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A multilevel quantum system interacting with an intense laser Seld is shown to exhibit many in-

variants, or constants of evolution, under various conditions. Our results also apply to other similar

physical problems.

I. INTRODUCTION

The problem of coherent population trapping and
more generally of dynamic symmetry when a multilevel
quantum system is irradiated by lasers has received in-
creased attention in recent years. ' ' Simply put, dynam-
ic symmetry implies, in addition to the conservation of
the total atomic population, one or more other constants
of evolution in the dynamics of the system. The problem
is to find such invariants, and the conditions under which
the system would possess such invariants. Of particular
interest is the case when the X-level system has the SU(2)
dynamic symmetry, '2 in which the dynamics of the sys-
tem simplifies because it allows the breakdown of SU(N)
symmetry into its 0(3) subgroup, and the case when the
E-level system has the Gell-Mann dynamic symmetry, '
in which the breakdown of SU(N} symmetry into its
SU(2) and N 2U(1) su—bgroups is the characteristic
feature. The conditions needed for these symmetries to
occur and the constants of evolution which arise are
given in the references cited.

In this paper, we shall present a number of other con-
ditions under which a multilevel quantum system irradi-
ated by lasers may possess important invariants. In par-
ticular, we shall examine a number of cases under the
two-photon, three-photon, and generally r-photon reso-
nance conditions. We shall present the constants of evo-
lution in each case.

The ground state of the system is level 1, and the other
levels are so labeled that

ajk(t)=0 if
~ j —k

~

is an even number, (2.2)

according to the electric dipole transition rule. In the
language of laser physics, the nonzero ofF-diagonal ele-
ment a k(t) is the half-Rabi frequency associated with the
transition from level j to k. We shall refer to the off-
diagonal elements generally as the interaction parame-
ters. The diagonal element hk(t) is the cumulative de-
tuning of k —1 successive lasers from the corresponding
sum of k —1 level frequencies. The zero in the first diag-
onal element only expresses the fact that we can add to or
subtract from 8(t) any multiple of the unit matrix. The
subsequent zeros along the diagonal at odd places, or
b,k(t) =0 when k is odd, are the result of the two-photon
resonance assumption. We assume that 8(t) is Hermi-
tian and hence

ak'(t} a'k(t} ' (2.3)

alk(t)= .

ajkf (t)
for

~ j—k
~

an odd number and j odd

aJk f'(t) (2.4a)

for
~ j—k

~

an odd number and j even,

We further assume, as we do for all the cases we discuss
in this paper, that the Rabi frequencies for the allowed
transitions have the form

II. N-I.KVKI. SYSTEM AT T%'0-PHOTON
RESONANCE

ai4(t)

0

0 a 3(t) 0

az, (t) b,z(t) a/3(t)

0 0 a3~(t)

a~3(t) h~(t)

0 as~(t)

a32(t}

0B(t)=—R
( )u4l t

0 as2(t)

(2. 1)

We consider an S-level or S-state quantum system at
two-photon resonance whose generally time-dependent
Hamiltonian can be written in or reduced into the form
given by

(2.4b)

where a,k are arbitrary generally complex constants and

f (t) is an arbitrary time-dependent function. Note that
f (t) and f '(t) appear in odd and even rows, respectively,
of the Hamiltonian matrix. In the simpler case when

f (t) is a real function of time, Eq. (2.4) implies that all
the Rabi frequencies have the same time dependence. If
all the allowed transitions between the levels are derived
from the same laser, then Eq. (2.4) is automatically
satisfied. Also, if all the Rabi frequencies are constants
independent of the time, then Eq. (2.4) is satisfied au-
tomatically.

The time evolution of the system, in the time period
short compared to the natural decay times, is specified by
the N components O'J(t), j= 1,2, . . . , N of the wave vec-
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tor %(t) which satisfies the time-dependent Schrodinger
equation

a2s

a45

i' =P(t)%' .
3%'

Bt
(2.5)

The population of level j at time r is given by
~
+J(t)

~

and the conservation of the total population is expressed
by k3

QX —1,5

/%(r))'= g Je,(r)/'=I. (2.6)
j=l

%e shall see that for an N-level system at two-photon res-
onance whose Hamiltonian is expressed by Eq. (2.1), no
matter what the interaction parameters a,k and the one-
photon detuning functions bz„(t) are, there is already
another invariant if X is odd.

To see this, let us first denote the matrix obtained from
8(t) by setting all the diagonal elements equal to zero
and setting the common time-dependent factors f (r) and

f '(t) equal to 1, by 80, i.e.,

k7, a1 —— (2.12)

QN —1, 1

Let D=detA, Dzj+, ——detAzj+&, j =1,2, . . . , (X
—1)/2, where Az +, is the matrix obtained from 2 by
replacing the column (az z +, , a4 z +, , . . . ,n~, z +, ) by
a1. Then we have

0

0 Q„
Q21 0 a23

Q14

0

0 a32 0 Q34

Q41 0 Q43 0

0 Q~2 0 Q~4

(2.7)

kz, +, ———(Dz, +, /D)k, , j=1,2, . . . , (N —1)/2 (2.13)

which determine all the components of the eigenvector
(2.8) corresponding to the zero eigenvalue of Po. It is
easy to see that P(t)uo gives a zero column vector, and if
u0 denotes a row vector which is the complex-conjugate
transpose of uo, then uoA'(t) gives a zero row vector, i.e.,
Bono=0 and uoA'o=0. Thus, multiplying Eq. (2.5) from
the left by u, we find

Odd N implies that the determinant of 80 is zero, hence
it also implies that an eigenvalue of 80 is zero. Let the
corresponding eigenvector be of the form

—[u %(t)]=0 (2.14)

k3
(N 1)/2 D2+'

1

%,(t) — g %z +,(t)=const .
D lf

(2.15)

0
k5

(2.8)

a21k1+a23k3+ Q25k5+ +Q2~k~ ——0,
Q41k] +Q43k3 +Q45k5 + +Q4pfk+ 0

(2.9)

where k1, k3, . . . „kz can be calculated from the even
rows of 80, i.e., from

Q12
'pt(t) — %3(t)=const, (2.16)

%e have thus shown that for a multilevel system with an
odd number of levels N which interacts with a laser field
under the two-photon resonance condition, there is a
second constant of evolution given by Eq. (2.15) besides
the obvious one given by Eq. (2.6) in the dynamics of the
system. Equation (2.15) expresses a coherent population
trapping which is present when the system of an odd
number of levels is operated at the two-photon resonance
condition. For N =3, Eq. (2.15) gives

aw 1, 1k1+a~ 1,3k3+ax 1,5&~+ +ax 1,eke=0.
Note that we have —,'(X —1) conditions to determine
—,'(%+1) constants. At least one of the k's is assumed to
be nonzero from this set of equations, and we shall ex-
press the remaining k s in terms of it. For example, if k,
is not zero, then let us write Eq. (2.9) as

(2.10)

which coincides with the constant of evolution discover-
ed by Gray, %'hitley, and Stroud, and coincides also
with a characteristic constant of motion when the system
possesses the so-called Gell-Mann dynamic symmetry. '
Fol X)3, Eq. (2.15) is Ilew.

If the number of levels X of the system is even, then Qo
does not in general have a zero eigenvalue and Eq. (2.15)
does not app1y. There is no obvious second constant of
evolution unless other conditions are imposed, as we shall
discuss this in Sec. III.
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IH. TWO-PHOTON RESONANCE AND EQUAL
ONK-PHOTON DKTUNINGS

%e next consider the case when the one-photon detun-
ings hz„(t) in (2.1) are equal at all times, i.e.,

h, (t)=b,,(t}= —=b, (t) . (3.1)

A(t) = 0 '8(t) 0 (3.2)

is a block diagonal matrix of the form

4 (t)= fi—
0

h„(t) h(t)

0 0

0

0 0 0

0 0 0 0

0 h34(t) 0 0

h43(t) b (t} 0 0

0 0
0 0

(3.3)

Thus we assume the condition of two-photon resonance
and equal one-photon detunings. If t}(t)=0, then we
have the special case of one-photon resonance at all
times.

We will show that under condition (3.1), there is a uni-

tary transformation by a time-independent unitary matrix
0 such that the transformed Hamiltonian %(t) obtained
from

Soup =A,pup
(3.6}

We now form a unitary matrix 0 whose columns consist
of orthonormalized uz and u~+, p =1,2, . . . , [N/2],
where [N/2] denotes the integer part of X/2. If X is
odd, the last column is the eigenvector uo corresponding
to the zero eigenvalue of 8o. It can now be verified that
when (3.1) holds, the unitary transformation (3.2) gives
the result (3.3},where

hj j+)(t)=A~f(t) (3.7a)

h +, (t)=A, f'(t)=h,*,+, (t) . (3.7b)

where kAz, p = 1,2, . . . , [N/2] are the eigenvalues of A'o

given by (2.7), and where

e =0'e (3.9a)

or

%e have thus reduced the dynamics of the X-level system
operated under the condition of two-photon resonance
and equal one-photon detunings into that of [S/2] two-
level systems whose time evolutions are given by

0 A f(t) q'„
A,,f '(t) &(t)

where one of the diagonal blocks is a single zero if N is
odd.

%e shall prove the above assertion in several steps.
First we notice that if A, is an eigenvalue of Bo of Eq.
(2.7), then —A, is also an eigenvalue of 8o. To see this,
we write the equation to determine the components k. of
an eigenvector of Po as

%')q ——up 4, 4gp ——up+ %' . (3.9b)

It follows that we have the following set of constants of
evolution:

~

u %'(t)
~

+
~

u~+ %(t)
~

=const,

p =1,2, . . . , [X/2] (3.10a)

gaj„k„=kk, j=1,2, . . . , N (3.4)
(3.10b)

and the following one additional constant if X is odd:

uo. +(t) =const .

where the summation on the left is over all even values of
n if j is odd, and is over all odd values of n if j is even. If
we can solve these equations for an eigenvalue and eigen-
vector, we get another solution by changing the signs of I,
and the odd components.

The following two vectors u and u+ formed by com-
puting the difkrence and the sum of the two eigenvectors
corresponding to the eigenvalues kk are convenient
basis states which we shall use:

In terms of the components of u~ given by (3.5), which
are the components k 't' given by (3.4) of the eigenvectors
of 8o corresponding to the eigenvalues +A. , and in terms
of the components %~(t) of %'(t}, Eq. (3.10) can be ex-
pressed more explicitly as

[N/2 j [N/2]
kg" ] e2„/(t) + y kg'*4 „(t) =const,

p = 1,2, . . . , [X/2] (3.11a)

(3.5}

[N/2]
kz„",4'z„,——const for odd E . (3.11b)

It is easy to verify that

The reduction to the equivalent two-level systems (3.8) al-
lows the solution of the X-level system to be expressed
analytically for a large number of cases. '

If all the A, equal zero except one, the system is said to
possess the Gell-Mann-type dynamic symmetry. The
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condition for and the consequence of this symmetry have
been discussed in greater detail in earlier papers. '

For X =3, the result of Sec. III simply reproduces the
result previously given. However„beginning with N =4
and up, applications of the results of the preceding sec-
tions already give new results, and it is useful to see some
specl6c examples.

Noting our results as expressed by Eqs. (3.11) and (3.8),
it is sufficient for us to give the expressions for
k lj„'+1/@It", fig'/k j'', and A, . For N =4, we find

Q32Q21+Q34Q41
( )

~,' —
&

I
Q231'+

I
Q341'}

(p)
&4&O'i2+ &43&32

~,' —
&

I
Q341'+

I
Q141'}

Az ———,'[sk(s —4d)'i ], p =1,2 for +, —

where

3 =
I
Qi21'+

I
Q231'+ I Q341'+

I
Qi41'

d =
I Q12Q34 Qi4Q321

2

For X =5, we 6nd

(4.1a)

(4.1b)

(4.1c)

(4.1d)

(4.1e)

21Q32+ 34Q41)~p & 21Q45
( ) 2

~t —
&

I
Q231'+

I
Q341'+

I Q4s I

'+
k 5I ( Q21Q52+ Q41Q549. —( Q23Q41

( ) 2

~,' —
&

I
Q231'+

I
Q341'+

I Q4s I

'+
(p)k 4 Q) 2CX4i + tX320!43+CX45CX52

~,' —
&

I
Q341'+

I Q4s I

'+
I

Q i41'}

A~= —,'[sh(s —4d)'i ], p =1,2 for +, —

Q41 Q—25 }&Q»Qs4 Q34Q—s2)

I Qs21 }~1 + I Q23Q45 Q43Q251

Q43Q21)& Q32 54 Q34Q52 }

I Qs21'}~i+
I Q23Q45 Q43Q251'

for p =0, 1,2,

(4.2a)

(4.2b)

(4.2c)

(4.2d)

and A,O=O, where

(4.2e)

s =
I
Qi21'+

I
Q231'+

I
Q341'+ I Q4s I

'+
I
Qi41'

+
I Q2s I'

AJI =aj.ak (4.7)

For the case % =5, we observe from Eq. (4.2d) that if
d =0, then A, z

——0. The condition for this to occur is,
from (4.2fl

d=
I Q12Q34 Q14Q321 + I Qi2Qs4 Qi4Qs21—2 2

+
I Q23Q45 —Q2sQ43 I

2 (4.2fl

To see how these cases reduce to the cases of Gell-
Mann symmetry, ' let us first consider the case of
N =4. We observe from Eq. (4.1c) that if d =0, then two
of the eigenvalues of Po, +A,2 become zero. Thus the
condition for this to occur is, from (4. le),

+ I
Q251' ~ (4 g)

for
I j—k

I
equal to an odd number, where aj are arbi-

trary generally complex constants. Equation (2.2) is as-
sumed to hold throughout this paper. The two nonzero
eigenvalues are +A,

&
given by

~1=
I
Qi21'+

I
Q231'+

I
Q341'+

I Q4s I

'+
I
Qi41'

&&234 =+&4&32

The two nonzero eigenvalues kA, , are given by

~i =
I
Q121'+

I
Q231'+

I
Q341'+

I
Qi41' .

The eigenvectors, (4.1a) and (4.1b), simplify to

k, ' /k, ' =Q32/Q», k,"/k, ' =Q43/Q23,(1) (1) (1) (1)

k3 '/k, = —a2, /a23, k4 /k2 = —a32/a34 .(2) (2) (2) (2)

The transformed Hamiltonian (3.3) becomes

(4.3)

(4.4)

(4.5}
k, :k3.k5 ——a 3 .—a *, :0 (4.10a}

For the eigenvectors corresponding to the triply degen-
erate zero eigenvalue, Eq. (4.2c) for A, =O gives an eigen-
vector whose components are given by

k2ek4 a4 o a 2

and Eqs. (4.2a) and (4.2b) for A, =O suggest two indepen-
dent eigenvectors whose components are given, respec-
tively, by

ff(t) = —lrt 0 0
0 b(t)

0 A, lf (t) 0 0

A, lf *(t) A(t) 0 0

0 0
0 0

(4.6)

k, .k3.k5 —a 5:0.—a, (4.10b)

The two eigenvectors given by Eq. (4.10) are not orthogo-
nal but can be made orthogonal by the Gram-Schmidt
process. After the eigenvectors are orthonormalized, the
transformed Hamiltonian (3.3) becomes
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0 A, 1f(t) 0 0 0

0 0 0
0 b(r) 0
0 0 0

A f'(r) d (r) 0 0 0

0 0
0 0
0 0

(4.11)

[A /2]
k &~'*, %2„,(t) =const

for p =2, 3, . . . , [X/2] and p =0 if X is odd,

(4.14b)
[N/2]

g k12P„"%2„(r) =const for p =2, 3, . . . , [N/2],
n =1

where A, , is given by Eq. (4.8).
Equation (4.7) allows the generalization to an N-level

system for the system to possess the Gell-Mann symme-
try. 7' In that case, we have

(4.12a)

(4.14c)

where k'~' are components of the orthonormalized eigen-
vectors corresponding to the eigenvalues kA~.

V. CHAIN%'ISK DIPOLE CONNECTED N-LKVKL
SYSTEMS

A. =0 for p =2,3, . . . , [X/2] .

Thus from Eqs. (3.8)-(3.10), we have

+ I q'2~ I
=const for p =1,

(4.12b)

ajk ak ——0——unless
I j—k

I
=1,

(4 13a) and for N an even number, we assume also that

(5.1)

%e consider in this section a special class of X-level
systems whose levels are principally only chainwise di-
pole connected, i.e.,

%"1q(t)=O'Ip(0), (4.13b)

q1z~(t)=+&~(0)exp i f ddt

for p =2, 3, . . . , [N/2], (4.13c)

[N/'2] [Z/2]
y k1g'q2„(r)

n=1

=const for p =1, (4.14a)

or, more explicitly, the characteristic constants of evolu-
tion are

a1N =aN1&0 (5.2)

generally, which is allowed by the dipole selection rule.
Thus for even N, the dipole connections complete a loop,
whereas for odd X, the dipole connections complete only
a chain. All the other dipole connections are assumed to
be negligibly small. These cases are not only of impor-
tance in practice, but the results given in Sec. II and III
can also be expressed more simply and explicitly. %e
shall express some of these results below.

(i) At two-photon resonance and N odd. Condition
(5.1) sets all the off'-diagonal elements in the Hamiltonian
(2.1) equal to zero except those immediately above and
below the diagonal. The constant of evolution given by
Eq. (2.15) can be written more explicitly in this case as

~ ~ ~

%,(r) — %3(r)+ %5(r) q(1—7)r+ +( —1)'N "" '
VN(r) =const .

Q23 QZ3Q45 Q23Q45Q67 Q23Q45Q67 Q
(5.3)

(ii) Two-photon resonance with equal one-photon detunings and S even. The nonzero off'-diagonal elements of the
Hamiltonian P(r) consist of those immediately above and below the diagonal, and two more, a,N and aN, , at the
corners. The nonzero diagonal elements in (2.1) are assumed to be all equal to h(r). The determinant of Po of (2.7) is in
this ease given by

det&0=( —1)
I a12a34a56 aN —1,N+( 1) a32a54a76 alN I

W/2 (X/2) —1 2

If detPO =0, i.e., if
X/2

a12a34a56 aN —I,N ( 1) a32a54a76 a1N

(S.4)

(5.S)

then Bo has at least a pair of zero eigenvalues which results in a pair of constants of evolution linear in O'J(t) given by

2Q34 Q12Q34Q56 (m/2] 1
Q»Q34Q56 ' QX —3,&—2

%,(r)—,%,(r)+ %,(r) — %,(r)+ . +( —1)' "'-' ' %,(r)=const
Q23Q45 QZ3Q4SQ67 Q23Q45Q67 QW —2, X—1

(5.6a)
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+34 +3456 34+5678

1
+23 45+67 +X—2, A' —1+ . . +( —1)~ ~'~-'

*
' q~(t) =~~~~~. (56b)

+34+56+78 +X—1,X

8(t)u0=0 . (6.1)

Let uo be a column vector which has only two nonzero
components at the first and the (r + 1)th positions, i.e.,

uo= (6.2)

VI. N-I.KVKI. SYSTEM AT r-PHOTON
RESONANCE, ANP r IS EVEN

AND GREATER THAN 2

Instead of the two-photon resonance condition as we
have assumed in all the previous cases, suppose that the
N-level system is at r-photon resonance between levels 1

and r +1, r is even, and 2 g r g¹The o8'-diagonal ele-
ments of the Hamiltonian 8(t) are assumed to be as in

Eq. (2.1), but the elements along the diagonal are now of
the form [O, b,z(t), h&(t), . . . , 5„(t),0,6,+2(t), . . . ,
b~(t)], where, except for the first element and the ele-
ment at the (r+1}th position which are zeros, the other
elements are generally not zero and may assume any arbi-
trary functions of time.

We wish to construct a vector uo such that

a2 „+,%,(t) —az, %„*+,(t) =const . (6.4}

A similar analysis can be applied to an r-photon reso-
nance condition between any two levels of an S-level sys-
tem.

VII. SUMMARY

We have found and presented a number of constants of
evolution in the dynamics of a multilevel quantum system
interacting with an intense laser field, and the conditions
under which such invariants can be expected. The princi-
pal results are given by (i) Eq. (2.15) when the N-level sys-
tem is operated at two-photon resonance, and X is odd,
(ii) Eqs. (3.10) or (3.11) and (3.8) when the system is
operated at two-photon resonance and equal one-photon
detunings, (iii) the results in Secs. IV and V for some spe-
cial cases, and (iv} Eq. (6.4) when the system is operated
at an r-photon resonance between levels 1 and r + 1. The
invariants are characteristics of the dynamics of the sys-
tem under the specified conditions which can be usefully
exploited in practice.

Thus, provided that the off-diagonal elements of 8(t)
satisfy Eq. (6.3), multiplying both sides of Eq. (2.5) by uo,
a row vector which is the complex-conjugate transpose of
uo of (6.2) whose two nonzero components satisfy (6.3),
gives the following second constant of evolution for the
system at r-photon resonance:

where k& and k, +, are constants. Then Eq. (6.1) could be
satisfied if ACKNO%I KDGMKNT

+2, r+1 4, r+1 +6,r+1 +X—1,r+1

(6.3)
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