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By including rotations in a previously developed generic vibrational model of ir multiple-photon

excitation (MPE) [Phys. Rev. Lett. 51, 1259 (1983) and Phys. Rev. A 34, 1211 (1986)] it is found that

the combination of chaotic dynamics and rotational averaging leads to fluence-dependent absorp-

tion and removes the sensitivity of the results to model-dependent parameters. Therefore, a com-

plete propagation calculation through a molecular medium of this type would show a Beer's law ab-

sorption of photons consistent with the vast majority of MPE experiments performed to date, a re-

sult which previously was attributed to rate-equation dynamics in the molecular quasicontinuum.

In addition, the classical rotation-vibration dynamics observed in this model correlate very well

with one's quantum intuition based on a molecule's P-, Q-, and R-branch structure and on the red

shift of the vibrational absorption feature with excitation.

INTRODUCTION

Infrared multiple-photon excitation (MPE) of polya-
tomic molecules was a major area of research for roughly
a decade beginning in 1971 with the work of Isenor and
Richardson. ' Their experiments showed that modest
laser powers could easily dissociate a polyatomic mole-
cule. The promise for the future was bond-selective laser
photochemistry and laser isotope separation. As this
research field grew over the next ten years, it became
clear that molecules were not as discriminating with
respect to laser wavelength and intensity as was first
hoped. By the mid 1980s the field had been nearly aban-
doned with only a few research groups refusing to give up
because a solid theoretical explanation of the
phenomenon had not yet been found.

%'e should qualify our comments to point out that dur-
ing that period from the early 1970s to the early 1980s
the vast majority of experiments were performed with
temporal pulse durations from 1 to 100 ns. The experi-
ments were typically oriented toward measuring photons
absorbed per molecule as a function of wavelength, in-
cident energy or Auence, incident intensity, pressure, and
temperature. The results of these experiments were based
on photons in versus photons out and an estimate of the
number of interacting molecules in the gas cell. Eventu-
ally it was realized that self-focusing and self-defocusing
were playing a major role in the interpretation of these
experiments. Recently, more sophisticated experiments
have been undertaken using intense picosecond infrared
pulses. ' These experiments ofFer a greater understand-
ing of how molecules absorb infrared photons and may
initiate a new era of active research in this field.

As the MPE era was winding down in the early 1980s,
we were aware of the data collection efForts of Judd. He
had graphed experimental data on roughly 50 difFerent
molecules, all on basically the same/uence dependent a-b

sorption curve, after scaling out the small-signal cross sec-
tion and excited population fraction. Based on this result

we decided that MPE must be a general consequence of
the interaction of the laser with the molecule, indepen-
dent to a certain extent of an individual molecule's
idiosyncrasies. Therefore we formulated a generic model
of MPE incorporating only the essential features of the
phenomenon.

VIBRATIONAL MODEL

The Hamiltonian chosen to represent this vibrational
model of MPE was

B=b8 8 —X(a a) +Q(a+a )

+ g(b+e )b b+ gp'(a b+b a) .

where the terms in order of appearance from left to right
represent the anharmonic pump mode (two terms),
laser-pump-mode coupling, harmonic background
modes, and the pump-mode —background-mode coupling.
This form of the Hamiltonian assumes that the laser can
be treated classically, the rotating-wave approximation is
valid, and the excitation number is approximately con-
served. The parameters describing the process are b„ the
frequency detuning of the laser from pump-mode reso-
nance; 7, the pump-mode anharmonicity; 0, the Rabi
frequency; e, the frequency ofFset of the mth back-
ground mode from the pump mode; and p, the coupling
strength of the mth background mode with the pump
mode. Several approximations were made in solving this
model based on the general nature of the MPE process:
the background modes are equally spaced
(e =b,o+mp ', where b,o is the frequency ofFset of the
zero mode), the background —pump-mode coupling is
constant (p =p), and since it takes roughly 30 to 40
photons to dissociate many of the larger molecules such
as SF6, the dynamics can be solved classically. In addi-
tion, the parameters were chosen to be consistent with
one's knowledge of molecules: b, specified for Q-branch
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FIG. 1. (a) Number of quanta in the pump mode vs time
(vq ); (b) total quanta in the molecule vs time (~q ). Parameters
given in the text.
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FIG. 2. Logarithmic plot of FFT vs frequency (cm '): (a)
a(0) =0; (b) Q(0) =(0.05&2)e' / .

excitation, 7=2 cm ', A=0. 3 cm ' consistent with
roughly 10 MW/cm2 in SF&, p=4/cm ', and @=0.2
cm

Using the Hamiltonian (1), making the approximation
that the number of background modes is infinite (an ap-
proximation justi6ed in the context of radiationless tran-
sition theory by Bixon and Jortner ' ), eliminating the

a (t)= i (b, —X)a (—t)+2iX
i
a (t)

~

a (t)

i Q —(—y/2)a (t) ys (t)—, (2a)

background modes, and simplifying the equations using
the Poisson summation formula, ' the dynamical equa-
tions of motion become
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FIG. 3. (a) J' vs time (rz ); (b) total quanta in the molecule vs time (r„),Q-branch excitation (b, = 2.0 cm



1554 JAY R. ACKERHAI. T AND PETER %'. MILONNI

D
E 20"

0-'

time (~R) time(~ )

18

FIG. 4. Same as Fig. 3, but with P-branch excitation ( 5=3.2 cm ').

s(t) =e '~[s(t rli )+a—(t rii )—j,
where y=2nP p is the Fermi golden rule rate, rz =2np-
is the memory recurrence time caused by having an
equally spaced background, and P—:(b, +b,o)r„. In Figs.
1(a) and 1(b) we show the results of integrating Eqs. (2)
with a (0)=0 and P=n. /2 for

i
a (t)

i
and the total pho-

tons absorbed versus time, respectively. The total ab-
sorbed photons have some initial regularity, but after
roughly Svz begin an average linear growth whose slope
is dependent on the initial choice of P. In previous calcu-
lations for similar parameter regimes the observed dy-
namics were shown to be chaotic by computing the maxi-
mal Lyapunov exponent. In Fig. 2(a) we show a fast
Fourier transform (FFT} of the dynamics shown in Fig.
1(a) (note the characteristic broadband spectrum of
chaos}. In Fig. 2(b) we show another FFT of the same
dynamics as shown in Fig. 1(a), except the initial condi-
tion has been slightly modified a(0)=(0.05&2}e'"
The spectra shown in Figs. 2 are very di6'erent consider-
ing the rather small change in initial condition. This

high degree of spectral sensitivity to initial conditions is a
nonrigorous but inexpensive measure of chaotic dynam-
ics, as FFT computations are much faster than the corre-
sponding Lyapunov-exponent calculations. Since the
laser pulse envelope is square, the linear absorption of
photons reAects a fiuence-dependent absorption, con-
sistent with experimental trends. In fact, we have argued
that the chaotic absorption of photons is the bond that
links the fluence dependence shown by so many difterent
molecules. However, the sensitivity of the slope to P is
an unsettling feature of this model.

It is interesting to point out that chaotic dynamics and
an average linear energy growth in time have been ob-
served in other systems. Casati et al. found this same
type of energy growth in the periodically kicked pendu-
lum. " Similar results were reported by Leopold and Per-
cival, who considered a classical model of a hydrogen
atom in a sinusoidal electric field. ' Further related work
was recently described by van Leeuwan et al. , who re-
port excellent agreement between their classical computa-
tions and their experiments on the microwave ionization
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FIG. 5. Same as Fig. 3, but with R-branch excitation (5=0.8 cm ').
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of hydrogen. ' This research coupled with our own work
on MPE illustrates the importance of chaos in these
driven systems.

In order to make a real comparison with experiment it
is necessary to couple Maxwell's equations with the equa-
tions governing the molecular medium. %e have per-
formed these calculations, but as in the model presented
above, a strong sensitivity to P was found. ' Therefore,
any treatment of MPE which had any hope of comparing
directly with experiment must include a molecule's rota-
tional structure.

ROTATIONAL MODEL

Including rotations at lowest order in a classical MPE
model was previously done by Galbraith et a/. ' In this
case the pump mode was harmonic, and no background
modes were included in the model. The resulting chaotic
dynamics occurred entirely from the (nonlinear) coupling
of the rotation of the molecule with respect to the linear-
ly polarized electric field of the laser. The rotational dy-
namics were contained in the dipole coupling term which

consisted of the laser in the laboratory frame and the vi-

brational dipole moment in the molecular frame. In re-
lated work Jones and Percival found that even for con-
stant rotational angular momentum the additional time
dependence in the dipole coupling term was sufhcient to
give a fluence-dependent absorption, which was not ex-
hibited by their purely vibrational model. '

Following the work of Galbraith et al. , we have in-
cluded rotations in this quasicontinuum model of MPE.
The Hamiltonian (1) becomes

@=ha f& —g(& f&) +QP3(a+a )+ g(b, +e )b b

+ gp (a b+b 8)+80(Ji+J2), (3)

where the laser-molecule coupling term has been
modified to include the direction cosine matrix of the
molecule relative to the linearly polarized electric field of
the laser, oriented along the 3-axis in the laboratory
frame. The last term represents the rotation of the mole-
cule about the 1- and 2-axes. This model is simplified in
that the nondegenerate pump mode, oriented along the
3-axis in the molecular frame, is treated as a diatomic
molecule, so that it has no rotational angular momentum
along that direction. This simplification of the molecular
model is purely for convenience, since we believe that the
complexity of having a full triply degenerate pump mode
with three rotational degrees of freedom is a detail
o8'ering no additional physical insights into the chaotic
dynamics of rotating molecules. Obviously a model of a
molecule like SF6 would require this additional calcula-
tional complexity. The value of 80 is chosen as 0.1 cm
in all cases.

The dynamical equations governing this system, mak-
ing all the same assumptions as was done for Eqs. (2), are

[
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frequency (cm )

a(t) = i (b, —X)a—(t)+2ig
~

a (t)
~

a (t)

i QP, (t) —(y /2)a (t)—ys (t), —

s(t) =e '~[s(t r& )+a (t ——ws )],
(4a)

J, (t)=QP, (t)[a(t)+a (t)],
J,(t)= QP, (t)[(a)+—a f(t)],

P, (t)= —28,J,(t)P, (t),
P, (t)=28,J, (t)P, (t),
P, (t) = —28,[J,(t)P, (t)—J,(t)P, (t)],

(4c)
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FIG. 6. Logarithmic plot of FFT vs frequency (cm ') for pa-
rameters of Fig. 3, but with P =0, {a) a {0)=0, {b)
a CO) =(O.oi5&2)e' ". J2i(t)+J,'(t)= —2 f P, (t')Re[a(t')]dt',

8o o
(5a)

where for ease in comparing results from this model with
the earlier vibrational model, we have specified P3(0)= 1,
P2(0) =P, (0)=J2(0)=0. Therefore, we recover the pre-
vious vibrational model for J,(0)=0 and have a simple
rotational model for J,(0)&0. A description of the
derivation of these equations is given in Ref. 15. From
Eqs. (4) the absorbed rotational and vibrational quanta in
the molecule are
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FIG. 7. (a) J vs time (r& ); (b) total quanta in the molecule vs time (rz ); (c) logarithmic plot of FFT vs frequency (cm ) for Q-

branch exritation (5=2.Oem ') and J&(0)=12.

a t(t)a (t)+ g b
' (t)b (t)

= —2Q I P3( t ')1m[a (t ') jdt ' . (5b)

In Figs. 3(a) and 3(b) we show the square of the rota-
tional angular momentum and photons absorbed per mol-
ecule versus time, respectively, computed using Eqs. (4)
and (5) with J&(0)=6. All other parameters have been
chosen the same as in Figs. 1. Two aspects of these
6gures should be noted: the regular region sho~n in Fig.
1(b) in the early-absorption regime is absent in Fig. 3(b),
and the rotational absorption to some extent closely
parallels the vibrational absorption. In Figs. 4 and 5 we
show the exact same dynamics as in Figs. 3, but for the P
and 8 branches, respectively, i.e., 5=3.2 cm ' and
5=0.8 cm . In comparing Figs. 3—5, one immediately
notices that the overall absorption is sensitive to detun-
ing. In addition, the R-branch rotational absorption
curve very closely parallels the corresponding vibrational
absorption curve in both shape and number of quantum
changes. This is not completely surprising, since jn the 8
branch LU =1, consistent with a one-to-one correspon-

dence between vibrational and rotational absorption of
quanta. %hat is perhaps surprising is that this calcula-
tion is completely classical.

In Figs. 3 and 4 one notices that the P branch
(b,J = —1) curve for J shows an initial decrease, a tlat
region, and an increasing region. This is again entirely
consistent with our quantum intuition, since the anhar-
monicity of the pump mode shifts the absorption feature
to the red with increasing vibrational excitation making
the rotational dynamics shift from P to g- to R-branc-h
absorption. Our quantum intuition also works well in
describing the Q-branch results shown in Fig. 3. In all

cases studied, the correspondence between rotational and
vibrational quantum changes was in very good agreement
with our expectations from quantum mechanics in both
magnitude and direction.

In Fig. 6(a) we show an FFT spectrum for the parame-
ters of Fig. 3, but with /=0. Note the broadband irregu-
lar spectrum characteristic of chaos. In Fig. 6(b) we

show a corresponding spectrum where the initial condi-
tions have been slightly modified a (0)=(0.015&2)e
Comparing Figs. 6(a) and 6(b) shows an extreme sensitivi-
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ty to initial conditions indicating that the dynamics
remain chaotic when the vibrational model (1) is allowed
to rotate. These results for the FFT spectrum are typical
of all the rotational calculations performed.

If the rotational angular momentum is initially in-
creased to a value much greater than J,(0)=6, then we

may expect to find some degree of rotational stabilization
of the molecule, as was found in Ref. 15. In Figs.
7(a)—7(c) we show the square of the rotational angular
momentum versus time, the photons absorbed per mole-
cule versus time, and an FFT spectrum of the time dy-
namics of a(t) versus frequency, respectively, for the
same parameter values as those of Fig. 3, except
J,(0)=12. Compared to Fig. 3 the number of photons
absorbed and the change in the rotational angular
momentum are very small. The overall absorption is not
even large enough for the absorption feature to have red
shifted from the Q branch into the R branch. The dy-
namics also do not show the diff'usive growth in energy
seen previously. In fig. 7(c) the spectrum shows a dom-
inant feature at 28OJ =2.4 cm ' and no signi6cant

feature at the Q branch or zero frequency explaining the
lack of excitation. In this instance J,(0) is obviously
large enough to give the molecule a gyroscopic stabiliza-
tion, as observed in Ref. 15. In Figs. 8(a)—8(c) we show
the result of changing the laser frequency to the I' branch
5=4.4 cm '. In this case we see a return to strong
diffusive energy growth and chaos. The FFT spectrum
no longer shows a distinct absorption feature at 280J, (0)
and is reminiscent of a broadband chaotic spectrum.
Note also the characteristic transition in J from I'- to Q-
to R-branch dynamics in Fig. 8(a) as the absorption
feature is red shifted. In Figs. 9(a)—9(c) we show the R-
branch dynamics b = —0.4 cm ', in the same format as
in Figs. 7 and 8. Again we observe absorption dynamics
showing a difrusive energy growth and a broadband FFT
spectrum, both representative of chaos. It would appear
that for high initial rotational angular momentum only a
window about the Q branch is gyroscopically stabilized.
The I' and R branches are dynamically similar and de-
scribed by a chaotic absorption of photons. While this
chaotic dynamics is consistent with experiment, the slope
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FIG. 8. Same as Fig. 7, except for P-branch excitation (6=4.4 cm ').
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FIG. 9. Same as Fig. 7, except for R-branch excitation (6= —0.4 cm ').

observed in Figs. 7-9 is very sensitive to the specific
choice of P. In Figs. 10(a) and 10(b) we show analogous
results to Figs. 8(a) and 8(b), but with /=0. Notice the
distinct di8'erences in the dynamics. Since we are looking
for a generic description of MPE, this is a very disturbing
feature of the model. A remedy for this problem will be

given in the following section,
Since the chaotic absorption of photons for cases

where J, (0) ~ 0 and the pulse envelope is square showed
linear absorption over the entire time interval with no ini-
tial regular period as in Fig. 1, it is important to verify
the fluence dependence of the absorption process by
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FIG. 10. Same as Figs. 8(a) and 8(b), but with / =0.
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studying cases where the electric field envelope is time
dependent. Two pulse formats have been studied: one a
fairly wide super-Gaussian and the other a moderately
narrow Gaussian, both shown in Figs. 11(a) and 11(b), re-
spectively. The two pulses were chosen to have the same
fluence. In Figs. 12 and 13 we show the excitation using
the same parameters of Fig. 3, but with the excitation due
to pulse envelope formats represented by Figs. 6(a) and
6(b), respectively. A comparison of these figures shows
the very strong fluence (rather than intensity) dependence
of the absorption.

MOLECULAR MODEL

The rotational model of a molecule just discussed only
represents the absorption of one temperature group of
molecules in a Boltzmann distribution. Therefore, we
have performed calculations averaging over a complete
Boltzrnann distribution in order to obtain a realistic
description of the overall molecular dynamics. Even
though these calculations are classical we have used a
quantum description for the density of states, as we be-
lieve the speci6c choice of distribution function is of no
consequence here:

P ( J)=(Bo/kT}(2J + 1)e (6)

time (iR}

FIG. 11. Electric 6eld pulse shapes vs time (~& }, (a) broad
high-order super-Gaussian; (b) narrow Gaussian

where the Boltzmann constant k is equal to 0.72 in units
where 80 is in cm and T is in degrees kelvin. The peak
of the distribution is given by

J~,k
——(0.36T/Bo )

'

and the integrated probability by

I= f P(J)dJ

BOJ t (J& + 1 )/kT 80J2 J2 + 1 )/kT0 1 1 —e

220—

time (xR)
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FIG. 12. Same as Fig. 3, but with pulse shape shown in Fig. 11(a).
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FIG. 13. Same as Fig. 3, but with pulse shape sho~n in Fig. 11(b).
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For simplicity the results are presented for a tempera-
ture of 11.74 K which gives a distribution peaked at J =6
and an integrated probability distribution from J

&

——0 to
J& ——20 of greater than 99%%uo. Eleven di6'erent initial J
values from 0 to 20 counting by twos are averaged and
weighted by the appropriate Boltzmann factor computed
using (6). In Figs. 14(a) and 14(b) we show the results of a
Boltzmann-averaged calculation for Q-branch excitation
using the parameters and pulse format of Fig. 13. The
excitation is reduced from Fig. 13 because of the off'-

resonant contributions to the excitation. The dynamics
look chaotic but are substantially smoothed out by the
averaging. In Fig. 15(a) a FFT of the time dynamics of
a (t) shows a broadband spectrum indicating chaos. In
Fig. 15(b) the initial condition for a (r) has been slightly
shifted a(0)=(0.007&2)e' ~ . A comparison of Figs.
15(a) and 15(b) strongly suggests that the full
Boltzmann-averaged dynamics are chaotic. In Figs. 16(a)
and 16(b) the results of the same calculation are shown,
except that the pulse format has been changed to that
shown in Fig. 11(a). Comparing Figs. 14 and 16 confirms
the fluence dependence of these averaged calculations. In
Figs. 17(a) and 17(b) [(18(a) and 18(b)] we show the results
of changing P from m/2 to 0 (sr). Comparing Figs. 16,
17, and 18 shows that these averaged calculations are no

longer P dependent making the general nature of this
model complete. We have also studied P-branch and E.-

branch dynamics confirming this very exciting result.

CONCI. USIONS

Overall the Boltzmann rotationally averaged calcula-
tions show only minimal dependence on the molecular
model's parameters (P being the most important) and a
strong fluence-dependent chaotic absorption of photons
for realistic pulse envelopes of compact support. The
classical dynamics of this rotating anharmonic molecular

model driven by an infrared laser satisfy our quantum in-
tuition with respect to AJ selection rules and vibrational
excitation in the molecule. %'bile quantum mechanically
these conditions are built into the calculations, classically
the dynamics satisfy these "selection rules" by frequency
and phase considerations which are harder to understand
intuitively.

The global implication of these calculations for MPE is
that the strong (onsets with the turn-on of the electric
field) Iluence-dependent absorption is due to chaos origi-
nating in the interaction of the laser with the rotating
molecule's anharmonic pump mode and the intramolecu-
lar transfer of energy to the remainder of the molecule.
This fluence-dependent absorption had previously been
attributed simply to a large density of states in the molec-
ular quasicontinuum, justifying a rate-equation descrip-
tion of the MPE process. It is interesting that our Hamil-
tonian system does not require ad hoc homogeneous
broadening mechanisms in order to obtain incoherent rate
dynamics.

If a collection of these generic model molecules were
placed in a cell and an infrared laser pulse propagated
through that cell, then the observable absorption of pho-
tons would be described by Beer's law. As many of us al-
ready know, this type of absorption was a hallmark of the
majority of MPE experiments performed over the last de-
cade. W'hile this is certainly not definitive proof that
chaos plays a fundamental role in MPE, it is a completely
consistent interpretation of the experimental results. '
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