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With the use of formulas given by the author for the expansion of Slater-type orbitals (STO’s) in
terms of STO’s at a new origin [I.I. Guseinov, Phys. Rev. A 31, 2851 (1985)], one- and two-
electron multicenter integrals of r*~'e~*'S,,(6,p) for ¢ =R and r*~le~*"Y, (0,p) for ¢ =C are
expressed in terms of the overlap integrals. The analytical formulas used for the evaluation of
these integrals have recently been established by the author [I.I. Guseinov, J. Mol. Sci. (China), §
(2) (1987)]. The relationships obtained are valid for general values of the STO parameters and for

p>—(v+1)and «>0.

The theoretical prediction of some one- and two-
electron molecular properties requires computation of
multicenter integrals of

S,0(8,p) for g =R ,

—ph— 1o —K
ffm,(K,r)—r" e K" YVU(6,¢) for q:C,

1)

where > —(v+1) and «>0; the quantities S,,(6,¢@)
and Y, (6,p) are the real and complex harmonics, re-
spectively. Results for two- and three-center one-
electron integrals over complex Slater-type orbitals
(STO’s) of this type for k=0 have been given previous-
ly.! The aim of this note is to express all multicenter
one- and two-electron integrals of f],,(k,r) in terms of
the overlap integrals over STO’s.

The one- and two-electron multicenter integrals over
unnormalized real (for ¢ =R) and complex (for ¢ =C)
STO’s examined in the present work have the following
form:

Ugbczf [anlama(é‘a’ral)]‘ffwo(K:rBl)

szclcmc(gcyrcl)dvl ’ (2)

igcdb=f f[Yzalama(gmral)]*-X-zclcmc(gc’rcl)
fovv(K’rZI)iﬁdldmd(gd’rtﬂ)

><[)?‘,’,blbmb(é'b,rbz)]'dvldvz , (3)

where 1;;=r,;—Rg and 1) =1, -1, (j=1,2 and
k =b,c,d). Here XX (£1)=R,(£7)S,,(6,¢) and
XS (E,T)R,(£,7)Y),,(0,p) are unnormalized real and
complex STO’s, where R, (£,r)=(2&)" +1/2pn ~lg—¢",

To calculate the integrals (2) and (3), we use the
translation formulas (5) and (6) of Ref. 2 for the STO’s
X? and XJ. Then we can express any multicenter one-
electron integral in terms of a two-center nuclear attrac-
tion integral, and any multicenter two-electron integral
in terms of either a one-center Coulomb or a two-center
Coulomb and a two-center hybrid integral,

T0= [ 108, 1,m, EarTat) X010, (£ 1)
X[ hvo (K, Tp1)dvy (4
= [ [ 1, o ta) 1 (£ Ea)
X S fvo (6, )X, 1 m (6127 12)
X X3, 1,m, (E55Tp2)]*dv v, (5)

We denote in Eq. (5) the center a and b by the symbols
i=+ and —, respectively. It is easy to show that the
combined equation (5) represents both the one- and two-
center Coulomb (for i =—) and the two-center hybrid
(for i = +) integrals.

For the calculation of the integrals (4) and (5) we use
the expansion formula for the product of two unnormal-
ized STO’s both with one and the same center,

[Yzalama(ga’ral)]‘fzt;lém‘;(g;,ral)
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X A:ama’ [izlm(g’ral)]‘ for ¢ =R , (6)

where £=£,+&;,, n=n,+n,—1, t,=(&,—E)/E, +
&), and

B,,,,t(t)=(1+t)n+1/2(1—-t)n’+l/2 , (7)
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Cliim,I'm') for M=m —m’
Cclim,'—m’) for M=m +m'.
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CLIMi(m,I'm")=
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Here CL are the known Gaunt coefficients (See Ref. 3
for the exact definition of € and 97"™’). We notice that
for ¢ =C the quantity 4 . in Eq. (6) must be replaced

by the Kronecker symbol 8, =~ _ ..

mﬂ
Taking into account (6) we can express Eqgs. (4) and (5)
in terms of the following two-center integrals:

ﬁr?lm,pva(gykiRab)=f [X Im g’ral)] fpva K!rbl)dvl ’

(10)
L voin tm nytymy (65660653 Rap)
= [ Ulmivo &b, T 1 m (Ei0Ti2)
XX, 1,m, (Ep:Tp2)]*dv; 1y

When calculating the two-center nuclear attraction in-
tegrals (10), and the Coulomb and hybrid integrals (11)
we use the following formula for the one-center expan-
sion of the function f},, (x,r) in terms of the STO’s [see
Egs. (5)—-(8) of Ref. 2 for R,, =0 and r, =1, =r1]:

S v (R,1)= lim ZHF,‘WV(é,t))?Z:W,(ﬁ,r), (12)
u'=v

where u > —(v+1), t =(§—«k)/(§+«), and

N
pvyv §rt)— 2 Q;’”"(N)d””u(g,t) 3y (13)
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ICTRE TS o)
dﬂ"ﬂ(g’t)_ (2§)p+1/2 ’ (14)
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p" =max(p,p’) (" —p " —p')

Using Eq. (12) of Ref. 2 we can show that for E=«x
(t =0) and u>v+1 the expansion coefficient FV is re-
|

n+u+1
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duced to the Kronecker symbol, i.e.,

S, ..
#V»#V(g 0)__.__£‘_/i_

EMYERY foru>v+1. (16)

Substituting (12) into (10) and (11), we obtain
Ur?lm,yva(§7K; ab)

2 F i &8 o (E6RG) ,  (17)
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N-owx
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where
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X [X3, 1,m, (&55Tp2)]"dv, . (20)

As can be seen from Egs. (18)-(20) the quantity J? on
the right-hand side of Eq. (18) depends on overlap in-
tegrals with the same screening parameters which can be
expressed in terms of STO’s (Ref. 4),

§r?1m pva(gyé-;R)
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where
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Here F,(N,0)=N!/m!N —m), g=1(I+v+L),
a;(a,n)=(a—1+n —s)N/sNa—1)(n —2s).
Using Eq. (21) we obtain
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q . . -
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where
(—;gsr,nilim Jnplymy § gngbs ab f [XZST(g’rQZ ]‘Xtri Iim; gn ’2)[X"blb"‘b §b’rb2 ] dv2 . (26)

Taking into account Eq. (6), it is easy to express the integrals in Eq. (26) in terms of the overlap integrals for i = —
and / = +, separately. For one- and two-center Coulomb integrals,

GI?Sf,nAIAm ,nblbmb(§)§~r§biRab)

172
£ 2L +1 <
;N—mﬁ,. n (£~ )LEM T CEMIU_m _Iymy)AM_, Skon_im(Em_;Ra) for Ry >0,  (27)
and for two-center hybrid integrals,
—G—Igsr,n+1 m “anbmb(§7§+’§b;Rab)
172
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|
where fZW(K,r)=m)?Zm(K,r) for u>v+1. (30
K
E =& +&, N_=n_+n,—1, tu___é_:lgi , From Egs. (10) and (30), and Eq. (8) of Ref. 5, for the
§_+& overlap integrals it is easy to show that the integrals U
(29)  for u>v+1 can be expressed in terms of the two-center
§—§6, overlap integrals in which the factor B,,(t)
= = — = I
by=b+6s, No=ktn, 1 1, E+E, =(146)"*12(1—¢t)**1/2 must be replaced by the factor

dy (E,0)/(n +p), ie.,

From Egs. (2)-(5) and (17)-(28) it is evident that all
one- and two-electron multicenter integrals of f7,, (k,r)
are expressed in terms of the overlap integrals. oAU : i

It should be noted that the formulas just obtained are |
correct in the case where u=v=0 and «=0 (t=1).
This enables us to calculate the one- and two-electron
multicenter integrals of Hartree-Fock-Roothaan equa- t=071
tions.

As can be seen from Egs. (16)-(18), when the screen-
ing parameters of the overlap integrals between the 1k
atomic orbitals and the function f},, (x,r) centered on
the nucleus a and b, respectively, are the same (t =0),
we obtain a finite sum for integrals U? and T only when
u>v+1. If the screening parameters are different
(¢5£0) and pu> —(v+1) the expressions for two-center
one- and two-electron integrals become an infinite series. k
The calculation of these integrals on a computer shows A — s
that for small values of the parameter ¢ the convergence 2 ¢ 02 # 8 % N
of series is rapid; therefore, it is sufficient to take into ac-
count only a few terms in Egs. (17) and (18). The results
of the convergence tests of Eq. (17) for different values of t=02
parameter ¢ are shown m Fig. 1 for integral UX 211,322
Here the quantities AUX are the differences between the
values of this integral for u,,,= oo (exact value) and -1r
Umax=N, where N is the number of summation terms in
Eq (l7) =03

It should be noted that the expressions for two-center
one-electron integrals (10) for u >v+1 and k5§ can also
be obtained from the formulas of overlap integrals of FIG. 1. Convergence of the series in Eq. (17) for different
STO’s. In this case we utilize the following relationship  yajyes of parameter ¢ for integral Uxy, 5,_; as a function of the
between the function fi,,(k,r) and the unnormalized  pumber of summation terms (X,=Y,=2Z,=0, X,=—7Y,
STO’s: =—Z,=—1.1547 a.u).

L 2=05




37 UNIFIED ANALYTICAL TREATMENT OF ONE- AND TWO- . .. 2317

Ur?[m,pva (ng; Ry)
d

e 31
(n +p)l 3D

Here the quantity d,,(§,7) is defined by Eq. (14) and

:§:l]1m a“va(é‘yK;Rab ) for Bny’_’

t=(E—K)/(E+K).
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