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A detailed and systematic presentation of algebraic and diagrammatic techniques introduced in

paper I [L.Z. Stolarczyk and H. J. Monkhorst, Phys. Rev. A 32, 725 (1985)] is given. Performing a
similarity transformation of an operator in Pock space, e.g., a Hamiltonian in the generalized
coupled-cluster method (see paper I), leads to lengthy algebraic formulas for the linear parameters
(amplitudes) of the transformed operator. These formulas can be expressed in a compact form by
means of the so-called reduced diagrams. Precise rules are given for constructing such diagrams (re-
lated to the so-called directed graphs of the graph theory} and the algebraic expressions correspond-
ing to them. In particular, rules for generating a connected-diagram expansion of the amplitudes of
the transformed operator are formulated. Several examples illustrating the use of this
diagrammatic-algebraic approach are considered.

I. INTRODUCTION

In the previous two papers (Refs. 1 and 2, hereafter re-
ferred to as papers I and II, respectively) we formulated a
generalization of the coupled-cluster (CC) method for
a system of many fermions. This generalized CC method
addresses the problem of calculating (a art of) the spec-
trum of the Fock-space Hamiltonian . The algebraic
approach we proposed' involves expressing operator A'

through so-called quasiparticle fermion operators and
performing a similarity transformation

8-0=n 'Nfl, -
(1)

yielding an effective Hamiltonian C. The construction of
the wave operator 0 follows the characteristic prescrip-
tion of the CC method: 0 is expressed through opera-
tor exp(8), where the CC operator 8 belongs to a certain
nilpotent operator algebra. In the generalized CC
method, ' operator 6 is determined from the condition
that the efFective Hamiltonian 6 conserves the number of
quasiparticles in the system. Eigenvalues of C corre-
sponding to states with a few quasiparticles can then be
easily calculated. The well-known property of transfor-
mation (1) is that

Spec(H ) =Spec(G' ), (2)

and, hence, a part of the spectrum of 0 is found that
way. In other words, the generalized CC method
effectively converts the many-particle problem associated
with Hamiltonian 8 into a few-quasiparticle problem of
Hamiltonian C. The present paper is devoted to a study
of a variant of transformation (1), namely,

H ~ f' =exp( —8 )H exp8,
where 0 and 6 are some arbitrary operators acting in a
finite-dimensional Fock space. The purpose of our
analysis is to 6nd a method for deriving algebraic formu-
las expressing the dependence of the linear parameters

(amplitudes) of operator f' on the amplitudes of operators
A' and 8. A diagrammatic approach is devised to handle
lengthy algebraic formulas, and precise rules are given for
converting algebraic expressions into diagrams, and vice
versa. The present study extends a preliminary one given
in paper I, and will certainly be helpful in the better un-
derstanding of some details in the derivation of the gen-
eralized CC equations in that paper. %e wish also to use
results of the present paper to generate algebraic formu-
las for calculating expectation values and transition mo-
ments within the framework of the generalized CC
method (see the following paper, hereafter referred to as
paper IV).

The content of the present paper is as follows. In Sec.
II the algebraic structure of the Fock space and the cor-
responding Fermi-Dirac algebra are reviewed, along with
the notation introduced in paper I. In Secs. III and IV
algebraic expressions and the corresponding diagrams are
derived for operator products and powers, respectively.
Section V contains a discussion of algebraic and diagram-
matic expressions for the amplitudes of the transformed
operator defined in (3). Using the theory of Sec. V, we ex-
plain in Sec. VI how the generalized CC equations [the
Brueckner-Hartree-Fock (BHF) equations] of paper II
were derived. In Sec. VI we derive also additional gen-
eralized CC equations which are necessary in an extended
version of the generalized CC method considered in pa-
per IV. The results of the present paper are summarized
in Sec. VII. Appendixes A —0 contain supplementary
derivations and discussions. Throughout the paper we
shall refer to formulas of papers I, II, and IV by quoting
an equation number preceded by the appropriate Roman
numeral I, II, or IV.

II. POCK SPACE AND FERMI-DIRAC
AI.GKBRA: NOTATION

The full Fock space for our fermion particles is a
Cartesian product of Hilbert spaces spanned by n-particle
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be an orthonormal basis in R.
The annihilation operator 8; associated with spin orbit-

al i)), is a linear operator defined in the full Fock space; its
action on an n-particle antisymmetric wave function 4'

gives an (n —1}-particle wave function 8, qi:

a, q(i1, . . . , n —1)=n' J dr„p;(n)qi(1, . . . , n),

where f d ~„de not esthe integration over spatial and spin
coordinates of the nth particle. It is also required that

a, C'o=o

for i =1, . . . , M. The choice of the phase factor in Eq.
(5) (as used in paper I) is the same as in Ref. 7, but a
difrerent choice is also frequently encountered, see, e.g.,
Ref. 8. For each annihilation operator 8', one defines the
creation operator 8 ' as the Hermitian conjugate

Q
i (Q, )t (7)

The annihilation and creation operators for fermion par-
ticles (the fermion operators, in brief) fulfill the following
anticornrnutation relations:

[8;,dj )+ ——[8 ', & ']+——0,
[8;,a ']+= tl, ' .

The set

g i~i =M

(8a)

(8b)

generates an algebra %=V(M) which we call the Fermi-
Dirac algebra. One may choose another set of genera-
tors,

(II =0, 1, . . . , Oo ) wave fullctlons, RlltlsyI11IIlctric (for
n & 2) with respect to permutations of particles. The Hil-
bert space corresponding to n =0 is spanned by a single-
wave function 4o called the physical vacuum. In the
algebraic approximation' one chooses some M-element
basis set of linearly independent spin orbitals, which
spans an M-dimensional subspace N=N(M) in the Hil-
bert space of the one-particle wave functions. Let

((t; l'==

b =a x'+e'L, (13)

where we use Einstein's summation convention. Trans-
formation (13) is the Bogoliubov-Valatin transforma-
tion", ' a special case of it is the particle-hole transforma-
tion [see Eqs. (I.27)]. Ferlnion operators of set (10) will
be hereafter referred to as the quasiparticle fermion
operators.

It follows from Wick's theorem" that any element of
algebra 7 can be expressed as a linear combination of the
so-called normal products, X'tP, of fermion operators.
Here X' and P are products of annihilation operators of
set (10); for example,

(14)

According to the notation introduced in aper I, the
string of indices corresponding to operator of Eq. (14)
will be denoted by

X /Jk (15)

and the number of annihilation operators in 2 by x. We
also assume that for x =0 the corresponding index string
X is empty and

X'=( —1) 9, (17)

where p is the parity (even or odd) of the permutation.
Such strings will be called the equivalent index strings;
this equivalency relation will be denoted by X-F. It fol-
lows from Eq. (17) that X'=0 if there is a repetition of
any index in string X, such a string will be called the de-
generate index string. A nondegenerate string (15) corre-
sponding to ordered indices i &j & k & will be denot-
ed by X and called the ordered index string. Obviously,
X-X, and the parity of the permutation which trans-
forms X into X will be called the parity of X and denoted
by p (X). Now parameter p of Eq. (17) may be expressed
as

Due to the anticommutation relation (8R), if index strings
X and F are of the same length (x =y) and differ only by
a permutation of indices, then

f r']i =M (10) p =p(X)+p(I') . (18)

fulfilling relations (7) and (8) by applying a similarity
transformation

4=U '4o . (12)

One usually attempts to find operator 0 such that 4 is, in
some sense, optimal, e.g., as an approximation to the
ground state of a considered many- article system (sce
papcl II). Ill pl'actlcc, tllc cholcc of ls Illost oftcll 11IIllt,-

ed to operators generating linear transforrnations of set
(9) (see also the generalizations discussed in Ref. 9),

with a unitary operator 06 X An analog of Eq. (6) also
holds, with the physical vacuum 4o replaced by the so-
called model vacgum

Let us de6ne also a very useful quantity we call the gen-
eralized Kronecker delta [see Eq. (I.47)]:

( —1 )I' '+I'"' for X—I' and X nondegenerate4 =. 190 otherwise .

Using the above notation we define a 6nite-dimensional
Fock space K=K(M} (a subspace of the full fermion
Fock space) spanned by an orthonormal basis set

[+~=X'tC: X=X)"„—:, , (20)

where 4 is the model vacuum of Eq. (12). The wave
functions 4 are called (generalized) configurations; in
the case when fermion quasiparticle operators of set (10)
are obtained by using a particle-hole transformation, N
are simply Slater's deterrninantal functions. The Fock
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space % is a Hilbert space of dimension 2
The Fermi-Dirac algebra V turns out to be the algebra

of all linear operators acting in 9R. As a vector space, V
is spanned by set

and the dimension of the vector space V is equal to 2

Any linear operator PEP can be expressed as a linear
combination of operators of set (21),

B=rl+rI'b;+r);b '+2) b 'b, + ,'ri"b—;b

+—'g"b Jb + .
lJ (22a)

As in papers I and II, we assume here that the linear
coefficients in Eq. (22a) (ri amplitudes), of a general form
r)x", are antisymmetric with respect to (separate) permu-
tatlons of 1nd1ccs wlth1n stl'1ngs X and K Thus, when thc
unrestricted (Einstein s convention) summation over x in-
terchangeable indices is performed, one has to apply a
"normalization" factor of (x!) '. Equation (22a) may be
rewritten in a more compact form

8=(x!y!) (22b)

where the unrestricted summation over repeating indices
is implicit. In some cases it is convenient to write a for-
mula employing a restricted summation over repeating
indices. Let us, for example, rewrite Eqs. (22a) and (22b)
once morc,

where subspaces Vt, 9, and V are spanned by the sub-
sets of (21) subject to conditions x ~y, x =y, and x &y,
respectively [see Eqs. (1.54)]. Vt, 9, and V are also
subalgebras of algebra V. Algebras Vi and Vi, called the
excitation and deexcitation algebra, respectively, are nil-
potent algebras. It is to be noted that the decomposition
(23) depends, in general, on the choice of the set of gen-
erators (10). Another decomposition of the vector space
2 will also be considered,

V= V(even)e V(odd),

where subspaces V(even) and V(odd) are spanned by the
subsets of (21) subject to conditions x+y =even and
x+y =odd, respectively. V(even) appears also to be a
subalgebra of algebra V. As a vector space, V(even) can
be expressed in the form

V(even) =Vt(even)$7 8 Vi(even),

where Vt(even) and Vi(even) are subspaces (and subalge-
bras) of Vt and Vi, respectively. The structure of the
Fermi-Dirac algebra, given in Eqs. (23)-(25), is important
for formulating the generalized CC method. '

III. OPERATOR PRODUCTS
AND CORRESPONDING DIAGRAMS

In this section we shall consider operator products

A=8„e„ i 8),
where

The restricted summation used in Eq. (22c) has the fol-
lowing meaning: The first summation sign denotes a
summation over all nondcgenerate strings X, from x =0
to x =M, such that if a term corresponding to string X is
taken into account in the summation, all the terms corre-
sponding to strings which are equivalent to X are exclud-
ed from the summation. In other words, the restricted
summation runs over the entire set (if no conditions are
indicated) of nondegenerate, nonequivalent index strings.
One of the possible variants of the restricted summation
is to perform a summation over ordered strings X.

In paper I we showed that the vector space V can be
expressed as a direct sum of vector spaces,

(27)

8k= gg[x']3,&'~,

and it will be assumed that ek 6 V(even), k =1, . . . , n

Hence, in Eqs. (27) and (28), strings X and I' are subject
to condition x +y =even. In this section we shall use the
restricted-summation convention [see Eq. (22c) and the
following discussion]. Below, formulas expressing the A,

amplitudes of operator A through the [ ]„amplitudes of
operators e„,for various n, are discussed. For n =2 and
n =3, the pertinent formulas were given in Eqs. (I.B18)
and (II.A9), respectively. We rewrite these formulas us-
ing the notation of Eqs. (26)—(28): (i) n =2,

(29)

(ii) n =3,
i' yyyyyyyy( 1) 23ib 3 2 i[ 3 32 3i][ 2 2i][ i]g 3'

+3 +2 X
1 Y3 Y2 Y1 Z31 Z21

(30)

Equation (29) is the basic formula in our algebraic technique since the formulas for n & 2 can be derived from it by re-
cursion. This procedure turns out to be quite cumbersome, ho~ever, which makes generation of the explicit formulas
for n & 2 worthwhile. In addition, we have found an error in the derivation of Eq. (A9) in paper II, though the final for-
mula is correct. Therefore, in Appendix A we give a detailed derivation of Eq. (30), together with arguments which
lead to the formula for general n.
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A very convenient, compact representation of formulas (29), (30), and those for n & 4 may be given in the form of dia-
grams. Such a representation was introduced in paper I; now we are going to put it on a more formal basis. A simple
diagram corresponding to a [ )„amplitude of operator ek is depicted in Fig. 1.

We write [see Eqs. (29) and (30}]the following: (i) n =2,

~x'= gg&&X Jx"(»a2 ai b2 bi c2i»
a2 ai b2 bi c21

(ii) n =3,
——g g g g g g g g g Jx "(3;a3,a2, a, ;b3 b2 bf C32 c3J cpf );

3 a2 a
1 b3 b2 bi c32 c31 c21

(31)

(32)

where quantities (hereafter called simply diagrams)

Jx (»' z
F (33)

{x2——a2) (xl ——ai ) {y2 ——b2) (yi ——bi ) (z21 ——c21)

Ã a2c31Jx (3;a3,a2, al,'b3, b2, bl,'c32, C31,C2l ) =( —1)
X3 X2 Xl F3 Y2 Yi Z32 Z31

( 3
——a3) (x2 ——a2) (xi ——al ) {y3 ——b3) (y2 ——b2) (yi ——bl ) (z32 32 31 31

3 2 1 3 32 31

21

( 21 =c21)

Yi F
]2[Z2) Z)) x) ) lo Y3 Y~ Y)

(34)

are given the diagrammatic representation in Fig. 2. In this representation the vertical ordering of terms, from the bot-
tom to the top (traditionally referred to as the time ordering}, corresponds to the horizontal ordering, from the right to
the left, of the []k amplitudes in Eqs. (33) and (34). Symbols a~, a2, . . . indicate the numbers of outgoing lines,
b, , b2, . . . stand for the numbers of ingoing lines, and c»,c3} . . stand for the numbers of internal lines in a diagram.
In the case of the formula corresponding to general n, one may write

Ax"= g g g Jx "(n;out;in; intra),
out in intra

(35)

out Q~ » e e ~ » a (36a)

in=b„, . . . , b], (36b)

mtra=cn, n —]» ' . , c„],cn ],n —2» ' ' ' » ~n —], ]» ' ' (36c)

The general algebraic form of a diagram reads [compare Eqs. (33) and (34), see also Appendix A]

Jx ( n; out; ln; intra ) = ( —1 )

{x„=a„)
X

1 F„
(

1
—— 1) (yn =b„}

n, n —1

(y
1

——b
1

) (z„„ 1
——cn n 1) (z„ 1

——cn 1
)

zn —i, n —2

{z =c )n —l, n —2 n —l, n —2

n —l, l

(z„ 1 1
——c„—1, 1)

21

(z» —
c21 }

lf n nn —1 nip
LX„ &n

Yl
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g b;=y, (39b)

FIG. l. Diagrammatic representation of a [ ]I, amplitude of
operator ek. Bold lines are used for multiple lines.

a)+bj+ g c, + g c„,=even,
i =1 k=1

(, I «j) (k&j)

(39c)

where what we call the parity of a diagram, I', is calculat-
ed as

I' —=P(out;intra) =
1&i &j&k &n

+
1&i (jgk (I &n

&Ij&kl (38)

(39a)

The above formula for P corresponds to the particular or-
dering of index strings (hereafter referred to as the stan-
dard ordering) we adopted on the right-hand side (rhs) of
Eq. (37). The reader is asked to note a characteristic pat-
tern of "interlocking" indices in boih terms on the rhs of
Eq. (38). Sets (36) are subject to conditions

for 1 &j & n E. quation (39c) is a consequence of the re-
quirement that each B~ EP(even). In general, if opera-
tors Bz and Bi are not confined to 9'(even), formulas (29)
and (33) need be modified by inserting an additional
phase factor on their rhs's [see the derivation for formula
(I.B18), in this case the phase factor is given in Eq.
(1.88)]. The corresponding phase factors for formulas
(30), (34), and (37) can also be derived quite easily.

In practical applications of formula (35), one first gen-
erates all possible diagrams for a given k~ and then cal-
culates their values using Eq. (37). We found it con-
venient' to rewrite formula (37) for each particular dia-
gram as follows: (i) the generalized Kronecker deltas

n 1 g Y
x Y„Yl

are removed from the algebraic expression, (ii) the sum-
mations over strings X„, . . . , X, and Y„, . . . , Y& are re-
placed by the antisymmetrization of the resulting alge-
braic expression separately in lower and upper fixed in-
dices (corresponding to strings X and I', respectively), (iii)
Einstein's convention of the unrestricted summation over
repeating lower and upper indices (corresponding to
strings Zk& ) is applied; every unrestricted summation
over zk& equivalent indices introduces a factor (zk&. )

see Eq. (22b). Several examples of such a treatment of
formula (37) will be given in Sec. IV.

IV. OPERATOR PO%'KRS AND CORRESPONDING
DIAGRAMS

Results of Sec. III will now be applied to a special case
of Eq. (26) with

(40)

where we assume that 8E V(even),

(41)

C~~ Cw

2

b~ b( b~

FIG. 2. Diagrammatic representation of {a) quantity

J& I,'2;az, a&, b2, b&', c» } of Eq. (33); (b) quantity
Jz "(3;a,,a , zbtz„b b, ;z, , c»z, cc)ozf Eq. (34). Bold lines are
used for multiple lines (see Fig. 1).

{x+y =even)

The diagrammatic representation of the 0 amplitudes of
operators 8 mill be that given in Fig. 1, with letter k
omitted. A new feature of the present case is that now di-
agrams with diferent structures may correspond to alge-
braic expressions that are closely related. Examples of
such diagrams, diAering only in the time ordering of their
components, are given in Figs. 3 and 4. The algebraic ex-
pressions for the diagrams depicted in Fig. 3 read (see the
remarks in the last paragraph of Sec. III) as follows: dia-
gram (al)

J;~k'(2;1,2;1,0;0)=8 8 z,
—8, '8;~ —8„'8,, ;

diagram (a2),
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(a 2)

A similar conclusion can also be reached in the case of
Eqs. (43a)—(43c); here exchanging of some of the summa-
tion indices is necessary. In general, the following lemma
can be proven (see Appendix 8).

Lemma 1. Diagrams diftering only in the time order-
ing of their components give identical contributions to
sum (35).

The above lemma suggests that in the case of calculat-
ing operator powers, Eq. (35) may be modified such that
only the contributions from nonequivalent (with respect
to the time ordering) diagrams are taken into account,
each contribution multiplied by an appropriate weight
factor (called the time-ordering factor),

(bi) (b3) T = T(out;in; intra), (44)

FIG. 3. Examples of diagrams di6ering in the time ordering
of their eornponents: (a1) and (a2) see Eqs. (42); (b1)-(b3) see

Eqs. (43).

equal to the number of possible time orderings of the cor-
responding diagram. Things are a bit more subtle, how-
ever. Consider the algebraic expressions corresponding
to the diagrams depicted in Fig. 4 (see the remarks in the
last paragraph of Sec. III): diagrams (a) and (a"),

JV kl(2;2, 1;0,1;0)=ejekl e,keil —ekle;I-

diagram (bl),

J i(4; 1, 1,0,0;0„0,0, 0;0,0, 1, 1,0, 1)

=( 1)'(8—, 'e, 'e, e.„e,"e—
, 'e, 8.„);

diagram (b2),

(43a)

J "'(2'1 1'1 1'0)=8 "8 ' —8 '8 "—8 "8 '+8 '8"

2(8 ke l 8 ke l) . (45)

diagrams (b) and (b'),

J i( 3; 1, 1,0;0,0,0;0, 1, 1)

=( —1)'(8;"8 'elk —el 8 elk); (46)

Jl(4;1, 1,0,0;0,0,0, 0;0, 1,0,0, 1, 1)

=( —1) (8;"8 'ek 8,—8)"8 ek 8, ); (43b)

diagram (b3),

JJ(4;1,0, 1,0;0,0,0,0;1,0,0,0, 1, 1)

=( 1)'(e,"e„'e,—e., e, "e„'e, e.—, ) . .

It is seen that the rhs's of Eqs. (42a) and (42b) are equal.

diagrams (c) and (c'),

J(4;0,0,0,0;0,0, 0,0;1, 1,0,0, 1, 1)

=( —1)'8'le;"ei'elk . (47)

Clearly, due to a kind of symmetry (to be discussed later
on in this section), in each case two apparently different
diagrams correspond to a single algebraic expression [and
a single term in sum (35)]. In general, if there are S such
symmetry-related diagrams, the time-ordering factor (44)
should be multiplied by the symmetry quotient

S '—=S '(out;in;intra) .

%e propose, therefore, in the case of operator powers,
the following modification of Eq. (35):

Az (n)= g' T(out;in;intra)jz (n;out;in;intra),
out, in, intra

(49)

(b) (b)
where the primed sum indicates that only one representa-
tive from each set of time-ordering-equivalent diagrams is
to be taken into account. Quantity

Jk. (n;out;ill;1Iltla) =S (out;ill;llltla)

XJz (n;out;m;mtra) (50)

FIG. 4. Examples of symmetry-related diagrams: (a) and (a')
see Eq. (45); (b) and (b') see Eq. (46); (c) and (c') see Eq. (47).

will be called the reduced diagram. Its graphical repre-
sentation will be the same as that for a usual diagram (see
Figs. 2 —4) except that now some amplitudes may be
placed at the same level (see Fig. 5 of this paper and the
figures in papers I and II). However, it is to be stressed
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that when a reduced diagram is to be written in the alge-
braic form given by formula (37), one has to choose one
of possible time orderings of 0 amplitudes and calculate
parity (38) of the diagram accordingly.

%e ~ould like to discuss some topological properties
of (reduced) diagrams. According to one important
classification a diagram may be either connected or
disconnected, and these two classes have obvious charac-
teristics. A deeper insight into the structure of reduced
diagrams can be obtained by using graph theory. ' Con-
sider the following transformation of a reduced diagram
(see Fig. 5): (i) two auxiliary amplitudes, a "bottom" (b)
and a "top" (t) are added to "absorb" the external lines,
(ii) a common direction "up," indicated by arrows, is
assinged to all the lines, and (iii} the graphical symbols of
8 amplitudes are shrunk to points. It is to be stressed
that arrows in (ii) have nothing to do with the usual sym-
bols for particles and holes. What is obtained in steps
(i)-(iii) is called the directed graph (digraph) (see Ref. 12,
Chap. 7). A directed graph consists of a finite set of ver-
tices (represented by points) and a finite family of ordered
pairs of vertices called arcs (each represented by a line
with an arrow). In general, reduced diagrams are
equivalent to a certain class of digraphs.

It is seen that a connected diagram corresponds to a
connected digraph; the reverse is not true, however. In
accord with a popular terminology we shall call the dia-
grams which correspond to connected digraphs the
linked diagrams, and those corresponding to disconnect-
ed digraphs, the unlinked diagrams. As seen in Fig. 5(c),
some linked diagrams are disconnected (diagrams). In
paper I we improperly used the term "linked" ("un-
linked" ) in contexts where "connected" ("disconnected" )

would be appropriate.
Let us define the automorphism of a digraph' as a

one-to-one mapping of the set of vertices into itself such
that the corresponding mapping of the family of arcs is
also a one-to-one mapping into itself. The automor-
phisms of a digraph form a group called the automor-
phism group of the digraph. It turns out that one can
define parameter S of the symmetry quotient (48) as the
order of the automorphism group of the digraph corre-
sponding to a given reduced diagram. Examples of re-
duced diagrams, their characteristics, and the corre-
sponding digraphs are shown in Fig. 5. It is seen that one
has always T &S, where T is the time-ordering factor
(44).

In the graphical representation a reduced diagram may
be divided into connected parts. Below we shall find how

- 'Ni

(d)
( I

c &(.
1 t

C 3 (

FIG. 5, Reduced diagrams and their transformation into di-

graphs {see text). The characteristics of the reduced diagrams:
(a) connected, linked, T =1, S =1; (b) connected, linked, T =2,
5 =2; (c) disconnected, linked, T =6, S =6; {d) disconnected,
unlinked, T =3, 5 = 1; (e) disconnected, unlinked, T =6, 5 =2.

n =n + +n, ,

out =outm, . . . , Out)

in=in, „,. . . , in&,

intra=intra, . . . , intra, ,

(52c)

(52d)

where symbols on the rhs of Eqs. (52) correspond to the
connected parts of the diagram. In Appendix C we prove
that the following formula applies:

this obvious property can be translated into an algebraic
language. %e shall denote connected reduced diagrams
by

jz (n;out;in;intra) .

Now we assume that a reduced diagram of Eq. (50) can
be divided into m connected parts (m ) 1) and

j~"(n; ouitni nr t)a=S ' g ' g g ' ' g&~ jv (ii out »m "ntra
v v, w

In the above expression, 5 is the number of symmetry
operations which permute symmetry-related connected
parts of the diagram in question. Again, in applications
of formula (53) one may follow the suggestions given in

the last paragraph of Sec. III.
It is also of interest to see how the time-ordering factor

(44) corresponding to diagram (50) is related to time-
ordering factors T, . . . , T, corresponding to the con-
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n!
~ ~ ~n! n, !

(54)

Concluding this section we would like to note that con-
nected (reduced) diagrams provide the basic building
blocks for constructing algebraic formulas expressing A.

amplitudes for operator powers.

nected diagrams appearing on the rhs of Eq. (53). In the
case of T = . =T, =l one finds that Tis equal to the
number of permutations of all n 8 amplitudes in diagram
(50) subject to the condition that the ordering of ampli-
tudes within each connected part remain unchanged. In
the general case one 6nds that

expe=l+ g (n!) 'e"=1+C, (56a)

exp( —e)=1+ g ( —1)"(n!) 'e"=1+C' . (56b)
n=1

operator f' can be expressed as a sum of connected (in pa-
per I we improperly used the term "linked, " see com-
ments in Sec. IV of the present paper) diagrams, linear in
1) amplitudes of operator 8 and, in general, nonlinear in
0 amplitudes of operator e. Below we explain how this
connected-diagram expansion can be generated.

The following representation will be useful in our con-
siderations:

V. SIMILARITY TRANSFORMATION:
ALGEBRAIC AND DIAGRAMMATIC APPROACH

%e write

C = ggc~"X'tY, (57a)
In this study of transformation (3) we restrict our con-

siderations to the case when both operators A' and e [see
Eqs. (22) and (41), respectively] belong to algebra V(even).
Obviously, in this case also operator

C = pic, "X't$', (57b)

and the following formulas for the c and c' amplitudes:

X Y

(55) cx'= y (n!)-'X~"(n),
n=1

(58a)

belongs to V(even), and thus yz ——0 for x +y =odd.
Now we shall describe in greater detail the approach we
proposed in paper I [see the discussion in Sec. V of that
paper, Eqs. (I.117)—(I.120)]. Equation (I.117) gives the
well-known commutator-series expansion of f'. Since in
the present section we do not impose a condition that 8
be nilpotent, this expansion may contain an in6nite num-
ber of terms. An important conclusion which can be
drawn from formula (I.117) is that any y amplitude of

cz ——g ( —1)"(n!) 'Ax "(n ),
n=1

(58b)

where parameters Az (n) are those defined in Eqs. (49)
and (50}. Now we choose Eq. (58a) to show how it can be
transformed in order to express c amplitudes through
connected diagrams built of 6} amplitudes. We combine
Eq. (58a} with Eqs. (49), (53), and (54) to obtain

—
1

T- T1

n =1 out, in, intra m ' 1' V

m
*

I m+5x ' j1, (n;out;in;intra ))&
VI

W' O'I

8'I YXjv (n1,'out„'in1', intra1)511.
I m I

(59)

The meaning of the primed summation in Eq. (59) is as follows: (i) For a given n one sums over all possible sets (36) sub-
ject to conditions (39) and the requirement that only diagrams nonequivalent with respect to time ordering are taken
into account; (ii) each of the diagra1ns generated above is decomposed into m ( & 1) connected diagrams [see Eqs. (52)].
Now the summation over all nonequivalent diagrams, connected and disconnected, can be replaced by summations over
nonequivalent connected diagrams,

out, in, intra

S ' g (m!} X X'
nm" ' * ' 'n I

1 OUtm, lnm, lntram

(n + - +nl ——n)

out I'in I intra
I

here factor (m!) ' appears because now a diagram consisting of m disconnected parts is generated (m!)S ' times. We
define also some useful parameters,

n =1 out, in, intra

T( out; in; intra ) —.

J~ 11;ollt;111;111tla)
nf

(61a)

„T(out; in; intra }—.

( —1)" ' ' jz (n;out;in;intra) .
n!

n =1 out, in, intra

(61b)

It can be shown that, after substitution of (60) in Eq. (59), and appropriate grouping of terms, one arrives at the formula
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&x"=rx'+(2') 'gggg&x ' 'rv, '~v, '&s, w,
'+

V~ Vl 8'~ 8
l

where each term containing m r parameters is preceded by factor (m!) '; by a mistake these factors are missing from
formula (I.120), where this representation of the c amplitudes was first given. Quite similarly, for c amplitudes the fol-
lowing formula is found:

&x'=&x"+(2') 'g&&&~x ' 'r'v, 'r'v, '&w, w,
'+.

V~ Vl fV~ 8'l
(62b)

Since parameters v.& and ~& are expressed through con-
nected diagrams [see Eqs. (6 la) and (61b), respectively], it
is evident from Eqs. (62) that they are the only connected
contributions to cz and cz, respectively.

The relationships given in Eqs. (62) can be rewritten by
employing the formalism described in Appendix D. Let
us introduce operators

f'=8+M+ C4+C"HC,

where

+C = g (n!)-'H(i'*)"

(63a)
C'8= g (m!) '(f"e) ",

T = yy ~,''x'f',
X Y

(63b)

where the r and ~' amplitudes are defined in Eqs. {61a)
and (61b), respectively. It can now be shown that the fol-
lowing representation applies:

1+C = pexe(f'), (64a)

1 +C'= xepe(f"),

where the normal" exponential function of an operator
is defined in Eq. (D14). One may check by using
definition (D5) and (D6) that Eqs. (62) can be derived
from Eqs. (64). The following formal relationships can
also be derived from Eqs. (64):

f'=in+ [exp(6)],

f"=1ne [exp( —6)],

(65a)

(65b)

where ing of Eqs. (65) is the normal logarithm function,
defined analogously to exp+ of Eq. (D14). In principle,
one can express operator f" through f' [see Eqs. (65)],
but it seems that, in general, r' amphtudes of Eq. (61b)
cannot be expressed through ~ amplitudes of Eq. (61a) in
a sim le way. Therefore, in our approach, operators f'
and ' are only useful intermediates related to operator
6 generating transformation (3).

After these preparations we write operator I ' in the
following form:

C"8C= g g (m!) '(n!) '(f"e) B{f'e)", (67c)
m=1 n=1

invoking the normal product defined in Appendix D.
The above formulas provide a starting point for deriving
the connected-diagram expansion of y amplitudes of
operator f'. We shall use the diagrammatic approach de-
scribed in Secs. III and IV. The following observations
can be made.

(1) Each y amplitude is a sum of connected diagrams
built of q, ~, and v' amplitudes. These diagrams are
linear in g amplitudes, and, in general, nonlinear in v. and
~' amplitudes.

(2) There are no connections among ~ amplitudes, and
among v' amplitudes in these diagrams. All other con-
nections are permitted; in particular, r(r') amplitudes
may be connected solely to '( r)amplitudes.

(3) A diagram containing m r' amplitudes and n r am-
plitudes is multiplied by factor (m!) '(n!) '. However,
the time-ordering factor (44) is in this case equal to m!n!
since there are exactly m! and n! possible time orderings
of ~' and v amplitudes, respectively. Hence, each reduced
diagram appears with the unit weight in the connected-
diagram expansion of a y amplitude.

(4) If a diagram exhibits some symmetry with respect
to permutations of v. and/or v' amplitudes, the symmetry
quotient (48) need be included in the definition of a re-
duced diagram [see formula (50)]. The problem of a
diagram's symmetry is in this case a bit more complex
than that discussed in Sec. IV, since a diagram ig, in gen-
eral, built of amplitudes of three diferent kinds. In Fig. 6
graphical symbols of q, y, 0, ~, and ~' amplitudes are
shown; we use here the same convention as introduced in
paper I, Fig. 1. A typical reduced diagram appearing in
the connected-diagram expansion of a y amplitude is
shown in Fig. 7. In order to write a reduced diagram in
the algebraic form, one uses formula (37). As mentioned
in Sec. IV, one has to choose one of the possible time or-
derings of ~ and ~' amplitudes and calculate the parity
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VI. GENERALIZED CC METHOD:
CALCULATION OF EFFECTIVE HAMILTONIAN

(c)

(e)

The generalized CC method was described in paper I; a
variant of this approach called the Brueckner-Hartree-
Fock method (an approximate version) was presented in
paper II. A brief summary of the generalized CC method
is given in Sec. II of paper IV. In order to avoid unneces-
sary repetitions, we shall refer to some formulas given in
that paper (by preceding them with the Roman numeral
IV).

Operators considered in the generalized CC method
belong to algebra V(even); no modification of the formal-
ism discussed in the present paper is thus required. 8 is
here the Hamiltonian for a many-fermion system [of the
form given in Eq. (I.31)] and G is an effective Hamiltoni-
an subject to condition (IV.1). Transformation (1) is per-
formed in two steps [see Eqs. (IV.2)—(IV.8)]. In the first
step an auxiliary effective Hamiltonian f' is obtained via
transformation (3). It is assumed that operator e (the
CC-excitation operator) belongs to the (nilpotent) excita-
tion algebra Vt(even); hence, the e amplitudes of opera-
tor 8 are subject to the condition

8& ——0 forx&y . (68)

FIG. 6. Diagrammatic representation of g, y, 0, r, and ~'

amplitudes. Bold lines are used for multiple lines (see Figs. 1

and 2}.

(38) of the diagram accordingly. Again the procedure de-
scribed in the last paragraph of Sec. III is to be applied.

The connected-diagram expansions of ~ and r' ampli-
tudes (in terms of 8 amplitudes) are given in Eqs. (61a)
and (61b), respectively. These expansions, when com-
bined with the above-mentioned connected-diagram ex-
pansion for y amplitudes, provide the final connected-
diagram expansion of y amplitudes in terms of g and 8
amplitudes.

These amplitudes can be determined by solving the gen-
eralized CC equations (IV.9a). In order to write down
the connected-diagram expansions for the y amplitudes
of operator f', it is convenient to rewrite Eq. (66) in the
following form:

f'=A'(1+C )+C' 'A(1+C ) . (69)

The connected-diagram expansions for some y ampli-
tudes corresponding to Eqs. (IV.9a) are shown in Figs. 4
and 5 of paper I. In Fig. 3 of that paper the connected-
diagram expansions for some v. amplitudes are also given
[see Eq. (61a)]. It is a characteristic feature of these ex-
pansions that they contain only a finite number of dia-
grams; this important simplification is a consequence of
condition (68). In general, infinite connected-diagram ex-
pansions of y, ~, and ~' amplitudes emerge unless opera-
tor 8 is nilpotent.

A careful reader may notice that a few connected dia-
grams are missing from the diagrammatic equation (b) in
Fig. 4 of paper I. %'e depicted these missing diagrams in

Fig. 8 of the present paper; these terms vanish under the
assumption that the diagrammatic equation (a) in Fig. 4
of paper I is fulfilled. Similar (vanishing) terms were also
omitted in the diagrammatic equation (b) in Fig. S of pa-
per I. It is seen that due to a special arrangement of
terins in Eq. (69), an additional compactification of the
diagrammatic expressions has been achieved.

In the BHF method, the spin orbitals occupied in the
model vacuum 4 are optimized in a self-consistent way
until the following condition is fulfilled:

FIG. 7. Typical diagram appearing in the connected-diagram
expansion of y amplitudes in terms of g, ~, and ~' amplitudes.
Single lines shown may represent multiple ones, as in Figs. 1

and 2.

8;-=0,

for i,j = 1, . . . , M. In paper II we proposed an approxi-
rnate variant of the BHF method; this variant can be gen-
erated by the diagrammatic equations depicted in Fig. 9
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0
FIG. 8. Vanishing contribution to equation (b) in Fig. 4 of

paper I (see text). V/J3 =|: ) o &&M =-t; 3 ~

of the present paper. It is seen that by substituting these
equations for those in Figs. 4, 5, and 6 of paper I one ob-
tains the approximate HHF equations written in the di-
agrammatic form in Figs. 2 and 3 of paper II. As an il-
lustrative example of "translating" diagrams into alge-
braic formulas, let us consider two reduced diagrams ap-
pearing in equation (b) in Fig. 2 of paper II. These dia-
grams, for convenience drawn in Fig. 10 of the present
paper, correspond to the quadratic terms in Ciiek's
CPMET equations (see Ref. 4). Both diagrams A and B
correspond to the time-ordering factor T =2; however, as
explained in Sec. V, each of these diagrams appears with
the unit weight in the connected-diagram expansion of a
y amplitude [see Fig. 2(b) of paper II]. We use formula
(34) [as a special case of the general formula (37)] and fol-

Lll
PX) = —( 3 ~

t

FIG. 9. Representation of v and ~' amplitudes used to gen-

erate the approximate BHF equations shown in Figs. 2 and 3 of
paper II. The approximation involved is that all the v, ~', and 8
amplitudes other than those shown in (a)-(f) above are set equal
to zero (compare the diagrammatic equations in Fig. 3 of paper
I).

low the routine discussed in the last paragraph of Sec.
III. For each diagram the time ordering shown in Fig. 10
is assumed. For diagram A one finds the parity
P =3.3 =9; the symmetry quotient S ' = 1. For diagram
B one finds the parity P =2.2=4; the symmetry quotient
S '=

—,'. Finally, one writes

~ = ~ijkl ( ) (3') ) (8mijk8npql 8mljk8npqi 8milk8npqj 8mijl8npqk )

4 I (8mijk8npql 8mjkl8npqi +8mikl8npqj 8mijl8npqk ) &

3=~ijkl 2( 1) ( ') (2') I (8mnij 8pqk! 8mnkj 8pqil 8mnlj 8pqki 8mnik8pqjl 8mnil pqkj +8mnkl8pqij )

4 1 (8mnij8pqitl+8mnjk8pqil 8mnik8pqjl ) (71b)

In the case when the particle-hole transformation (I.27) is used to define the quasiparticle fermion operators (10), some
amplitudes of operators 8, f", e, etc. vanish identically because of the pseudocharge symmetry [see Eqs. (I.35)—(I.38)].
It can be shown that the nonzero amplitudes q}x",yk ", 8x", etc. are subject to condition (I.136),

Xp —XI, =gp —pl, (72)

where xk(yk ) is the number of the "hole" indices (denoted by p, o, etc.), and xp(yp ) is the number of the "particle" in-
dices (denoted by r, s, etc.) in the index string X( I'). Condition (72) can be imposed directly in algebraic expressions:
For each term one generates simply all allowed combinations of "hole" and "particle" indices. For illustrative purposes
we apply this procedure to quantities A and 8 of Eqs. (71):

tnru
ptr rs I9 tptr r rttu$2 I Ttrrs Utup + 2 ) ~rprs vtu tr 2 I tptrs rttur

= ——,'n '"( 8pu~8, nut+8, p~—8putu 8.p~8u~tu+ pust
—~ur»

t ttlrtt8 8 ~ ruut4 ti Tttlug)
ptrrs 4 I tu ptr 8rttrs + I 8rutrr 8ut ps } 8rt pr 8ttu trs

'"(
—,'8,„8 +8,„„8„„+8„,8,„,) . (73b)

The reader should note that the hole and particle indices
are not equivalent, and therefore the numerical
coef5cients in Eqs. (73) are, in general, difFerent from
those in Eqs. (71). Equations (71) and (73) exemplify the
way in which the BHF equations of paper II [see Eqs.

(II.14)—(II.17)] were obtained. In Fig. 11 we show di-
agrammatic expressions for some y amplitudes not con-
sidered in paper II (one will find an application for these
amplitudes later on in this section). The y amplitudes of
Fig. 11 are, in general, nonzero since they are not subject
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l l I, „,I

C X

I l. . . , I I

X 3

FIG. 10. Two diagrams contributing to equation (b) in Fig. 2

of paper II (see text).

(&) Y
X

II
(/IA

I I I I

to condition (IV.9a). In the algebraic form they read

~ij ~ij+ i
( ikimg j yklmg i)

ijkl ijkl

jki jki+ i
( jkmng i+ kimng j jimng k)

I i mni I mnI mnI

(74a)

(74b)

(c) II

I I I I

x&y'

x& y

(74c)

When the pseudocharge symmetry is taken into account
[see condition (72)], Eqs. (74) may be rewritten as follows:

~pr ~pr+ i (~pcrsig r+~trrsrg p)

~po rs po rs

~ por ~ por+ 1 ~po'tug r+~o'wtrg p prtrg cr

gtu gv.t Pt

~ prs ~ prs+ [ +rvrsg p+ petrg s pgtsg r

(75a)

(751)

0 =(1+D ')f'+(1+D ')f'D, (77)(75c)

(75d) where

FIG. 12. Diagrammatic representations of (a) the g amph-
tudes of the CC-deexcitation operator = [see Eq. (IV.41)]; lb)
and (c) r and ~' amplitudes [see Eqs. (61)] related to g ampli-
tudes; and (d) the g amplitudes of the effective Hamiltonian 6
[see Eqs. (IV.7) and (IV.S)].

Concluding this section, we wish to derive a set of gen-
eralized CC equations from which g amplitudes of the
CC-deexcitation operator " [see Eq. (IV.41)] can be cal-
culated. These equations, corresponding to condition
(IV.91), have not been considered thus far since they are
not indispensable in determining the e6'ective Hamiltoni-
an G [see the discussion below Eq. (IV.101)]. However,
the g amplitudes prove to be useful in calculating expec-
tation values and transition moments (see paper IV).
Operator " belongs to algebra 7 (even) and the g ampli-
tudes are subject to condition

gx"——0 for x &y.

Equation (IV.7) may be rewritten as [compare Eq. (69)]

1+D =exp(" ),
1+D '=exp( —=) .

(78a)

Similarly, as in Eqs. (64), operators D and 5 ' can be ex-
pressed through operators f' and f'', respectively (the r
and ~' amplitudes of these operators are now related to
the g amplitudes of operator =). The graphical symbols
of the g, 7, and ~' amplitudes, and the g amplitudes of
operator G are shown in Fig. 12. We shall consider here
an approximate operator = in which only amplitudes of
the forms g'J and P"' are different from zero; the corre-
sponding ~ and ~ amplitudes are depicted in Fig. 13.
One can notice that there is no analog of condition (70) in
the case of amplitudes P. By employing the approxima-
tion set forth in Fig. 13, we derived the connected-
diagram expansions of some g amplitudes (see Fig. 14).
These are the CC equations for g amplitudes [see condi-
tions (IV.9b)]. In the algebraic form, these equations read

III + &~~&
I

III + C a ~

(b) )

Ittl

(o)

(c)

1 I t

+ C&.'A

c
I I I I I I I I

a~m =- c
I I1 t I I I I

FIG. 11. Diagrammatic expressions for some y amplitudes of
operator f' [see Eqs. (IV.5) and (IV.6): (a) y" (h) y'i"', and (c)
y ', obtained using the approximation set forth in Fig. 9.

FIG. 13. Connected-diagram expansions (61) of some ~ and
r' amplitudes in terms of ( amplitudes (see Fig. 12). In further
considerations we shall assume that the v, r', and g amplitudes
other than those shown in (a)—(d) above are equal to zero.
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(79a)

ijkl ijkl (gim jkl gj m tkl+ (km ljl elm Ijk )

+(jmgjn~ kl gkmgjn~ il gimgkn~ jl+ glmgjn~ ik+gimgln~ jk+gkmgln ij
)

( gijkm~ l gj klm~ i+ gikim~ j gijlm~ k
)

t
( gijmn)r kl+ gjkmn)r il gikmn)r jl+ gilmn~ jk gj lmnlr ik+ gklmnlr ij

) 0 (79b)

By assuming the pseudocharge symmetry [see condition (72)], the following form of Eqs. (79) is obtained:

(80a)

pars pars (gpt ars pat~ prs err~ pas+(Tsy par)

(apart~ s+grars~ p grprs~ a gpast~ r)

(
1 gpatu)r rs+ gartr)r ps gprtrlr as+ gprtslr ar parts~ pr+ t grurs pa

)

(80b)

It is seen that Eqs. (80a) form a set of linear equations for
amplitudes P". After substituting the solutions of these
equations into Eqs. (80b), a set of linear equations for am-
plitudes P "' is obtained.

+ l I

ll

=O.

Ie ) = [ I +
I I I I I I I I I I I

I I
— f I

I I I I I I I

FIG. 14. Approximate CC equations, corresponding to Eqs.
(IV.9b), from which g amplitudes can be calculated: (a) g"=0;
(b) g""'=0. Diagrammatic formulas for the y amplitudes ap-
pearing in these equations can be found in Fig. 3 of paper II and
in Fig. 11 of the present paper. It is also assumed that condi-
tions (IV.9a) are fulfilled.

VII. SUMMARY

The present paper contains a complete presentation of
the algebraic-diagrammatic formalism proposed, in a pre-
liminary version, in paper I. This formalism is devised to
facilitate calculations of products and powers of linear
operators acting in a (finite-dimensional) Fock space for
fermion particles. An important application of this for-
malism is in performing similarity transformations of
operators in the Pock space.

Within this formalism one expresses all operators as
linear combinations of normal products of fermion opera-
tors [in general, these are quasiparticle fermion operators,
see Eqs. (11)—(13)]. For an operator, the linear
coefficients in such an expansion are called amplitudes.
The essence of the present formalism is to provide alge-
braic formulas expressing the amplitudes of an operator
product directly in terms of the amplitudes of the opera-
tor factors. In this approach a certain algebra of ampli-
tudes is defined; the basic equation of this algebra is Eq.
(29) corresponding to a product of two operators. For
convenience we have derived also explicit formulas corre-
sponding to products of more than two operators; in
these cases a diagrammatic representation of algebraic
expressions turned out to be very useful. In the present
paper both the algebraic expression and the correspond-
ing graphical symbol are called simply a diagram. The
diagram (its algebraic counterpart) corresponding to a
product of n operators is given in Eq. (37).

In the case of operator powers, a new kind of diagram,
called the reduced diagram, is introduced. We have
shown in Sec. IV that reduced diagrams can be related to
so-called directed graphs' (digraphs). This observation
may be helpful in computer generation of reduced dia-
grams and determination of their time-ordering factors
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(44) and symmetry quotients (48). Connected reduced di-
agrams provide the basis building blocks for constructing
algebraic formulas for the amplitudes corresponding to
an operator power.

In Sec. V we have derived a connected-diagram expan-
sion for the amplitudes of a similarity-transformed opera-
tor. Given in terms of reduced diagrams, such an expan-
sion can be calculated for individual amplitudes of the
transformed operator. The derivation of this connected-
diagram expansion is greatly facilitated by introducing,
after Jeziorski and Paldus, ' a new kind of operator prod-
uct in Fock space (see Appendix D).

The present algebraic-diagrammatic method of gen-
erating the connected-diagram expansion for a
similarity-transformed operator was first employed in pa-
per I where we derived a set of the generalized CC equa-
tions. In Sec. VI of the present paper we have discussed
details of that derivation; by using the same technique we
have also derived an additional set of CC equations corre-
sponding to the deexcitation part of the wave operator
(IV.2). We hope that these examples will prove helpful as
a guide in using this new algebraic-diagrammatic ap-
proach.

%'e would like to conclude with a few remarks.
(i) The present formalism avoids explicit operations on

fermion operators (involving the application of Wick's
theorem" or the contraction theorem' ). The use of the
contraction theorem' is implicit here, see the derivation
of Eq. (I.B18) [an equivalent of Eq. (29) of the present pa-
per] in Appendix B of paper I.

(ii) The form of algebraic formulas derived in Secs.
III-V is independent of the choice of the fermion opera-
tors (10). In particular, these formulas remain valid for
fermion operators defined by means of a general
Bogoliubov-Valatin transformation (13).

(iii) In the present approach the diagrams serve only as
some helpful intermediates i~ generating explicit algebra-
ic for mulas.
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~»' ——g g g g g &x
'

[x,
'

]3~zv &r, ~'
X3 V Y3 fV Z

~zv = g g g g g &zv
' '[v, ' "]~[z„v, 'li

V2 V1 Y2 Y
1 Z21

+ ~Y„Y1 (A4)

%'e now follow the procedure introduced in the Appen-
dix of paper II, allowing for a direct coupling of [ ]3 am-

plitudes in Eq. (A3) to [ ]2 and [ ], amplitudes in Eq.
(A4). We use identity

X2 Xl Z32 Z31

32 31' 2 1g 2

V1
(A5)

which can be derived from an analog of Eq. (II.A4).
However, the subsequent formula (II.A5) is correct only
in cases when the index strings of the Kronecker 5 are
nondegenerate [compare definition (19)]. Therefore, for-
mula (II.A6) appears to be incorrect. Instead, one may
rewrite Eq. (A5) in the form

&zv
' '=X X X X(—1) '"

X2 X
1 Z32 Z )1

X Z32X1$Z31X
Z3„X1 Z31X,

X Z V
32 31' 2 1

V2 Vl
&&~z„x, &z„x, (A6)

where, in comparison with the form of Eq. (II.A6), a new

factor

32 1g 31

32 1 Z31X2
(A7)

K = g Q irx 'X f' .
X Y

By applying formula (29) to operators defined in Eqs.
(Al) and (A2a) one finds A. and a. amplitudes,

APPENDIX A

In this appendix we would like to give a rigorous proof
of formula (30). Arguments leading to the formula for
general n [see Eqs. (35)—(39)] will also be presented.

For a product of n =3 operators one may wite

where

K =826],

appears. This factor is responsible for deleting from sum

(A6) those terms which correspond to "overlapping"
strings Z32 and X&, and/or Z&& and L2. By substituting
Eqs. (A6) and (A4) into Eq. (A3), one arrives at the for-
mula which resembles Eq. (30), except for factor (A7),
which now enters the formula. Below we show that fac-
tor (A7) can be dropped from this formula and Eq. (30) is
recovered. In order to prove this we shall take formula
(30) as the starting point and show that the terms corre-
sponding to overlapping strings Z» and X& and/or Z3$
and Xz cancel mutually. Let us write
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Z32 =C32~21

X, =S21 W, ,

Z31 C31~12

L2 ——S12 A2,

(Aga}

(Agd)

2 21 2 21 t 1 )
12 21

~z„x, h= lc32$„$„~, ~21—

Y] Y]
lz21z31x1 il Iz21c31$12$21 A1 il

(A10d)

(A10e)

The final phase factor emerging after multiplying the
rhs's of Eqs. (A10) amounts to

where the index string S» (S,z ) represents an overlap be-

tween strings Z32 and X, (Z» and Xz). Now we substi-

tute Eqs. (AS) lllto Eq. (30), IIiaklilg also sllbs'tltutloI1

12+ 2 31
( 1) 12( 1) 2 31 (Al 1)

XXX X
X2 X] Z32 Z3

-X X X X X X~C„~, " '&C„.,
" '

"2 1 32

Let us note that all the terms on the rhs's of Eqs.
(A10b)—(A10e) contain string SizSz, and therefore one

may assume that strings S12 and S2, have no common in-

dices [otherwise the rhs of Eqs. (A10b)—(A10e} would

vanish]. Thus, a nondegenerate string Tiz can be found

such that

s 2

( 1) 2 31
( l) 12 31 12 12 2+ 2 31 (A10a)

where the factor analogous to (A7) is introduced to as-
sure that the common part of Z32 and X1 is contained in

521, and the common part of Z31 and X2 is contained 1A

512. We write

T12 ~12~21 (A12)

We now rewrite the quantities on the rhs's of Eqs.
(A10b)—(A10e) in the form

3 2 1 g 3 2 12 21 1( 1) 12
X X

32 31 3 1' 3 32 31 12 21 3 1 3
)

31 12+312~21

(A10b)
3 2 12 21 1 ~ g 3~2 12 ] g ]2S2]

&x —~Ux 12
T]2

(A13)

(A10c)
etc. After all these preparations, Eq. (30) may be written

~x'= g g g y„X X X X X X Sc„.,
T]2 X3 A2 Al y3 y2 yl C32 C31 Z21

C32 A]
C31 A2 x I 2&

l
i) 3i 2~ ~l&c32&c31&Z21 i Tlz )

(A14)

c c Z 'T =' ' 23~ 3'" '~ '""r"1

12 S2]

(A15)

We now show that the quantity defined in Eq. (A15}van-
ishes if string T, z is nonempty (t,z&0). One may write

nonequivalent strings 512 of the length s12 which are sub-
strings of Tiz. But for t,z) 0, the rhs of Eq. (A16) van-
ishes due to identity

y ( 1)'12(g 12 21}4
12

12 21

12 21 12

12

(A16)

']2

X
12

12 (A18)

t12I

S
1 (t212 $12

where on the rhs of this equation the summation runs
over all substnngs of T,2. There are exactly

T

t12

We thus find that in Eq. (A14), the only surviving terms
correspond to the empty string T,2. That leads to our
final conclusion: In Eq. (30) all the terms in which strings
Z 32 and X, , and/or Z» and L2, overlap cancel mutually.
This makes the inclusion of factor (A7) in this formula
unnecessary.
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Using essentially the same technique as above, we have
also found an analog of Eq. (30) for n =4. Derivations
for n =2, 3, and 4 pave the road for the formula for a
general n value. The pattern of index strings in Eq. (37)
emerges as a natural generalization of those for the cases
n =2, 3, and 4, and so does the formula (38) for the parity
of a diagram; the validity of this formula can be proved
by induction. As for the case of n =3, in the derivation
of the formula (37) unwanted factors of the type

it@ qg nq p (A19)
pip nq p

analogous to factor (A7), emerge. Those factors appear
for all the pairs p&q; p, q ~ n and can be eliminated, one
at a time, using the procedure we described in detail for
factor (A7).

APPENDIX 8

to recover the standard ordering given in formula (37).
Such reordering is possible only if

p+1 p (Bl)

where the primed and unprimed symbols, of Eqs. (36) in

general, correspond to different strings of numbers than
the unprimed ones [see examples given in Eqs. (42) and
(43}]. It will be useful to consider b as a sum of four
terms

i.e., there are no lines connecting the pth and (p+ 1)th
amplitudes in the graphical representation of the dia-
grafn. It is evident that Jx and Jx may only dift'er in
sign. We thus write

J» (n;out', in';intra')=( —1) J» (n;out;in;intra),

(82)

5=61+62+63+64 . (83)
In our proof of lemma 1 of Sec. IV we shall use Eq. (37}

with amplitudes [» ]„replaced by 8» . It is seen that
changing the time ordering of 6 amplitudes in a diagram
can be performed stepwise, with two adjacent amplitudes
exchanged at a time. Assume that diagram Jx is ob-
tained from diagram J» by exchanging pth and (p +1)th
amplitudes, followed by reordering of some index strings

Here 5, corresponds to a difrerence of the parities of dia-
grams Jx and Jx .

(84)

By applying definition (38) with condition (Bl) one finds
that

X ( pep+i, i ~p+1 pi + 2 ~(p +1 kp p k,p+1}+ g g ( ip p+ 1, i I p+1i=I k=1 i =1 1=1
(i &p) (k gp+1) (i &p) (I & p + 1)

P+ J P' PJ P+
1&i &j&n

(i,j &p)

1&k &1&n
(k, l gp+1)

(CI p+1Ckp —
CipCk p+1) .

Quantity hz corresponds to the change in the ordering of
index strings in the generalized Kronecker deltas in Eq.
(37),

the contribution corresponding to the 8 amplitudes with
the ordinal numbers greater than p + 1 reads

n p p+1 1

( 1) p p+18 n

X X
X +(X Xl

(86a)

k=]
(k op+1)

CkpCk p+1 (89)

r
( 1

)3'P3'P + l~ r

(86b)

In order to simplify the expression for 6 obtained by sub-
stituting Eqs. (85) and (87)—(89) into Eq. (83), let us in-
troduce quantities

where the quantities on the left-hand sides (Ihs's) corre-
spond to Jx . Because x =a, x +, ——a +, , y =b, and

yp+, bp+, [see Eq. (37)——], one finds that

A2 ——a a +1+6 b +1.
A similar analysis performed for the 8 amplitudes in Eq.
(37), corresponding to the ordinal numbers smaller than
p, gives contribution

A = g c
J =1

(j op+1)

Bp= g c, ,
i=1

(i &p)

(810a)

(810b}

3 g pi p+li
i=1
(i &p)

(88) p+1 jp+1j=l
(j &p+1)

(810c)



p+I Xr p+ 1, i
i=i
{i ~p)

(810d) ap+1+6p+]+ Ap+)+Bp+] ZING (812b)

where q and q' are some integer numbers. By combining
Eq. (811)with Eqs. (812), one finds that

We shall also modify the rhs of Eq. (85) by changing all

the minus signs into plus signs; obviously this operation
does not change the parity of 5&. It can now be shown

that the following expression is obtained:

b. =(2q b—
p

)(2q' b—p+, )+b b„+, , (813)

and, hence, b, turns out to be even. Finally, Eq. (82) is
shown to read

b.={ap+A +Bp)(ap+)+ Ap+)+Bp+i)+bpbp+i . JX ——JX Y

which concludes the proof of lemma 1.

(814)

a +5 +A +Bp ——2q, (812a)

Because of our assumption that BED(even) [see Eq.
(41)], conditions (39c) apply. Taking into account Eq.
(Bl), one may write

APPENDIX C

In this appendix, formula (53), expressing a reduced di-
agram in terms of connected reduced diagrams, is de-
rived. An arbitrary reduced diagram (50) may be written
as

j» "(n; out; in; intra )

g —1( 1)P

{x„=a„)
X

1 Y„

{x
~

——a
&

) (y„=b„)
Yi

{yi ——b) )

X„X) Y„Yl Y5» " K» . . . »
" (n; out;i n;i ntr a)5 Y. . . Yn n l

where the form of
Y„Yi

K» . . . »
" (n;out;in;intra)

0

can easily be inferred from Eq. (37). We shall consider
the case when diagram (Cl) consists of two connected
parts (subdiagrams); this corresponds to m =2 [see Eqs.
(52)]. Now one may choose a particular time ordering of
8 amplitudes in diagram (37) such that

Y„. Yi
K» . . . »

" (n; out;i ni ntr a)

n [

Yk+i . ~ ~=K» . , » (n2', out2,'lll2', lntra2)
n 4+1

XK» . . . » (n, ;out„in„intra, ),
k ]

where k—:n
&

and the symbols with bars on the rhs of Eq.
(C2) correspond to the connected parts of the diagram.
The following identities for the generalized Kronecker
deltas will be useful:

YbY„. Y) X X ~IV2Wi bY„. .
Y~ ) bY~ Y)

W2 IVI

for j ~n, and i &n]. It can be checked that in this case
[see formula (38)] the parity of diagram (Cl) can be ex-
pressed as

P =Pq+P), (C5)

~PPEXmX 0

where P2 agd P
&

are the parities of the connected subdia-
grams. For the symmetry quotient (48) one finds

S '=S2 'S) 'S

where 5&
' and Sz ' are the symmetry quotients for the

connected subdiagrams. Quantity S is equal to 2 if the
subdiagrarns are related by symmetry, 5=1 otherwise.
In general, S &m f, where m is the number of the con-
nected subdiagrams of a diagram. It is to be noted that
Eq. (C6), or its generalization for m p 2, may not be ap-
plicable to the case when the constituting subdiagrams
are chosen to be disconnected. This is because in such a
case a part of a subdiagram may be symmetry related to
another subdiagram or its part and this makes the inter-
pretation of quantity S dependent on the inner structure
of the subdlagraIIls.

It is easy to check that by substituting Eqs. (C2), (C3),
(C5), and (C6) into Eq. (Cl), formula (53) for the case
m =2 is obtained. A generalization of this derivation for
f71 )2 1s obv1ous.

Because of the assumed disconnected character of dia-
gram (Cl), one has

A product of fermion operators, e.g., those of set (9),
can be formally put into the form of the normal product

$ A.
X ' F by suitably reordering fermion operators in the ini-
tial product under the assumption that the rhs of Eq. (Bb)
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is equal to zero. This operation, often denoted by enclos-
ing the operator product in a curly bracket, is sometimes
used to define a "normal product" of two (or more)
operators, e.g.,

A=I8,8, ] .

e, =x)Y, ,

one finds that

(X',t, )*(Xt$', ) =(X',J, )'$', 9, ,

(D7b}

(D8)

82 ——a '8;, 8)——a 'a (D2a)

The above definition is ambiguous, ho~ever. Consider
two pairs of operators,

which justifies the name "normal product" for the opera-
tion (D6). It is easy to check that this operation is com-
mutative:

and 8is 8,=8,+82 . (D9)

82——1, 8 )
——8'a

It is easy to check that

82ei =8 28 i

(D2b)

(D3)

The normal product (D6} introduces a new algebraic
structure in P(even) corresponding to a commutative
algebra we denote by P(even+ ). Within this new algebra
we define the normal power of an operator, for integer n:

(f'e )"—= f's (1"e )" (D10)

I8z8i I&I8 z8'i I (D4)
with

A=82+ei, (D5)

In general, expression (Dl} is undefined unless the struc-
ture of the operator in the curly brackets is specified.

Aware of deficiencies of definition (Dl), Jeziorski and
Paldus' recently proposed a rigorous algebraic definition
of the normal product. %e rewrite their definition for
operators from P(even) using the notation of the present
paper [see Eqs. (27) and (28)]:

(f's) =—1. (Dl 1)

In the same vein

(~+)

(D13)

if it exists, will be interpreted as the normal inverse of
operator f' It ca. n be shown that algebra 9'(evens ) is a
nilpotent algebra: For arbitrary f'one finds that

(f' e )"=0

x =XXXX x lx, hex, lier, r,
X2 X) F2 F)

(D6)

for n & M. Hence, any series of normal powers contains a
finite number of terms and thus converges. For any
operator function, expressible through operator power
series, one may define its normal counterpart, e.g. ,

It is seen that formula (D6) can be obtained from Eq. (29)
after suppressing on the rhs of that equation all the terms
corresponding to nonempty strings Z». After applying
the above definition to operators

8,=X',$',

exp (sf' s)= g (n!) '(f's )" .
n=0

(D14)

Operator expo ( f') is related to Lindgren's" operator

(D15}

in the same sense as definition (D5) is related to (D 1).
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