (82) show that when the
problem is stated in terms of the dimensionless indepen-
dent variable ~, the answer is completely determined by
the dimensionless constants (i) pEorz/2A and (ii) b~~ for
the same form of pulse envelope. The polarization result-
ing from the solution to (81) and (82) then scales as Nls.
Condition (i), requiring a constant pulse area, and condi-
tion (ii), which requires that the angular motion of the
pseudodipole about the effective 6eld in a coordinate sys-
tem rotating with the effective field also remain constant,
can be combined to obtain other constant, dimensionless
relationshiPs; (iii) lsEo/EA and

' 2 1/2
Q' PEp

(iv) = 1+
BcCo

=7 F C)
1

Bv) —l 6'TpV) +l EGO
"d~

(81) Conditions (iii) and (iv) require that the Rabi frequency
and the generalized Rabi frequency scaled by the detun-
ing frequency remain constant. Thus all frequencies
maintain a constant relationship to one another.
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