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The effect of cooperative atomic interactions on laser linewidth is investigated by suitably gen-
eralizing the Scully-Lamb theory of the laser. In particular, the single- and two-atom interactions
with the field are included. It is shown that, under certain conditions, the cooperative interactions

tend to reduce the natural linewidth.

I. INTRODUCTION

It is well known that ultimately the laser linewidth
arises due to spontaneous emission. It is of considerable
interest to find systems and effects that reduce the laser
linewidth,? with potential applications in areas such as
gravitational wave detection>* and optical tests of
metric theories of gravitation® in mind.

The linewidth of a single-mode laser can be evaluated
in the Scully-Lamb model of the laser.® In this model a
laser consists of a coupled system of a field and identical
two-level atoms. This model is a single-atom model and
it ignores the cooperative atomic interactions inside a
laser. Recently the effect of cooperative atomic interac-
tions on the photon statistics of a single-mode laser has
been studied by many authors using a perturbative ap-
proach.”~® A nonperturbative treatment has been given
in Ref. 10.

In this paper, we consider the effect of cooperative
atomic interactions on the linewidth of a single-mode
laser, by suitably generalizing the Scully-Lamb theory.'°
We show that the cooperative effects tend to decrease
the natural linewidth of the laser at high intensities. In
Sec. II we consider interaction of two two-level atoms
with a single-mode quantized field and derive an expres-
sion for the field density matrix of the system. In Sec.
III we derive an equation of motion for the field density
matrix of the laser which includes the effects of coopera-
tive atomic interactions. We then solve this equation to
obtain an expression for the natural linewidth of the sys-
tem. In Sec. IV we give numerical results and discuss
our results.

II. INTERACTION OF TWO-LEVEL
ATOMS WITH A SINGLE-MODE FIELD

We consider a system of two two-level atoms interact-
ing with a single-mode quantized electromagnetic field.
For simplicity, we assume the field to be at resonance
with the atomic transitions. The Hamiltonian for the
system, in the interaction picture, is therefore

: t ot
H,=#3Y g/ao;+ao;), (1)

i=1

where a and a' are the creation and annihilation opera-
tors for the field, cr:,a,- are the raising and lowering
operators, and g; is the atom-field coupling constant for
the ith atom which contains the mode function u(r;),
ie., g;=g(r).

The wave function |¢) for the system can be written
in terms of eigenstates |a,B,n)=|a,B)® |n) where
|a) and |B) represent the states of atom 1 and atom 2,
respectively, and ln) denotes the number state of the
field. With C,g, as the probability amplitude for the
state |a,B,n ), |¥) can be written as

| (1)) =Can(t) | @,a,n ) +Cy . (8) | @,byn +1)
+Chan+1(1) |b,a,n +1)
+Cbbn+2(t)‘b’b,n +2> . (2)

The states |a) and |b) denote the upper and lower
levels of the atoms, respectively.
The wave function |1/) obeys the equation of motion

d —i
EY | ()= 7 H,|¥() . (3)
With the help of Egs. (1) and (2), Eq. (3) becomes
C=—iMC (@)
where
Caan
C= abn+ , 5
Cban+l (5a)
Cobn 42
0 g,Vn+1l g, Vn+l 0
_|g3vin+1 0 0 g1Vn+2
M: o ——
givn+1 0 0 g,Vn +2
0 givn+2 givn42 0
(5b)

A solution of Eq. (4) is [with C,=C,,,, C,=C,, .1
Cy=Cy,,1,and C;=Cyy, ., (Ref. 10)]
4 4
Cilt+7)=3 3 afe
j=lk=1

Mkt e (1), ©)
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where ¢ is some initial time, A, are the eigenvalues of
matrix M, and a¥ is the ith element of the corresponding
eigenvector. The eigenvalues are determined to be

Ay=1 \/ —=[(g?+g3)2n +3)+B]"?, @)
where
B=[(2n +3)g} +g3})*
—4(n +1)(n +2)(g2—g3)?]"%. (8)
In Eq. (7), the upper sign inside the bracket is for

k =1,2 and the lower sign is for k =3,4. The elements
of the corresponding eigenvectors are

k

+ki—(g%+g§)(n +2)

N , (9a)
1 [32+ﬁ(g%+g%)]1/2
oy DMt (gT—gd)n +2)lg, v 1] o
T A B FBgl+g3)]"? ’
o LM —gl—g)n +2)lg, Vi +1
=t 2 2 21172 ) (9¢c)
}\’k[B ;B(gl-}—gz ]
L2 n+1)(n +2)]'2
aﬂf 8182[ ] o)

(B> FB(gi+g3)1'""?

In the denominators, the upper sign is for kK =1,2 and
the lower sign is for k =3,4.

It therefore follows from Eq. (6) that, if at initial time
t, the atoms are in the excited state [C,(#)=C,(2)
=C,(t)=0], the probability amplitudes C;(z +7) at a
later time are given by

Ci(t +T)=K,'(T)C1(t), i=1,2,3,4 (10)

where the coefficients «; are

[B—(gi+g})]

Ki(1)= 2 cos(A;7)
B+(gt+g3)
+[—~——gzlﬁ——§2—lcos(x3¢) ) (11a)
cir)_ BV AL |\ Un+Tgi—g34B
A7) = 2B X, sin(A, 7
(4n +7)g% —g3 —
- il g2 Bsin(}»ﬁ)
3
(11b)
- ig,Vn+1 | (4n+7)g3—g3+B (Aor)
Ky(T)=— sin(A,7
2B Atl
(4n +7)g5—g1—
- g)f i Bsm(kyr)
3
(11c)
2 (n 4+1)(n +2)]'2
Ky(T)= 8182 ] [cos(A,7)—cos(A;7)] .

B
(11d)
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In physical situations the laser field is described by a
mixture of states. The matrix elements for the field den-
sity matrix are given by

Prm(t +7)=Py[C,p(t +7)CL,. (t +7)
+Copn(t +7)CH, (8 +7)
4 Chon (1 +7)Cpiy (t +7)
+ Cppn (1 +7)CH (1 +7)] . (12)

Here we have carried out the incoherent summations
over the wave function amplitudes with P, as the proba-
bility for the field to be in state |1¢). The probability
amplitudes in Eq. (12) can be obtained by shifting the
value of n appropriately in Eq. (10).

III. OFF-DIAGONAL ELEMENTS
AND THE NATURAL LINEWIDTH

We want to investigate the effects of cooperative in-
teractions, between two atoms, on the laser linewidth
when the laser is oscillating at resonance. The model for
this study is the same as that used in Ref. 10. In the
present model, to describe cooperative effects in a laser,
we restrict ourselves to a single-mode field and therefore
we do not account for super-radiance. An equation of
motion for the reduced density operator for the field p,,,
can be obtained by taking the average coarse-grained
time rate of change, due to the gain medium:

pnm=rrfomdfe“”{Zpanam(t+f)—pnm<t) . (13)

where r is the rate at which a pair of atoms is pumped in
the excited state |a ) and

plr)ye™ 1" (14)
simulates the spontaneous emission where ¥ is the decay
constant of the atomic levels. On substituting from Egs.

(10)-(12) into Eq. (13) and performing the integration
over 7 we get (with pX =p, , . )

Pr=Anps+Br_ipy 1+ Cipk 1+ DF opk 5, (15)

where
A;=(N4—24°Ny)/Ny(B +D)—C(n+1k),  (16a)
Bi=Ny/Ny , (16b)
Ck=C[n(n+k)]'?, (16c)
and
D¥=Np[(n +1)(n +2)(n +k +1)n +k +2)]'*Ny .
(16d)

The expressions for N, Ny, Np, and N, are rather
lengthy and are given in the Appendix. The coefficients
A=2r(gi+g3)/y* and B=8r(gt+g3)/y* are gain
and self-saturation parameters, respectively, and the
coefficient D =16rgig3 /y* represents the cooperative
atomic interactions in the laser. The cavity loss parame-
ter C=w/Q is included in the usual way.>!' Note that,
in the limit k =0, the coefficients in Eqs. (15a)—(16d) be-
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come the diagonal coefficients as given in Ref. 10. Simi-
larly, without cooperative interactions, i.e., with D =0,
we obtain exactly the same coefficients as are given in
Ref. 11.

Until now we considered a system in which atoms
were being pumped in pairs. We now extend our system
to a situation in which N atoms are being pumped at the
rate Y. We keep only the single- and two-atom interac-
tions with the field. It can be shown that the equation of
motion for p¥ remains the same except that the
coefficients 4, B, and D have the following generalized
expressions:

N
A= 5 g2, (17a)
Y i=
r N 4
Y i=1
N N
D=1 5 3 422, (17c)
i=1j=
i¢lj

where g; is the coupling constant for the ith atom. It is
worthwhile to mention that the cooperative parameter D
is significant over the region where the coupling con-
stants g; and g; overlap. It vanishes when the separation
between two atoms is large due to the nature of the
mode functions contained in the coupling constants. In
the steady state an exact solution for the diagonal ele-
ments of the density matrix is given by’

0 (—1)"pg

= M(n), (18)
P =l - X CP
where

6 CY o0
43 47 3
Dy B} A3

Cy_y

D) 3 B , A},

The quantity pJ is determined by the normalization con-
dition. It follows from Egs. (16) that

A2 +B2+CP+D?=0 . (20)

Using this condition and some properties of the deter-
minant, we can express the solution as a product of con-
tinued fractions:

pa=po I1 Q@m 21)
m=1
where
l 0 m—1
Qm= 0 a"“‘1+ (22)
Cm ao + m—2
-2
Ay _3+ " 0
Qg
with
% =B2+D? , (23a)
B, =C.Db_, . (23b)

We can now calculate the off-diagonal elements p* () by

making the following ansatz:'!
pr(t)y=e HR(p0p0 172 24)

On substituting from Eq. (21) into Eq. (24), it follows
from Eq. (15) that

plk)=— A:_(QﬁQﬁ+k )12By
*(Qﬁ—lQﬁQr‘wk—lQﬁH— )_l/zDrf—z
“(Qﬁ+ern+k+1)l/2Cr‘f+1 4 (25)

where we have replaced n by 7.

IV. RESULTS AND DISCUSSION

The laser linewidth W is given by u(1)/2.!' Our re-
sults, for D =0, are exactly the same as those in Ref. 11.
In Tables I and II we compare the linewidth W in the
absence of cooperative effects (D =0) to the linewidth W
in the presence of cooperative effects. It is evident that
the cooperative atomic interactions tend to decrease the
laser linewidth for higher intensities.
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APPENDIX

We have the following expressions for N 4, Ng, Np, and Ny:
N,=A,0A"+ 4,0 A°(B +D)+ A% A30(B +D)*+ A3,(B?*—D?*)]+ A'[ Ag(B +D)*+ A, (B +D)(B*—D?)]

+A%[ Aso(B+D)*+ A5;(B +D)(B?*—D?)+ As5,(B?

—D%H

+ A Ag(B +D)+ Ag(B +D)(B*—~D?*)+ A¢,(B +D)(B*—D?)?]
+ A A,(B+D)5+ 45 (B +D)(B*—~D?*)+ A5,(B +D)(B>*—D?*+ A,,(B>—D?)*]
+ A[Agy(B +D) Ag)(B +D)(B>*—D?)+ Ag,(B +D>*/(B*—~D??+ Ag(B +D)B2*—D?)’],
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TABLE 1. Linewidth as a function of mean photon number 7 and cooperation parameter D with
A =100sec™! and B =0.1 sec”".

D 0.0 0.005 0.01 0.05 0.1

n

10 2.37284 2.37299 237313 2.37421 2.37543
20 1.200 80 1.200 84 1.200 88 1.201 16 1.20138
30 0.801 541 0.801552 0.801 561 0.801 589 0.801 498
40 0.600058 0.600050 0.600 042 0.599931 0.599 683
50 0.478 388 0.478 366 0.478 343 0.478 125 0.477 760
60 0.396 683 0.396 646 0.396 608 0.396 275 0.395785
70 0.337 595 0.337 535 0.337475 0.336977 0.336 309
80 0.291967 0.291 866 0.291 766 0.290 967 0.289970
90 0.252 599 0.252 391 0.252 184 0.250 592 0.248 736

Ny=B,A°+ A¥B,,B +B, D)+ A'[Bo(B +D)*+(B +D)(B3 B +B3,D)+B3;(B*—D?)]
+ A%[B4(B +D)*+ (B4 B+B4;D)B +D)+(B3B +B4,D)B*—D?)]
+ A°[Bsy(B +D)*+(B +D*)(Bs, +Bs;)+(B +D)B?*—D*)(Bs3B +BsD)+Bss(B*—D?)]
+ A*[B¢(B +D)’+(B +D)B¢,B +BgD)+(B +D)XB>*—~D*)(B¢,B +B¢,D)+(B +D)B*—D?*)’B
+(B*—~D*XB¢B+B¢D)]
+ A3[(B +D)(B7,B +B;D)+(B +D)B*~D?*)(B,,B+B;D)
+(B +D)*B*—D??B;,+(B +D)XB*~D*%BsB +B.D +B5,(B*~D?’],
Np,=AD{A°D,+ A*D,(B +D)+ A’[(B +D)*D3,+(B*—D*Dy ]+ A*[D4(B +D)*+D, (B +D)B*—-D?)]
+ A[Dso(B +D)*+Dg (B +D)XB*—D?)+Ds,(B*~D?)]
+Dg,(B +DY(B*—~D?)+Dg,(B +D)XB*-D??} ,
No=A%Q,+ A7Q,(B +D)+ A[Q3(B +D)*+Q3,(B*~D?)]+ A°[Q4(B +D)*+Q,,(B + D) B>—D?)]
+ AYQso(B +D)*+Q5,(B+D)(B*—D*+Qs,(B*—D?*)?]
+ A[Qeo(B +D)’+Q¢, (B +D)*(B*—D?)+Q¢ (B +D)B*—D??]
+ A[Q(B +D)°+Q;,(B +D)*B*~D*)+Q,(B +D)*B*—D??+Q;(B*~D?)’]
+ A[Qg (B +D)(B>*~D?)+ Qg (B +D)*(B2—D?)*+ Q¢;(B +D)(B>—D?)’]
+Qoy(B +D)B*~D?*?+Qq3(B +D)(B*—D?+ Qo (B*—D?)*,

where

TABLE II. Linewidth as a function of mean photon number 7 and cooperation parameter D with
A=100sec”' and B =1 sec™ .

\Q 0.0 0.01 0.05 0.1 0.5 1.0
AN

10 2.22251 222267 2.22329 2.22406 222914 2.23135

20 1.092 72 1.092 78 1.09303 1.093 32 1.094 43 1.09194

30 0.712 128 0.712210 0.712 525 0.712 886 0.714 056 0.711254
40 0.521613 0.521719 0.522 126 0.522 585 0.524 051 0.521220
50 0.407 763 0.407 887 0.408 354 0.408 876 0.410484 0.407 613
60 0.332428 0.332559 0.333052 0.333 594 0.335130 0.332213
70 0.278 900 0.279023 0.279476 0.279 960 0.281067 0.278 055
80 0.238 142 0.238217 0.238487 0.238 750 0.238 750 0.235463

90 0.202 949 0.202 868 0.202 554 0.202 173 0.199231 0.195071
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Ag=2(4)%,
Ay=24)(T45+1),
Ayp=14)7243+16A5+4k*— 4, — 4,+2),
A3 =6(4)%(A4544,),
Ap=14) [(8A2+4k>— A, — 4,)(1045+2)+1045( A3 —k*)+1845—2k?)],
Ay=14[(A;4 4,)2045—16)+4k*4s] ,
Asg=2(4)*{8A4% 4243+ (4—5k) AL+ (6k?+ A+ A)) A+ [3k* —Tk*+ LA, + 4,)+14,4,1},
Ay =24)[3(A;+ A, —684,4,],
A =4 [(A;+ AN —1242 —1645+8k>—2)+ A2(—4A5+4+108k*)+33(A, A3+ A, A)+( A, A3+ 4,4,)],
Agp=326A42+2k* N A3 —k*As— A5—2k*)+64A5( A2 —k>)N6A2+2k>—6)+324,4,(645+2)
+192[( A2+ k> As—2k — A2 —kP)+ k(A3 4+ A1 =245)—(As—1) A A, +2k As]
+12845(342—3A4% 48k A5+ 3k*+k?),
Ag =32(6424+2k)(5k? A5+ As—A2)
+64( A3+ A2 A3 —k?As— As—2k})+4A45( A3 —k*)—6A45—2(A,+ A,)+4k?]
+128A45(2k*— Ay — A, (642 +2k?—6)
—32[3( A, As+ A A+ (A A+ Ay A ) — k(A3 + A,) (6 A45+2)
+384[( A3+ AN A+ Ay— As+2k)+2k? As(1—2A45)+2A5( As— 1) (A, A5+ 4, 4,)]
+256 A[A;+ A +4k A5 +6( A, A5+ A 4],
A =32{20A;+ A)[2A5(13k*>+1— A2 — A3 — A)+6( A3+ A,)]+164;4,2—1545)—24( 45— 4,)*} ,
Ag=32A5( A2 —k* A} —k?*A5— A5 —2k*)+4A4,A,(6A4%2+2k*—6)
+32A5[(A2 4Kk As—2k — A2 —k®)+k(A;+ A )1 —245)—(As5—1)A, A, +2k As]
+4[A5(3A5—3A3+8k2)+k23k*+1))( A, + A4, —4k?),
A =64A52k*— A3 — AN A3 —k*As— A5 —2kH)+3242( A2 —k2)(Sk?+1—A42)
+2( A5+ A,)[8A4,4,— 8342344 +8k? A +3k*4+3k*+k?)]
—4(6A424+2k>—6)[3( A, A3+ A A+ A As+ Ay Ay)—dkH A3+ A4)]
+64A[( A+ A A+ Ay— Ag+2k)+2k* A5(1—2A45)+2(As—1) (A, A5+ A A,)]
+8( A+ Ay —4k*) A3+ A, +4k*As+6(A, A3+ A, 4,)],
A =8A2(12k*— A5 — A,)5k>+1— A1)+ 8[(A;+ A, +4A4,4,1(6 43 +2k*—6)
—16( A3+ A3 A A3+ A A+ (A | A3+ Ay A)—4k* (A3 + A,)]
+2[ A+ A +4k* A+ 6( Ay A3+ A A)]— 128 A5[(4A A3 A+ (A3 — A )] =924, A, (A, + A, —4k?)
A73=32(A5+4+ A)[(A;+ 4,0 +164,4,],
Ago=2A4,A,( A} —k?A5— A5—2k?)
(A + A, — 4k A +k*NAs—2k — A2 —k*)+k(A;+ A)(1-245)—(As—1)A, A, +2k As],
Ag =44, A, A52k>*— 4;—A,)
—2[3(A, A3+ A A)+(A A3+ Ay A)—4k (A3 + AN A3 —k?A5— A5—2k?)
+2(A,+ Ay —dk (A3 + AN A + Ay— As+2k)+2k?A5(1—245)+2(As—1) (A, A;+ A, A,)]
—16( A3+ A )[4A5A; Ay +(A;— A,)*]
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Agy=4[(A;+ A, +4A4;4,)( A3 —k* 45— A5—2k?)

—2[3(A, A3+ A A)+( A Ay+ Ay Ay)—dk (A3 + A,)]As(5k2+1—42)

—4( A+ Ay —4kP)[4A5 A A +(A5— A,)]

—8[(A;+ A NA |+ A, — As+2k)+2k?A5(1—245)+2(As—1) (A, A5+ A A)(A3+ 4,) ,
Agy=4[(A3+ AV +2A4;4,)(5k* 45— A3+ A5)+4(A;+ A4 A3 A As+(A;— 4,)],
B,=24"),

Byy=4"(345+1),

By, =4"(45—1),

By, =4%(234% 45k,

B, =4%(1645+5) ,

By=—4(22A43+18k*+1645+5) ,

By =24) A+ A4,),

B,y=6(4°)A5(A2+k)],

B, =4(6A42+4k*+345),

B, =4[243(As+1)—3A45(6k*+1)—4k?],

Byy=—2(4°) A3+ A As+2)—2k% 4, ,

Bu=24)3( A3+ AN As—4k*As+2 A5+ 4,)],

By,=4*34%2+k?)?,

B =4[4( A5+ A )(4k*—3A42)+ 82 A+ 10 A2 +k2)+ (A2 —K?)
+4k2A(3A5+2) (1643 +9A42+Tk*+12k* A% +24k% 45)],

B, =2(4")[2( A3+ A)) (4 A2 —kV)+5(A2 —k?) (A2 —Kk>) (2842 +1)—4A45(24% +3k?)

+2(144%2 +18k2—3k%42)],

By =2(4°)[4k*As—( A3+ A,)(1645+5)],

By =24)[4k*A5(10A45—13)—( A3+ A,)26 A2 +6k*—244,—5)] ,

Bys=—2(4%)(A3+ A2 +224,4,),

Bg=32A45(A2+3k2)( At —k?),

Bg=(A,+ A,)[64A45+8( A+ Ay)—32k*+32A45(2k>— A5 — 4,)]

H(A;+ A)[—64A45( A2 —k?)]—324,(A2 —k?)+ 644, A, +256 Ask”

+32(A, A3+ A, Ay)—64k( A, — A))—32(A, A3+ A, A,)],

B =(4P{2As[H A+ A (A + A, —4k?—1)— (A, A3+ A A +1k( A A;— A, Ag)
+3( Ay A3+ A A+ HA A3+ A, 4~k (A3 + Ay)]

+2A5(A,+ Ay —4k)[H A3+ A)—Kk2— LA+ 4,)— Lk —1]

—3A4,4,245+1)—L A5(2k*— A3 — A, A+ A, +4k*)— LA, Ag+ A, A4, + 4, -4k},
By=(4P[( A3+ AN A |+ Ay — As+4kY) —4k A(Ay— A3)— 3 A Ay + A  A)—(A A3+ A, A) -2k 4],
Boy=4P{(A3+ A —2A5( A, + A, —4k*— 1)+ LA, A+ 4, 47)]

+ LA+ A, —4k* Ay Ag+ Ay A7) — As(2k?— A3 — A A |+ A, +4k>— 1)+ 1245+ 1)

X[ Ay Az + A A+ (A A+ Ay A)—4kH A3+ Ay) ] +4kAs(A, Ag— A3 A7)},
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Bgs=64A5[3( A3+ A, —4k* (A3 + A)—4454,],
Bee=64[3( A3+ A, +44,4,],
Bg=—128{(A;+ A AyAg+ A3 A1) +8QRAs+ 1)[(A;+ A +4454,]} ,
Bio=(A,+ A, +4k*)[ A1 A, —3(A A+ A  A)— (A A3+ Ay A+ 4k A3+ A+ L (A + 4, —4k?)]
—2A, A, + (A + A, —4k )[4 A, A+ A A))— A Ay —2k(A,— A4,),
By =(A,+ A, +4k)[A A, +3( A, As+ A1 Ay)+(A A3+ Ay 4)
— 4k Ay+ A+ (A + A, —4k*—1)(A, + A, —4kP)]
+(A,+Ay—4kP)2k (A A7— Ay Ag)—M Ay A+ A A)] 24, A,[ A+ A, +8k*—14+2(45+ 4,)],
Bpy=—8A3+ AN A+ Ay—2k( A, — ADI+16[3(A, A5+ A  A)+(A A3+ A, A)) -4k A3+ A,)]
—8k(A,— A )(A + A, —4k?),
Byy=—&(A,+ A, —4k>—1)(A,+ A, A3+ A4,)
+[6(A, A3+ A A)+2(A, A3+ Ay A))—8kH A+ AP A+ A, +4k*—1)

+§'[(A4A6~A3A7)(A|+A2—4k2)—-<A1A7—-A2A6)(A3+A4)] ,

B =2(A,4+ A,))[(A;+ A ) —4 A4, A, ]+8k*[(A;+ A,)*+12454,]
(A3 + A )M Ay A3+ A A — (A A3+ A, A +4k* (A3 + A,)] ,

B,s=4(A;— A, +32k(A3—A43),

Brg=4(A;+ A A+ A,)—8(8k>+1)( A5+ A, )?
—32k(A;+ A AyAg— A3 A7) — 44k —1)(A;+ A)*— 1643 A,( A, + A, +4k*—1) ,

By=—8(A;+ A A3—A,),

D,=6(4"),

D,=(4%)1845 ,

D3,=2(4°)943—k?),

Dy =—4%A4;+4,),

D,y=2445(34% +k?),

D, =4A5(A;+ A,—6k?),

Dyy=+4% A2 —k?)(2k*— 42),

D, =4*( A3+ A) (242 —k?)—3k242],

Dy, =—24)[S(A; 4,2 +124,4,],

Dg =0,

Dy =4k A( A5+ A,—k?),

D, =32A5[(A;+ A, +4A4;4,—4k* A5+ A,)],

Q1=48v

Q,=2(4%)45 ,

Q30=2(4)(114%+k?),

Q3,=47(4,+4,),

Qu=4°45(74%+k?),
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Q=245 A A5+ Ay)+2k?,

Qso=4Y (A2 —k2)( A} +7K>) +16k*],

Qs =4[(A;4+ A,)3A42+10k?)—k242],

05, =2(4*)(343+343-1304,4,) ,
Quo=4*A5(A2—k*)(A2+3Kk?),

Qo =4 As[(AF+K>—1)(L A3 +k?)—k*(242—KD)],
Q=204 A5[k2( A2 +2k*—2)—244,4,],

Qi o=64kX (A2 —Kk?)?,

Q7 =64 A2~k AL — A2 +KkH A+ A,)—2k?42],

Qr,=64[k2A3( AL —15k—1)— L A3+ A +(942 +11k?)—14( A2 k) A5 4, ,

13=644;+ A,[(A3+ 4, +28454,],
Qo=—16k?A5( A2 —k*)(342 -3k -1),
Qu=—16k?A[A2(A2—5k2—1)+4( A5+ A4,)*],
Qg3 =32k A5[( A5+ Ak~ 1)+8434,],
Qo =k* (At —k*+1)?,
Qoy=—2k*AX( A2 k>4 1),
Q94=k4A§ ’

with
A, =(2n +3)?,
A,=(2n +2k +3)?,
A;=(n+1)n+2),

T
Ag=(n+k+1)n+k+2),
As=2n +k +3),
Ag=(4n +7),

A;=(4n +4k +7) .
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