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We analyze schemes for performing quantum nondemolition (QND) measurements in optical cav-
ities. We consider three schemes: (1) measurement of a quadrature phase amplitude using a para-
metric process, (2) measurement of a quadrature phase amplitude using the optical Kerr effect in a
nonlinear fiber, and (3) measurement of the photon number also using the Kerr effect in a fiber. We
show that in the second scheme an enhancement of the QND effect may be obtained by making the
cavity finesse for the signal larger than that for the probe.

I. INTRODUCTION

The act of measurement may add quantum noise to a
signal. There is a class of measurements known as quan-
tum nondemolition (QND) measurements for which the
back action noise arising from the measurement may be
evaded.! A number of quantum nondemolition schemes
have been suggested in an optical context. Approximate
QND schemes in parametric amplifiers and frequency
converters have been analyzed by Milburn, Lane, and
Walls.> An exact QND scheme using a combination of a
parametric amplifier and a frequency converter has been
analyzed by Hillery and Scully’ and by Yurke.* These
schemes involved a measurement of the quadrature phase
amplitude of the field. An experimental demonstration of
a QND measurement of the quadrature phase of an opti-
cal field has been given by Levenson et al.’ using four
wave mixing in optical fibers. Different QND schemes to
measure photon number using four-wave mixing have
been suggested by Milburn and Walls® and Imoto, Haus,
and Yamomoto.’

In this paper we shall analyze QND measurements in
optical cavities considering (i) a two-mode interaction us-
ing a X'*) nonlinearity, (ii) a four-mode interaction using a
X"*' nonlinearity, and (iii) a photon number scheme using
a X'3) nonlinearity.

II. TWO-MODE QND MEASUREMENT
IN PARAMETRIC SYSTEMS

Consider two modes of the electromagnetic field cou-
pled together by a parametric interaction. We assume
the coupling is described by the Hamiltonian®*

X oS

ﬁ:ﬁ?\ﬂ}’, ,

where /\/}1 and f’] are quadrature phase amplitudes
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defined by
X, =a +a', (2.2a)
X,=—ila—ah, (2.2b)
P =b+b", (2.2¢)
$,=—itb—b", (2.2d)

where a,b are the annihilation operators for the two
modes. This Hamiltonian could describe a crystal with a
X'?) nonlinearity driven at two frequencies o, =0, +®,
and w;=w, —w, with equal coupling strength for the
frequency conversion and amplification process. Alterna-
tively it could describe sequential frequency conversion
and parametric amplification as described by Yurke.*
The variable X, is a QND observable since it commutes
with the Hamiltonian and hence satisfies the back action
evading criterion.! Mode a is taken to be the signal, and
we wish to measure the signal quadrature phase X . This
is achieved by measuring the quadrature phase Y, of
mode b. The input and output quadratures of the device
are related by

XOUT_gIN (2.3a)

POUT=FN+GX N, (2.3b)
where G is the gain of the device.

If the nonlinear crystal is placed inside an optical cavi-
ty the result of a narrow band analysis* shows that the
gain is enhanced by the cavity finesse. The gain in Eq.
(2.3b) becomes G', where G'=4G /y with y related to
the transmission coefficient of the end mirror of the cavi-
ty.

We now give a wideband analysis of this measurement
scheme in an optical cavity. Our treatment will be based
on that of Gardiner and Collett® (see also Ref. 9). In an
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interaction picture defined by

. T . T
—iw, a at—iw, b bt
O(t)y=e ' b

b
the Hamiltonian becomes
X ey

H(z)=ﬁ7xlff‘
+ihka[af:(t)eﬁm”[—H.c.]
+ific, [bT (e ' —H.c.], (2.4)

where ', () and fb(t) are bath operators for the cavity
losses. For a single-ended cavity the bath is simply the
radiation field outside the cavity. This external field can
be separated into an input and output contribution. The
output field is simply the Heisenberg form of the input
field as determined by the time evolution of the coupled
internal and external modes. We assume that the input
field can be further separated into two components one
with the carrier frequency @, and another with carrier
frequency w,. These frequencies are assumed to be
sufficiently widely separated that the field at carrier fre-
quency @, drives only the cavity mode at frequency w,,
while the external component at carrier frequency w,
drives only the cavity mode at frequency w,. Let these
external input fields be represented by a™(¢) and b™(z)
for which the positive frequency components are given by
172

do | fiw ;
IN — IN — i
a (t)_fB—}tr e (w)e 1", (2.5a)
d 1/2
IN o | fiw IN —iwt
b (z)_fB vl b™(w)e . (2.5b)

The bandwidth of integration B is defined by

c QC
B:a)a'b——z' gwgwa,b+~2— ,
where (1, is the cavity-free spectral range.

Then the bath operators may be written

5, 172

£, (= a™@), (2.6a)
fiw,

, 172
0,=|="—1] bs™w. 2.6b
»(1) o, (1) ( )
In a Lorentzian approximation to the cavity response'®!!
K =V7a (2.7a)
Ko =V7s » 2.7b)

where v, /2 and y, /2 are the cavity line widths at fre-
quencies o, and w,, respectively, and , is the free spec-
tral range of the cavity.

The Hamiltonian in Eq. (2.4) has been written on the
assumption that the amplitude of the external field has
units (s)~ !/ while the amplitude of the internal field is di-
mensionless. With this choice of units the commutation
relations for the external fields are

[a™(w),a™ (0)]=[6™(w),b N (0)]=278(0—w') .

(2.8)

The commutation relations for the bath operators are
then given by

M [ 4o
[T,),T,(t")]= o

@ —io(t —1")

Wq

and a similar expression for f‘b(t). Changing the variable
to ' =w—w, and replacing £, by * oo in the limits of
integration (which assumes that the cavity resonances are
quite narrow), the commutation relation in Eq. (2.9)
reduces to

[f,0),Fl(t)]=e

—iw, (1 —1")

8t —t') . (2.9)

The approximation leading to Eq. (2.9) is equivalent to
the assumption

£, ()~ f_: %am(w)e ~f“' 4 H.c.
The quadrature phase operators for the cavity modes
obey the following quantum stochastic differential equa-
tions

dX (1) a
—irfnjéﬁupﬁfﬁm, (2.10a)
d¥,(t) s Yo o 5N
Z“XXI(I)““Yz(I)“"KbYZ (t) ; (2.10b)
dt 2
where
) 172 "
z?{N(t)E o [aIN(t)e‘w“ +H.c.], (2.11a)
) 1/2 o
YN =—i P ] [6™(t)e"” —H.c.]. (2.11b)
b

The output fields are related to the input fields and the
cavity fields by®®

(2.12a)

POUT()— 9 N(t)=r, T(1) . (2.12b)

The solution of Eq. (2.10a) is

—(y, /2Nt —1,) &
X(=e ' X,

t =y, /20t —5) &5 IN
—k, [ X MNsyds
a f’o 1
which, for ty— — o, may be replaced by the asymptotic
result

Ri=—x, [' e TR NG . 2.13)
Our analysis thus ignores all initial transients.
Substituting Egs. (2.11a) and (2.5a) into (2.13) and mak-

ing the approximation implicit in Eq. (2.9) we find
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xa™ow+w,)e "' +H.c.

(2.14)

If we define positive and negative frequency components
of X,(t) by'

,?l(nzfow%"‘f[xl(me”w'ﬁ Hw)e'™]

where .
3 (w=alw,+0)+a (0, —), (2.15)

then Eq. (2.14) requires that
L v alw+w,)=—k,aNo+o,) . (2.16)

Proceeding in a similar way for Eq. (2.11b) we find that

Va

(2.17)

where $, are the positive frequency components of P(r)
and are defined by

Py(w)=—i[blw, +©)—b (0, —w)] , (2.18)

and where % N(w) and $ IN(w) are the positive frequency
components of X IN(¢) and ¥ N(2).

From Egs. (2.12a) and (2.12b) we also have

% OV(w) k, 0] [%(w) % Nw)
$9w) |10 1 | [pa@) |7 |51
(2.19)
Eliminating the internal fields we have
a .
“2—-{—1(0
% VT(w)=— x Mo), (2.20a)
Ve —iw
2
Yo .
2 e
79 w)=— 7 Nw)
y—b——iw
2
Vv,
+ Vol xNw).  (2.20b)
Ya jo| |2 —io
2 2
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Equations (2.15a) and (2.15b) indicate that even in the ab-
sence of a nonlinear medium the empty cavity introduces
a phase shift. It is then convenient to shift the phase of
the output fields to compensate for the phase shift intro-
duced by the cavity. Thus we define

Yo .
- 2 —lw
R P(w)= £ 9UT() , (2.21a)
'y—a-i-iw
2
Yo .
T e
P Pew)= 5 9VT(w) (2.21b)
Q—Ha)
2
Then
% w)=% Mo, 2.22)
5 w)=p Now)
Vv,
Vals % Nw) . (2.23)
Q-H Z—‘L—-iw
2 2

Equation (2.22) displays the QND nature of the )?l(t)
quadrature; the corresponding positive frequency com-
ponent remains unchanged by the interaction. The signal
is determined by measuring the output ‘“probe” ??UT(I)
or, in the frequency domain, $ $'T(w). The mean signal

1S

XV j
(9 Pow)) = Va¥s M), 2249

where we have assumed that the probe field is prepared in
such a way that ($ ™N(w))=0. The output quadrature
g OUT(¢) is measured by heterodyne detection with a local
oscillator of carrier frequency w,. The noise spectrum of
the resulting photoelectron current is determined by!!

Vi (@)= (AP (0)'AP $(w)) ,

where AA = A4 —( A4). In this case,

Vi (@)=V,M (o) +GH)V N (o), (2.25)
where
Xy,y
Gw) . Vol > (2.26)
lia——i—wz Vs +w?
4 4
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is the signal gain squared.
The signal-to-noise ratio is

s 1) ]?

N" )

Gl o) | (2MNw)) |?

TN+ G0V N ()

(2.27)

The gain is a maximum at © =0, where G =4XV/y,7, in
agreement with the narrow band analysis of Yurke, when
both modes are equally damped. For sufficiently large
gain,

| {(xN(w)) |2

S X e
N ViN(w) 7
1

thus the observed signal reproduces the statistics of the
QND variable. This would be a “good” measurement of
the QND variable. If the gain is small a good measure-
ment may still be made by preparing the probe such that

Vy‘:’(w)«l ,

that is, by preparing the probe in a squeezed state.
A measure of the QND coupling is given by the corre-
lation coefficient

[ (x§7(@)p§7(0)) = (x (@) ) (p5™ (@) |2

C
ViRV (o)

i

GH)V N (@)
B VN()+ G0V Nw)

For vacuum input fields

__GYao) |
1+ G4 w)
which, for G >>1, approaches unity indicating perfect

correlation. A similarly high correlation is obtained for a
squeezed input probe

ViN(w)<<1 .
2

III. FOUR-MODE QND MEASUREMENTS
IN OPTICAL FIBERS

A QND measurement has been demonstrated in an op-
tical fiber.’> The coupling between the QND variable and
the probe is due to the optical Kerr effect in an optical
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fiber. When all relevant four-wave mixing processes in
the presence of two strong pump waves are included, the
Hamiltonian for this coupling is the four-mode generali-
zation of the two-mode QND schemes considered in Sec.
II. The results obtained in the experiment of Levenson
et al.’ show a definite correlation between the QND vari-
able and the subsequent optical heterodyne detection of
the probe, but the correlation was less than unity. In or-
der to increase the correlation and thus the signal-to-
noise ratio, we propose performing the experiment in an
optical cavity to enhance the gain.

Six modes of the field must be considered in the
description of this QND scheme. There are two strong
classical pump waves with amplitudes E, and E, at fre-
quencies o, and o,, respectively, and four coupled side-
band modes. Because of the nonlinear index of refraction
the slowly varying amplitudes of the pump fields evolve
according to

X

7=i(kx +2ky E, ,

dE, .
a0t =i(2k, +k,)E, ,

where the coupling constants are'’

127rwj

k-:
n2

J

fX(B) i Ej i 2

(j =x,y) with n the linear refractive index, f a mode
overlap factor of the order of one, and X'¥=5x10""
cm’erg is the third-order nonlinear susceptibility.

The sideband modes are shifted above and below each
cavity mode at the pump frequency by the same shift
8=mQ,, where m is an integer and (. is the free spec-
tral range of the cavity. The intracavity field due to the
sidebands of the frequency w, may be written

A(S’— vi(ﬂ)x+§)t
E; —ax+(t)e

—ilw

+a__(ne " iHe., 3.1

where a, + are annihilation operators for each sideband
in a frame rotating at frequencies w, 3. A similar ex-
pression may be written for the field due to the sidebands
of w,,

—i(a)y-{—ﬁ)l —ilw, —8)t

£5(s)
E;’ =ay+(t)e +ay,(t)e +H.c.

(3.2)

These sideband fields may be written in terms of quadra-
ture phase amplitudes defined with respect to the pump
mode frequencies. For example,

A(S)(

(1) =X, (1)cos(w, 1)+ X, (t)sin(w, 1) , (3.3)



2974

where
X()=K (e’ +H.c. , (3.4a)
X,()=X,(ne®+H.o. , (3.4b)

and the amplitude and phase modulation operators are
defined, respectively, as

,?A(t)za:+(t)+axv(t) , (3.5a)

Xy(0)=—i[a, ()—a . (1] . (3.5b)
Similar expressions may be written for the field E;”(t).

In practice it is more convenient to work in the “pump
interaction” picture. In this frame the annihilation
operators are defined by Egs. (3.1) and (3.2) with the re-
placements
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o, o, +(k, +2k,),

0, —o,+(2k, +k,) .
In this way we take account of the linear phase shifts in-
duced by the pump fields. In what follows we implicitly

assume we are working in this frame.

The commutation relations for the operators defined in
Egs. (3.5a) and (3.5b) are

(%, %51=-2,
[i>¢7 ?af]=—_21 ’

(3.6a)
(3.6b)

with all other commutators zero. In reference frame
defined above the dynamics of the operators X ,, X & Y,
and ?d» is determined by the Hamiltonian

£
B=# |k X8, +k, ¥, P+ 20k, k) 2R P+ 8,20+ TG(,?A |E,|+%,4|E, | +H.c.)

+LX, ﬁié ~X,T; +¥,T +H.c.)

The operator fG describes the phase noise produced by
light scattering in the fiber,'* and v is a polarization
correlation factor '* (1>v>0). The operators fo, %,
fyA, and l“% describe the coupling of the sideband modes
to the external modes of the cavity. As in Sec. I these
operators may be written in terms of the input fields at
o,+d and 0,8

ilw, -8

B, 0=i[f (e T e, (3.8a)

£, =[F e LR (e, (3.8b)

172
2

Fs0=8 | 28

(3.9

with j =(x,y), and where

are the positive frequency components of the input field
at carrier frequencies w;+5. As in Sec. I,

KJZV}: H

where v, /2 and y, /2 are the widths of the cavity reso-
nances at w,+5 and w,+8, respectively. A key assump-
tion in the derivation of Eq. (3.7) is that the frequency
shifts o, —w, and & are such that all four-wave mixing
processes involving only the six modes indicated are
phase matched.

We shall take X, as the QND variable of the signal
which we measure by making measurements on
Thus we regard the sideband field at w, as the probe field.

(3.10)

[

The quantum stochastic differential equations are

Xyl (=v.2 0O 0 0
4 | ¥ —4vk  —y,/2 =2k, 0
at |, | © 0 —7,72 0
£, —2k, 0 —dvk  —y,/2
’?A Kx‘?IAN
Y, kK, PN+ E, |
X ~ 3.11)

A Ky?IAN ’

?
;‘>¢ le?{oN‘*‘FG!EH

where we have defined k =1k, k,. Note that we have
assumed that the carrier frequencies of all external modes

are resonant with the appropriate cavity mode. Equation
(3.11) is of the form

if(t)z—Mf(tH—ﬁ )

dr (3.12)

To solve these equations we proceed as in Sec. II by writ-

ing Z(t) in terms of positive and negative frequency com-
ponents

od : .
Zn= [ "2 z(@e 2wt . (3.13)

We then find
Nw)=M —iow) 'blw),

where b(w) is the positive frequency component of B (1),
and
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2
Ya . Yo .
l > —iw 5 —iw 0
2
Ya . Yo . 7/_0_.
—4uk 2 —iw 5 —iw { 5 iw
(M—iw)":i—
0 0
2
—2k, l/zi—im 0
where
2 2
D= Zz—a———i(o Iz—b——iw
Using the relations between the input and output fields,
k, 0 0 O
0 Ky 0 O
5 OUT; .y __ N 2 IN;
¥4 (w)= 0 0k O How)+Z2 M w), (3.15)
0 0 0 «,
we find
Ya
—2—+lw
xQUN(w)= ” xNw), (3.16)
; —iw
Yo .
o e
P 3 w)=— 9§ ()
ﬁ—ia)
2
4k
_ YaVb :Y\IAN(CLJ)
7,—a—ia) —b——iw
2 2
2k
L N
I—b———ia)
2
Vol (o) | E
_Vrlel@)|E, | (3.17)
Yo .
— —iw
2
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0 0
2
-2—b—iw —2k, —7/2—0—-1'(0 0
2
Ya . b .
> —iw > —iw 0
2
Ya . Yo . Yo . Ya .
—4vk 5 —iw ; —iw [ 5 i [ 5 —iw
(3.14)
[
Again it is necessary to shift the phase of the output
fields. The observed variables are then given by
£ P(w)=% W),
4 4 e (3.18)
4vk X (w)
P PHw)=9 Nw)— Va¥o? 4
e iy |7 i
2 2
2ky7’b ~ IN ‘/YbﬁG(a)) ! Ex |
-5 V4 (w)—
(3.19)
Information on the signal quadrature X 4(1) is extracted
by heterodyne detection of the probe quadrature ?¢(t).
The resulting noise spectrum is determined by
(4vk )?
Vo)=YV N @)+ —— bt N
I EZ NP R I
4 4
4k 272
—ZY_Q__.TV;AN( ®)
Yo o2
4
Vs | Ey |
—-"—;|~——y~l——<f*6<w)f6(w)> . (3.20)
Yo o2
4
From this expression we may compare the different con-
tributions to the variance. The contribution from the
QND signal is
(4vk Yy
VND() = —— i yN). (21
Yo o2 || 72, 2
4 4
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The contribution from the squeezing of the probe is

4klv}
VS0) = —— 2Vo VN w), (3.22)
Yo 2
4
and the contribution from phase noise (GAWBS) is
E.|’B
poia)= Lo Pe (3.23)
4

where B;=([' (@) ;(w)) is a measure of the noise
spectrum of the GAWBS, assumed to be relatively in-
dependent of frequency. The relative contribution of the
QND signal to the other effects is
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2
Yo | o IN
yaND y, | T T gk )P VR, (@) (3.25)
sQ 2 2k yIN : :
| 4 Yo Ya St y Y4 ()
v (0]
4
For w=0
QND
¥ L, (3.26)
4 Ya
QND
.Y (3.27)
s oy,

Thus the QND signal relative to both the GAWBS
noise and the squeezing contribution can be enhanced by
making y, <<v,. Thus it is advantageous to use a cavity
with a high finesse for the signal mode. A measure of the
QND effect is given by the correlation coefficient

POND 1 [ apk Ve | (A% °P(0)'AP $M(w)) | 2
TG T B 2 V:r:(w) ’ (3.24) = obs Vobs ’
14 Bs | | Es| _7/_a+w2 Ve, @)V ()
4 which, for the probe beam in a coherent state, is given by
J
2 IN
(40k )2y 7 V,f’:(w) 4ky27’% vuB5 | E, |? (4vk )y ,7s Vx/1 (w)
C= |1+ + 5 (3.28)
Y Ye o, v, b Ye o ||¥E .
La 20122 o Lo La Lo
s T e e s ¢ s ¢ s T e e
[
When 7, <<¥,, this approaches Note that we are assuming that only the probe cavity
mode, represented by the operator b, is coupled out of the
GQND( )VIN( ) P N
PR cavity to a probe input field. Let this probe input field
C~ 14+ GWND(4) P N(gp) (3.29) have a carrier frequency w, not necessarily equal to w,,
¥4 the resonant frequency of the nearest cavity mode. In a
where the QND gain is frame rotating at frequency o, the dynamics is described
by the Hamiltonian
QND (4vk )ZYGYb t t ot T o\2 T2
G 0)=—— ; (3.30) A(t)=#Ab"b +#X[4a"ab"b +(a'a)’+(b"b)?]
Ya 2 Vb 2 —iw iw
7t || e +itk[bD I (e P b B (e ], 4.2

Thus for sufficiently large gain C — 1, indicating a good
QND measurement of X ,(¢) is possible.

IV. QND MEASUREMENT OF PHOTON NUMBER

Various schemes to make a QND measurement of the
photon number A =a *a of a field mode have been suggest-
ed.®” These schemes make use of the optical Kerr effect
whereby the photon number of a signal mode causes a
phase shift of a probe beam. We wish to describe such a
measurement in the cavity configuration.

We take the Hamiltonian to be

H()=#w,b"b +#w,a'a
+#X[4a"ab b +(a'a)? +(b75)?)
+itik[bP [ () —b B, (0] .

where A=w,—w,. As A=a'a is a constant of the
motion we take it to be the signal QND variable. We
point out that the interaction term in Eq. (4.2) contains
the additional terms (a'a)® and (b'b)* which were
neglected in previous treatments.®’ These terms give rise
to self-phase modulation of the probe and signal.

As in previous sections we write ['(¢) in terms of the
positive frequency components of the input field
, |12

IN
i, b (1) .

£, (0= 4.3)

We also define the input quadrature phase amplitudes by

1/2
PRD= |22 | [b™N0er v Hec.],
p

I

(4.4a)

172 )
[b™()e"“? —H.c.] .

(4.4b)
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The quantum stochastic differential equations are

?,
=(A+4XA) T, +X( P18, + 7, Ty)

dt
—12’-?1—'(17{” , (4.5a)
dy -
—at—z —(A+4xA) P, —x(P A, +4, 7))
_J;—?Z_K?;N , (4.5b)

where n, =b"h. In order to make progress these non-
linear equations must be linearized at least to first order
in X. In the absence of the signal mode the intensity of
the cavity mode at frequency w, has a bistable steady
state with the state equation''

2

yI,=I, Ji— +(A+2XI,)? (4.6)

where I, is the steady state intracavity intensity in units
of photon number, and /, is the input intensity of the
probe in units of photon number per second. We now as-
sume that Egs. (4.5a) and (4.5b) may be approximated by
the linear equations that result when n, is replaced by I,
the steady-state intracavity intensity. Thus

dy, (1)
o =(A+2XI, +4X7,) ¥, (1)
-%?lm—x?}’“m (4.72)
dy,(1)
o = —(A+2XI, +4xA,) P (1)
—J;—?Z(z)—x??‘m (4.7b)

Let us further assume that the detuning A is chosen to
maximize the intracavity intensity at frequency w,, that
is, we choose A= —2XI,. We then expand Y;(¢) in their
positive and negative frequency components to obtain

%nm Pilw)=—4XA,5,(0)—kh Nw), (4.8a)
Jzi—iw P2l@)=4XA,9 (0)—kp Nw) . (4.8b)

Solving Egs. (4.8a) and (4.8b) to linear order in X and us-
ing

kPi(0)=[9 ?"Mw)—p Nw)], 4.9
we find

P Pw)=9 MNMw)—G(w),) No), (4.10a)

P ()= NMw)+G (0)f, No), (4.10b)

S obs

where % is related to 3 VT by a phase shift and

2977
Glo)=—X_ @.11)
e

is the QND gain. The quantity $ °UT(z) is measured by
heterodyne detection with a local oscillator at the carrier
frequency w,. The frequency components of the resulting
signal are determined by $ 9(w). The condition for max-
imum gain v =0 corresponds to the homodyne beat with
the local oscillator.

Let us assume that the detection process is arranged to
resporid to § $*(w) and further that the input field is
prepared in a state such that

(5 Nw))=0,
(»y ZN(w)>=A(a)) ,

with 4 (0)>>1. This corresponds to an input state with
a large coherent amplitude at the carrier frequency o,.
Then

(A obs

(4.12a)
(4.12b)

0)=—Gw)A(w){A,) . (4.13)

The noise in the heterodyne is determined by
Vi (0)= (AP ™) 'AP P (w))
=Gw) (A )V N (o)
+Glw)A
o)A, [ (A N

)V () + VN (@)
'A% Nw)) +c.c.].

(4.14)

If the input field has time stationary quadrature phase
noise (e.g., a squeezed, coherent, or thermal state) the last
term in Eq. (4.14) is zero. Thus

Vo () =GHw) A 2)VN(0)+GHo) dHw)V(A,)

+VN (@) (4.15)

If we assume that G (0) A4 (0) >>1 then the signal-to-noise
ratio at maximum gain (o =0) is

N (n,)?
N Vn )

thus realizing a good QND measurement. Note that in
the cavity configuration the effective QND gain is given
by GEf(w)=A4(w)G(w); thus the cavity response
enhances the gain induced by the coherent component on
the input probe. In this case there is no real advantage in
preparing the probe in a squeezed state as both probe
quadrature variances contribute to the noise in Eq. (4.15).

V. CONCLUSION

We have given a broadband analysis of three QND
measurement schemes: (i) an ideal two-mode parametric
scheme, (ii) a four-mode scheme based on a third-order
nonlinearity in a fiber, and (iii) a photon number scheme
based on the optical Kerr effect. The analysis shows that
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cavities may be used to enhance the QND gain. We have
also shown how squeezed states may be used to improve
the performance of the first and second schemes. In the
four-mode QND scheme we have shown that it is advan-
tageous to use a cavity for which the signal finesse is
much larger than that for the probe. This enables the
QND gain to dominate GAWBS noise and interference
from squeezing of the probe beam.

APPENDIX

In this appendix we briefly describe the derivation of
the stochastic differential equations (2.10a), (2.10b),
(2.12a), and (2.12b). Further details may be found in
Refs. 8 and 9.

Define the integrated field operators by

A= [T 00" ds (Ala)
= [/ By(1e""as (Alb)

and the Ito differentials
dA( =4t +dt— A1) , (A2a)
dB()=B(t +dt)—B (1) . (A2b)

Using Eq. (2.9) (and the approximation implicit in this re-
sult) one finds that A(¢r) and B(r) obey the following
commutation relations:

[A(t t)]=[B(t),B '(¢")]=min(s,¢') . (A3)
Thus
[dA(t),dA "(¢")]=[dB(1),dB (t')]=d! . (A4)

Following Ref. 9 the output operators 4 °Y(¢) and
B OYT(z) are defined as the Heisenberg form of the input
operators A4 (¢) and B(¢), for example,

AT n=UN AU,

where U (t) is the time evolution operator determined by

(AS)
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the Hamiltonian in Eq. (2.4) [see Eq. (2.15) of Ref. 9.]
Thus

dA VT =UNn[UNd) AU d— AU (1), (A6)
where
Ul(dt)=exp —éﬁodt+xa[a d4 (—H.c.]
+x,[bdB T(1)—H.c.] (A7)

where H, is the free Hamiltonian of the coupled internal
fields. Expanding the exponential in Eq. (A7) to second
order in k, and k, (and thus to first order in d¢) and using
Eq. (A4) we find

dA°Y(t)=k,a(t)dt +d A ™) , (A8)
U(DaU(1). Equation (A8) is equivalent to
=k, X, () +X N) (A9)

when written in terms of the quadrature phase operators.
Equation (2.12b) is derived in a similar way.
To derive Eq. (2.10a) we begin with

da(t)=U"0[UN(dt)aU (dt)—a]U (1)

where a (t)=
e ?UT

(A10)

and once again expand U (dt) to second order in k, and
K. The result is

i Ka
da(t)=—ﬁ-[ﬁ0,a(t)]dt——fa(t)dt~xad2(t) . (A1D
which is equivalent to Eq. (2.10a).
found in a similar way.

Equation (2.10b) is
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