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Elastic differential, integral, and momentum-transfer cross sections are reported for the scattering
of electrons by water molecules in the energy range of 100-1000eV. A parameter-free model opti-
cal potential which is the sum of three spherical terms, namely the static, exchange, and polariza-
tion forces, is constructed from near-Hartree-Fock one-center-expansion water wave functions.
The total optical potential is then treated exactly in a partial-wave analysis using the variable-phase
approach to yield the scattering phase shifts. We employ several versions of parameter-free polar-
ization and exchange potentials. We And that the present calculated difrerential cross sections
reproduce all the important features (such as forward peaking, dip at middle angles, and enhanced
backward scattering) observed in recent experiments. Quantitatively, the present results are in very
good agreement with experiment and better than earlier calculations.

INTRODUCTION

This work is inspired by the recent measurements' on
the elastic difFerential cross sections (DCS's) over a wide
range of energies for electron-H20 collisions. Nishimura
(cited in Ref. 2) has reported the same scattering parame-
ters at electron energies of 30 and 90 eV. A number of
comprehensive review articles dealing with various
theoretical approaches and experimental techniques
have been published in recent years. Earlier experimental
studies on the e-HzO system have been summarized in
Refs. 4 and 5. Interaction of electrons with water mole-
cules (HzO) plays an important role in the fields of radia-
tion chemistry and space science. Very recently, Shyn
and Cho have reported measurements on the absolute
DCS's for the e-HzO system at 2.2-20 eV from 15' to
150'.

On the theoretical side, the DCS have been calculated
for this system in the 6rst-Born ' and Glauber' approxi-
mations at intermediate and high energies. As expected,
the results of the Srst-Born and the Glauber approxima-
tions agree with the experimental values only near for-
ward angles and difFered signi6cantly in the backward
direction both in magnitude and shape. Recently, Katase
et al. ' have calculated the elastic DCS, integral (o, ), and
momentum-transfer (o ) cross sections using the
partial-wave method employing a double Yukawa poten-
tial as well as a spherically symmetric static potential for
the e-H20 system derived from the molecular charge
density obtained from the molecular-orbital (MO) theory.
Their calculated elastic DCS, using a model potential,
reproduced the experimental va)ues fairly well except in
the forward direction {this is expected since they neglect-
ed polarization). In recent years, the spherical-complex-
optical-potential (SCOP) model (see Jain"' and Jain
et al. ' ) has been used to calculate the total
(elastic + absorption), momentum-transfer, and differ-

ential cross sections for electrons colliding with CH4 and
SiH4 molecules from very low [near the Ramsaur-
Townsend (RT) minimum] to intermediate (near shape-
resonance phenomena) and high energies. The success of
the SCOP model lies in the fact that the nonspherical in-
teraction terms (such as the dipole, quadrupole, etc.) are
either zero or their efFect is very small. The success of
the SCOP model for e-CH4 and e-SiH~ has prompted us
to examine the validity of this approach to study the elas-
tic scattering for nonspherical targets at higher energies
(E & 100 eV) where the contribution of dipole, quadru-
pole, etc. terms is small. In the present study the total in-
teraction between the electron-molecule system is ap-
proximated by an optical potential composed of three lo-
cal and real terms, namely, the static ( V„), the exchange
( V,„), and the polarization ( V ), involving no adjustable
parameter. All three potentials, i.e., the static, exchange,
and polarization have been computed from the charge
density of the target computed ab initio at each radial dis-
tance from the center of mass of the H20 molecule.
Thus, the present work difFers in two ways from the cal-
culations of Katase et al. : first, the static potential is
evaluated difFerently, and second, we include polarization
and exchange effects without involving any adjustable pa-
rameter.

THEORETICAL MKTHODOI. QGY

The water molecule belongs to the C2, symmetry point
group (electronic 'A, ground state) with the electronic
configuration, 1a l 2~

&
3a

&
1b l 1b 2 A single-center expan-

sion technique (see Thompson and Gianturco' ) with an
oxygen atom at the center is employed for all orbitals in
the near-Hartree-Fock limit using experimental values
for the nuclear geometry (bond length=1. 792 a.u. and
bond angle=104. 5'). The central quantity in the calcula-
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For 820, 6 is calculated to be 18.68 eV.
It is now a standard procedure to compute the Ith

partial-wave phase shift from the solutions of the follow-
ing second-order differential equation:

FIG. 1. Various components of the e -H20 interaction po-
tential. , static potential; ———, correlation-
polarization potential; —-—-, asymptotic polarization potential;
—.—,HFEGE(at &OoeV) -"-,MSCE(at lOoeV).

tions of the optical potential is the charge density p(r).
The charge density p(r) was calculated (for details, see
Ref. 14) from the single-center wave function with
enough terms in the expansion of each bound orbital.
The p(r) is then expanded in terms of symmetry-adapted
functions belonging to the symmetric A, irreducible rep-
resentation of the molecular C2„point group, i.e.,

n(r) =&P LH«»LH'(r) .

In the spherical approximation, "' we need only the
first term (I. =O, H =1) of the expansion Eq. (1}in order
to evaluate all the three local potentials, i.e., V„, V,„,and
V . Explicit expressions for V„(r) and V,„(r) [Hara-
free-electron-gas-exchange (HFEGE) potentials] are
given in the literature (see, for example, Gianturco and
Jain ). The modified-semiclassical-exchange (MSCE) po-
tential for V,„(r) is taken from Gianturco and Scialla. '

The correlation-polarization potential (COP) for the
e-H2O system is calculated following Padial and Nor-
cross' and Gianturco et al. ' At larger distances the
COP VP(r) is replaced by the correct asymptotic form
—ao/2r (aa is the dipole polarizability of H20; we use
the experimental value of 9.83 a.u. for ao) where they
cross each other for the first time (the crossing point
occurs at 3.4 a.u. , see arrow in Fig. 1). It is well known
that as the energy increases nonadiabatic efkcts become
important and so they should be taken into account.
Consequently we have also considered an energy-
dependent Buckingham-type polarization potential' * '

r2n —4

n =2, 3,4
2( r 2 +P 2 )II

~here r, is the cutom' parameter determined from the re-
lationship

where k is the electron energy. %e employ a variable-
phase approach (VPA) (Ref. 21) to find the solution of
Eq. (3). The corresponding quantities (o;, o, and DCS)
are then easily obtained from the S matrix at each energy.
All our cross sections are converged with respect to the
number of partial waves up to a value of 0.001 rad only.

RKSUI.TS AND DISCUSSION

Before we present our calculations on the cross sec-
tions it is worthwhile to examine the behavior of the radi-
al shapes of the various potentials. They are displayed in
Fig. 1. The static interaction dominates all other interac-
tions (exchange and polarization) up to r =2.4 a.u. well
outside the region of the H nuclei. Beyond this distance
the correlation polarization takes over both the static and
exchange interactions. The exchange term remains weak-
er than the static interaction up to a very large r value
(r =8.25 a.u. ). It is also seen that at these energies, i.e.,
E & 100 eV, the V,„(MSCE) and V,„(HFEGE) potentials
are quite similar to each other except at small values of r
(see Fig. 1}.

In Fig. 2 we compare the present p(r) with the values
of Katase et al. using both their double Yukawa (DY)
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FIG. 3. Spherically symmetric potentials for e -H2O scatter-
ing used to calculate the final cross sections. , present sum
of V„+V,„+V~ at 100 eV; ———„with realistic potential by
Katase et al. (Ref. 1); ——with double Yukawa potential (Ref.
1).

potential and MO theory. It is clearly seen that the p(r)
reported by Katase et al. using MO theory has two maxi-
ma at values of r =0. 1 and 1.0 a.u. and is in complete
agreement with the present calculations. On the other
hand, the p(r) obtained with the DY potential is very
diferent giving the peaks at r =0.014 and 0.5 a.u. From
the knowledge of the charge density p(r), we can easily
reproduce the nature of the potential function (for exam-
ple, see Fig. 3). It is surprising to see that the DY poten-
tial is not very different from their so-called realistic po-
tential (Ref. 1) estimated from the charge distribution ob-
tained from MO theory in the entire region of r, although
their respective charge densities differ considerably. This
indicates that one should be careful in using the empirical
potential in the model calculations and therefore, we
compare our results with the results of Katase et al. ob-
tained by using their realistic potential only. Our
parameter-free ab initio interaction which includes static,
exchange, and correlation-polarization forces matches
well in shape but not in magnitude the realistic potential
curve of Katase et al. (Fig. 3). The large magnitude of
our total interaction V(r) is due to the inclusion of other
components of interaction like V,„(r) and V~(r). This is
borne out by the fact that the present V„(r) interaction
compares well both in shape and magnitude with their
realistic potential. %'e now discuss our results on the
scattering parameters.

A. Dilferential cross sections (DCS's)
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FIG. 4. Dimerential cross sections for e -H20 scattering at
100 and 200 eV. Present calculations: —,SHP1 model;
—--, SEI'1 model; —-—-, SHP2 model; —-"—,S model (for no-
tations see the text); ———,theoretical results of Katase et al.
(Ref. 1). Experimental data: +, Katase et aI. (Ref. 1); H, Dan-
jo and Nishimura (Ref. 2) (note the arrows for scale).

Figures 4—6 display our DCS's in the energy range
10Q-100Q eV. Note that in the present model the BCS's
at the zero angle are undefined; therefore, the zero-angle
points in Figs. 4-6 should not be taken seriously. %'e

have calculated the DCS in various models abbreviated as
follows: S, static potential; SH, S plus the HFEGE po-
tential; SHI'I, SH plus the correlation polarization po-
tential; SHI'2, SH plus the energy-dependent polarization
potential [Eq. (2)]; SE, S plus the MSCE potential; SEP1,
SE plus the correlation-polarization potentials. %e have
also shown on each curve the experimental data as well as
the model calculations of Katase et al. ' The measured
values of Banjo and Nishimura are sho~n only at 100
and 200 eV whereas Lassettre's and %hite's and
Bromberg's (cited in Lassettre and White) measurements
are shown only in the forward direction at 500 eV.

Figure 4 shows our DCS results at 100 and 200 eV. At
100 eV, as expected, the SHP1 and SEI'1 curves yield
similar BCS's in the entire angular region, both giving
the forward peak and a broad minima around 80'—100'.
The present model calculations (SHP1 and SEP1) are in
good agreement with the measured values of Katase
et al. ' and Banjo and Nishirnura both at small angles
(8 & 30') and at intermediate angles (80'—100 ), i.e.,
around the dip structure. Beyond 100, the present calcu-
lated BCS values show a large backboard peaking slope
compared to the measurements which are only available
up to scattering angle 120'. At this energy, the Katase
et al. ' data are larger by 8—40% than those of Banjo and
Nishimura over all angles.
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FIG. 5. Same legend as in Fig. 4„but for energies of 300, 400,
and 500 eV. Experimental data af Lassettre and White (Ref. 22)
are shown by the dotted line.

FIG. 7. Difkrential cross sections for e -H20 collisions as a
function of momentum transfer. , present SHP1 calcula-
tions at 1000 eU. Results in Born approximation: ———,Ka-
tase et al. {Ref. 1)' —.— Sharma and Tripathi (Ref. 26) —~ ~-
Szabo and Ostlund (Ref. 8); -" —,Fujita et al. (Ref. 10);
—" —,results obtained in the Glauber approximation at 500 eV
(Ref. 10). Experimental data: +, Shibata et al. at 30 keV (Ref.
24); 6, Konaka at 42 keV (Ref, 23); (3, Katase et al. at 1 keV
(Ref. 1).
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FIG. 6. Same legend as in Fig. 4 except at 700 and 1000 eV
(note the arrows for scale).

Let us now examine the status of the results obtained
in other models. The SHI'2 and SH results are identical
at all angles, indicating that the energy-dependent polar-
ization potential [Eq. (2)] is not able to predict the for-
ward peaking (8& 30'). However, in this angular region,
the SHI'1 and SEP1, which difter from the SHI'2 only in
treating the polarization potential in diferent way, i.e.,
including the correlation-polarization potential instead of
the energy-dependent polarization potential [Eq. (2)],
move in the right direction. At large scattering angles
8&100' the SHP2 results merge with the SHP1 and
SEP1. It is also seen that the Katase et al. and the S
models fail in the forward direction due to the neglect of
effects like polarization and exchange. It is interesting to
compare the present S model and Katase et a/. results
which are on the same footing. The remarkable
difference between two curves occurs at smaller (8& 30')
and higher (8&90') angles. The difference clearly reflects
the quality of charge density (interaction potential) em-
ployed in the two calculations, as can be seen from the
trend that the present S model predicts the shape and
magnitude of DCS curve in better agreement to experi-
mental data than those of Katase et a/. model calcula-
tions.

At 200 eV the characteristics of the angular distribu-
tion changes from the dip structure at middle angles to
almost a flat structure up to large angles. The present
model calculations (SHP1 and SEP1) reproduce the ex-
perimental points very well up to 8&60'; thereafter they
overestimate the experimental measurements. The situa-
tion regarding the results obtained in other models is the
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FIG. 8. Integral {0;) and momentum-transfer (0. ) cross sec-
tions for e -820 scattering as a function of electron energy.

, SHP1 approximation (for notation see text). Experimen-
tal data: &&, Katase et aI. (Ref. 1); k, , Danjo and Nishimura

{Ref.2).

same as seen at 100 eV. The SHP2 and S results almost
merge, each reflecting that the eff'ect of the exchange po-
tential is negligible at this energy. The model calcula-
tions of Katase et al. as usual underestimate the DCS's
in the forward direction (8&30') and at large angles;
their calculated values are higher by 70% than the mea-
sured values and are smaller by 30% than the present
model calculations.

Figures 5 and 6 display the DCS's at higher energies of
300-500 eV and 700-1000 eV, respectively. The general
trend of variation of the angular distribution is quite
similar to that seen at 200 eV. As expected at such
higher energies, the results of SHP1, SEP1, SHP2, and S
almost become identical. The present results of Figs. 5
and 6 really correspond to a simple static approximation

which agree very well with the measured values com-
pared to the calculations of Katase et al. '

The DCS's have also been calculated as a function of
the momentum transfer q in the Born and Glauber ap-
proximation by a number of authors ' employing
different degrees of sophistication in the bound-state
molecular wave functions. Konaka and Shibata et al.
have measured the total and elastic DCS for water mole-
cules at 42 and 30 keV incident electrons energies, respec-
tively. Figure 7 shows all the experimental results along
with various theoretical calculations in Born and Glauber
approximations. For the sake of corn. parison, we have
also included in Fig. 7 the model calculations of Katase
er al. ' and the present SHP1 number at the highest ener-

gy, i.e., 1000 eV. The high-energy measurements due to
Konaka and Shibata et al. were not absolute mea-
surements and therefore, they were normalized to the
value of q =2.00 a.u. by Katase et gl. It is seen that all
the calculations differ among themselves for q ~ 2.00 a.u.
(i.e., in the small angular region). Beyond q) 2.00 a.u.
all the curves including the present one are in agreement
with the measurements. This clearly indicates that the
calculated DCS's for energies up to 1000 eV are not ex-
pected to approach the high-energy limit, i.e., the Born
approximation results. This finding is in agreement with
the observation of Katase et a/. In fact, the Born ap-
proximation would be valid for energies well above 1000
eV. However, for a quantitative assessment of the high-
energy limit, the absolute DCS's need to be measured for
the scattering of high-energy electrons.

B. Integral (0; ) and momentum-transfer (o ) cross sections

In the present energy region the contribution from the
nonspherical terms is not significant. Since we do not
consider the dipole (which is responsible for infinite cross
section at the zero angle in the present adiabatic-nuclei
approximation} and higher-order terms in the optical po-
tential, the integral cross sections are still finite and can
be compared with experimental values where small-angle
DCS's are not measured either. The forward-angle prob-
lem is not encountered in the corresponding momentum-
transfer cross sections due to the (1—cos8} term. Figure
8 shows our o; and o cross sections along with the cal-
culated and experimentally observed values of Katase

TABLE I. Integral (u;) cross sections in various models for the e-H, O scattering in units of 10
cm' (for notation see the text). Values in parentheses correspond to the percentage error in the experi-
mental cross sections.

Energy
(eV)

Present calculations
SHP1 SHP2 Experiment'

100
200
300
400
500
700

1000

' Reference 1.

2.29
1.54
1.22
1.03
0.882
0.717
0.545

3.37
2.11

1.59
1.30
1.11
0.861
0.652

2.68
1.71
1.32
1.10
0.930
0.748
0.564

3.40
2.11

1.59
1.30
1.11
0.866
0.6S3

2.98(12)
2.11(12)
1.56(12)
1.32{12)
1.04{9)
0.819(13)
0.548(13)
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TABLE II. Momentum-transfer (o ) cross sections in various models for e-HzO scattering in units

of 10 ' cm (for notation see the text). Values in parentheses correspond to the percentage error in the
cross sections.

Energy
(eV)

Present calculations
SHP1 SHP2 Experiment'

' Reference 1.

1.42
0.621
0.361
0.240
0.172
0.104
0.0589

1.56
0.668
0.382
0.252
0.181
0.108
0.0614

1.54
0.665
0.382
0.253
0.181
0.109
0.0613

1.52
0.651
0.374
0.247
0.178
0.106
0.0601

1.01(12)
0.464(12)
0.296(12)
0.208(12}
0.156(9}
0.0930(13)
0.0515(13)

et al. and Danjo and Nishimura at 100-1000 eV. The
measured values of tr, and o due to Katase et al. ' are
larger than those of Danjo and Nishimura as is expected
because of the di8'erences in the magnitude of their angu-
lar distribution. %e have also calculated the o; and o
in various models and the same are tabulated in Tables I
and II, respectively. From these tables we see that the
calculated values of o; and cr are not very sensitive to
the choice of model potential approximation. Conse-
quently, we have only shown on the curve the results ob-
tained in one of our successful models, i.e., SHPI. It is
clear from Table I that the present 0.; results are in very
good agreement with experimental data of Ref. 1 at all
energies considered here. For o, the overall agreement
between the calculated and the measured values is good
except in the energy region of 100-400 eV, where the
discrepency between the present theory and the experi-
mental data is about 25%. We, however, expect some
discrepancy between theory and experiment for these in-
tegral (a;, cr ) cross sections due to the fact that the ex-
perirnental points have to be extrapolated at small and
1arge angles.

CONCLUSIONS

%e Snally conclude that a parameter-free model poten-
tial constructed for the full interaction of the collision
system within the framework of the spherical-optical-
potential approach is quite adequate to yield the elastic
difFerential, integral, and momentum-transfer cross sec-
tions in the energy range of 100-1000eV. It is also noted
that in this energy range no other theoretical calculations
exist for e-H20 scattering which accounts for various
physical effects (such as the polarization and exchange
forces) playing important role. The calculated DCS's
reproduced fairly well all the features of the experimental
data. The integral and momentum-transfer cross sections
were also reported and compared with recent measure-
ments.
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