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Analytic theory of the SaSman-Taylor fingers
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A complete analytic solution is presented for the selection of symmetric Sa8'man-Taylor fingers,

in the small-surface-tension limit. In a previous paper [Combescot et al. , Phys. Rev. Lett. 56,
2036 (1986)] we showed that the selection can be understood in terms of a nonlinear eigenvalue

problem that describes the region where ordinary perturbation theory fails to converge. This
"inner" problem is completely solved by systematically studying the asymptotic series of the (for-

mal) solution of the problem. Two methods are proposed to extract the selection mechanism from

this asymptotic series. Numerical results agree very well with other existing numerical results,

and, somewhat surprisingly, with the results that we obtained by a %'KB solution of the inner

problem. Last, we complete our %'KB treatment by determining explicitly the additive constant

appearing in the %KB formula.

I. INTRODUCTION

Recently much progress has been done in the analytic
understanding of the solvability mechanism for the
Saffman-Taylor problem in the limit of small surface ten-
sion. It was shown simultaneously by Shraiman, ' Hong
and Langer, and ourselves that it is necessary to per-
form an asymptotic analysis beyond all orders in the
small parameter in order to find the selection among the
continuous family of zero surface tension solutions,
discovered previously by Sahan and Taylor. The first
two papers proposed basically a linear approach to the
problem; for example, in Ref. 2, a linear inhomogeneous
integrodifFerential equation for capillary corrections to
the finger shape is derived and then solved by a %KB
method which is here rather intricate because of the
nonlocal features of the physics. On the contrary, in
Ref. 3 (hereafter referred as I), we gave a fully nonlinear
treatment of the problem, inspired by the work of
Kruskal and Segur on the existence of needle crystals in
geometrical models of solidi6cation. The two coupled
equations for the interface shape, established by McLean
and Saffman, are directly extended into the complex
domain without any linearization. They are then studied
in the neighborhood of the singularities of the zero sur-
face tension solutions where the regular perturbation ex-
pansion breaks down. In the Saffman-Taylor case, the
positions of the singularities turn out to be very simply
related to the relative width of the 6nger A., the quantity
of physical interest, through the combination
a=(2A, —I)/(A. —1) . We wrote in I a single ordinary
difFerential equation which describes correctly the behav-
ior of the solution in the singular region. After proper
rescaling, the small parameter k (proportional to the sur-
face tension, see below) disappears but it was found in I
that the resulting equation still contains a parameter
a =

~

a
~

/k. The question of selection of )(, is there-
fore converted into the one for a and the inner region is
responsible for the whole selection mechanism. The ei-
genvalue nature of a becomes clear when one adds the

right boundary condition at large distance to be satisfied

by the inner solution. This is imposed by physical con-
siderations. In order to get a smooth interface shape,
only slightly difFering from the zero surface tension
shape, one simply requires that the inner solution
matches at large distance the original Sahan-Taylor
solution. This can be achieved only for discrete values
of a, forming an infinite countable set a„.

In I we were able to predict the behavior of the a„'s in

the large-n limit but an explicit calculation of the lowest
eigenvalues was missing. Since that time, various au-
thors have given numerical estimates of the lowest ei-
genvalues, To get the answer, they all integrated numer-
ically the inner problem along particular paths in the
complex plane, using a technique 6rst discussed by
Kruskal and Segur. It is the main purpose of this paper
to provide an essentially analytical solution of our eigen-
value problem. Beyond the mere quantitative interest of
tlie calculation, we feel that our method clarifies and
completes the Kruskal-Segur procedure. In particular,
the appearance of exponentially small terms becomes
conceptually more transparent and is now totally con-
trolled, despite the nonlinearity of the inner problem.
The paper is organized as follows: in Sec. II we give a
detailed account of the content of paper I. At the end of
the section, we show why the value k= —,

' plays a special
role in the solvability mechanism. Section III presents
an analytic treatment of the inner problem. It is 6rst
recognized that all the information we need is contained
in the asymptotic expansion around infinity of solutions
of the inner problem. At large order in the expansion,
the dominant growth rate of the coefBcients of the series
is in fact given by a linear recursion relation, as pointed
out by Dashen et aI. in another context. On the basis
of this simplifying observation, we propose two ways to
extract from the asymptotic series the searched solvabili-
ty condition. The former consists in solving a kind of
renormalized linear problem, the latter in performing a
Sorel resummation of the divergent asymptotic series.
At the end of this central section, we give our results for
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Our starting point mill be the McLean and Sahan
equations for a half finger profile, established in Ref. 6.
Before presenting them, we 6rst recall the basic formula-
tion of the Saffrnan-Taylor problem and some steps of
the method used by McLean and Saffman to obtain their
equations. This should help the reader to understand
better the subsequent analysis.

%e consider a Hele-Shaw channel, mhose thickness b
is much smaller than its width 2a, along which a Quid of
viscosity p is being pushed by a nonmiscible second Quid
of relatively negligible viscosity. Both Quids are in-
compressible. A single finger of the inviscid Quid is
eventually formed and propagates at constant velocity U
keeping a steady shape of width 2Aa (see Fig. 1). The
velocity u of the viscous lluid (averaged across the verti-
cal thickness b) obeys Darcy's law

$2
u= — V@=V/,

12p
(1)

where p is the pressure and P the velocity potential. In-
compressibihty implies that P satisfies I.aplace's equation

V /=0.
On the interface, the boundary conditions are

(n V(());„,=Un x, (3)

where n is the outward normal to the finger and I the
unit vector along its direction of propagation; and

Tb
~in' —0o+ 1212@

(4)

where (()o is the constant value of the potential inside the
inviscid Quid, T is the surface tension between the two
Quids, and x the curvature of the interface. At the walls
of the channel, free slip boundary conditions are as-

the three lowest values of a. In the last section we dis-
cuss the large-a limit where the inner region was shown
in I to split into two subregions, defining a new inner
problem. This led us to give a prediction for the large-n
behavior of the a„'s, which depends on a constant issu-
ing from the nem inner problem. Here we calculate ex-
actly this constant, following the lines developed in the
previous section.

II. DERIVATION OF THK INNER PROBLEM

sumed. Far behind the tip of the finger, the viscous Quid
remains at rest ($~0), whereas, far ahead of the tip, it
moves at velocity V =A, U.

As usual in two-dimensional problems involving har-
rnonic functions, it is convenient to introduce a stream
function P defined as the harmonic conjugate of P.
McLean and Saffman noted that this stream function be-
comes constant on the interface when one works in a
frame of reference moving with the finger. If one defines
Z =X+i1; k=P+ig as, respectively, the complex
coordinate and the complex potential in this frame (for
proper normalizations see Ref. 6), the transformation
Z~@' maps conformally the flow region between the
point ASCDE in Fig. 1 into an infinite strip of unit
width in the potential plane. A second conformal map

—( k —po)n
vcr—=s +it =e

d d8
kqs qs +cosg —g =0,

ds ds

maps 6nally the Qow region in the upper half o plane.
In this representation, the interface AS goes into the
real segment 0 gs g 1, s =0 being the trailing part of the
finger (@"~+ ao ) and s =1 corresponding to the finger
tip ( k=Po). In Fig. 2 we have drawn the o plane, indi-
cating the positions of the various points of interest
ABCDE.

Rather than solving directly for Z in terms of @", it is
simpler to study the quantity 1@'/dZ which by
definition is the complex velocity u„—iu~ relative to the
finger. At the interface this velocity has to be tang;ential
to the profile and may be written as ge ' where 8 is the
angle between the tangent and the x direction. Note
that g, the modulus of the flow velocity at the interface,
is equal to dgldS if S measures (dimensionless) arc-
length from the tip. Making use of the analytic proper-
ties of the function ln(dt'/dZ) in the upper half tr

plane, one gets the first relation between q =(1—A, )g and
8=8—ir

lnq = PJ—s i 8(s')
m o s'(s' —s)

On the other hand, Laplace's law for the pressure at the
interface (4), is expressed in the moving frame. By
difFerentiation with respect to arclength S, this gives the
second equation.

where the dimensionless parameter k is defined as

FIG. 1. The How region in the physical z plane (half-6nger
profile).

0 Half finger, & S~meetr~ axis s

E A C

FIG. 2. The Aom region in the o plane.
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Tb mk=
12pUa (1—A, )

These equations must be solved with the following
boundary conditions:

at the finger-tail, 8(0)=0 and q(0)=1

E |stall

Im(V) ii

0 ix

C

V Plane

5IImeetr~ axis

at the tip, 8(1)= ——and q (1)=0 .
2

Once a solution of these equations is known, the corre-
sponding value of A, is deduced via the relation

Finger

Re (V)

FIG. 3. The Bow region in the U plane. Symmetry proper-
ties beconM obvious.

ln(1 —A, ) =—f, ds' .
1 & 8(s')

0 S
(10)

Equations (6} and (7) together with (9) and (10) consti-
tute the problem to which McLean and Sa6man reduced
the determination of 6nger shapes. In the k =0 case,
the continuum of solutions discovered by Sa8'man and
Taylor is recovered: qo(s) = [(1—s)/( I+sa)]', 8o(s)
=cos 'qo(s) with a=(2A, —1)/(1 —)(, ) . Now we want
to study the small k limit and show that this continuum
is broken into a discrete countable family of solutions
with k decreasing toward —,

' as k goes to zero.
As explained in I, our strategy consists in identifying

the regions in the o-plane where the capillary term in (7)
(or at least its analytic continuation) becomes dominant
and regular perturbation expansion in k breaks down.
After continuing the McLean and Saffman equations in
the complex plane, one de6nes in this small region a re-
scaled problem (or inner problem) where the small pa-
rameter k has disappeared and which captures the singu-
lar effects of the capillary term. As a boundary condi-
tion on the solutions of this inner problem, one requires
that they are asymptotic in the large distance limit to
the zeroth-order solutions q0, 80. It turns out that this
can be achieved only for a discrete set of values of the
parameter a = la ~

/k and a&0. The inner region
contains therefore the whole selection mechanism.

In order to be more specific and to justify our state-
ment, we will consider the whole finger and not a half
6nger as done by McLean and SafFman. The solution for
the velocity in the lower part of the cell is obtained by
symmetry with respect to the cell axis from the one in
the upper part (more precisely we consider only such
symmetric fingers). This means that the corresponding
complex velocities are complex conjugates. In the com-
plex o plane, the lower part of the cell corresponds to
the lower half plane and the solution in this half plane is
complex conjugate of the one in the upper half plane.
Since qe

' is real in the interval (l, ao) of the real cr

axis, the solution in the lower half plane is merely the
analytic continuation through this interval of the one in
the upper half plane. However, the o representation is
now rather inconvenient since the 6nger is represented
by a cut [O, l] on the real axis. Although our analysis
could be carried out in this representation, we introduce
for convenience a new variable u by o =cosh (u/2).
This is illustrated in Fig. 3 where the u plane has been
drawn with the various lines of interest. The upper half
finger corresponds to the interval ( —ao, O] of the real u

axis while [0, ao ) corresponds to the lower half, the

lnq (u}=— 1

ncosh'(u /2)
tanh(u'/2)8(u')

tanh (u'/2) —tanh (u/2)

U d U d8
kqcoth —

q coth
2 do 2 dU

—q +cos8=0 . (12)

Equation (11) is simply extended in the upper half com-
plex U plane:

1

cosh'(u /2)

X
tanh(u'/2)8(u')

tanh (u'/2) —tanh (u/2)

lnq (o) i 8(o }=——

=I(u) . (13}

Since I(u) is even with respect to u, we obtain by letting
U go through the upper half plane to the real positive
axis

lnq( u)+i8( —u)=ln—q(u) —i8(u) . (14)

This leads to lnq( —u)=lnq(u}+in if we use the fact
that 8(u)+ n. /2 is odd. This shows that Eq. (13) respects

physical region being mapped into the strip 0& ImU &m.
The symmetry with respect to the cell axis is now
rejected in a symmetry with respect to the imaginary
u axis, the complex velocities ge ' on the left side and
the right side being complex conjugate.

Since we want to continue the Mcl.ean and Sahan
equations on the positive real u axis, we must still use
8=8—m in order that 8(u) is continuous when one goes
from the upper to the lower half finger. Since 8(u)+m /2
is nothing else but the angle between the channel axis
and the outward normal h to the finger, it is clearly an
odd function of U on the real axis. However, on the
lower half finger the angle of the velocity with the x axis
is no longer 8 but 8—m. Since ge

—'e is the complex
velocity, this implies that q (u) is odd and not even as is
the modulus of the velocity.

Therefore both quantities 8(u)+m/2 and q(u) are odd
functions of u. We can check that the continuation of
the McI.ean and SafFman equations is compatible with
this parity. In terms of the u variable Eqs. (6) and (7)
read
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the odd parity of q (u) and 8(u)+ m /2. The same is obvi-
ously true for Eq. (12). The existence of a symmetric
Anger satisfying the McI.ean and Sa8man equation is
therefore equivalent to the existence of an odd solution
q(u) and 8(u)+ir/2 to Eqs. (12) and (13). Another way
to say it is that q and (8+ir/2) have to be purely imagi-
nary on the imaginary U axis.

It is easily seen from the expressions of the Sahan-
Taylor solutions that the perturbation expansion in k be-
comes increasingly divergent near so ———1/o;. In the U

plane, this singularity splits into a pair of singularities
given by uu=iirk2argsinh(~a). There are other an-
tecedents of so which are obtained from Uo by 2m

translations along the imaginary axis but which are
equivalent to uo due to the periodicity of q(u) and
8(u)+m/2. For a&0 (or A, & —,'), the pair of singularities
is purely imaginary, whereas for a & 0 (k & —,

'
) it rotates

by ir/2 around its center im (see Fig. 4). Note that, in
the case o. ~O, the singularities in q are located in the
physical plane on the walls, whereas, when a&0, they
are located on the axis of the channel. It should be kept
in mind, however, that the Now is not singular in the
physical domain: a singularity in q does not imply the
existence of a singularity for the Sow field, qe 's. It will
turn out that the small-k limit corresponds to small
values of

~
a

~

and we will be interested in studying Eqs.
(12) and (13) in the neighborhood of iver In this. region
I(v) admits a regular expansion in powers of k, because
it is entirely determined by the behavior of 8 on the in-
terface which will depart only slightly from 80 in the
small-k limit. Hence we may write

I(u)=ID(v)+kI, (u)+O(k ) .

Re(x) )i Im(w)

In the following we shall limit the expansion to zeroth
order in k and use for q

q (u) =e ' e'@"'[1+0(k)] . (16)

—2i Ho0)ie, (1+e
qo =cosOp =e

2

which, by comparison with Eq. (16), gives at once
—2iso

[1+0(k)],is(U) ( 1+e
2

Eq. (18) relates univocally the varying part of q(u) and
8(u) near their singularities. Note, however, that Eq.
(18) implies that the physical quantity qe

' remains
everywhere regular even at the singularities of q or e' .
From the expression of qo and Eq. (17) we get for
u =iir+w with

~

w
~

&&1

2—2l 80
qo =—4e —a [1+O(w )] .

Equations (18) and (19) allow us to simplify the quantity

(q —cos8) present in the differential equation as

q —cos8=+ — [1+O(k,w )] . (20)
1 1

q2 q2

By O(k, w ) we mean corrections which are at least ei-
ther of order k or of order w compared to the dominant
terms. In the same spirit we may transform the
differential operator near i m. as

U d v d8
kq coth —

q coth
2 2 dU

iIO(u)
The factor e may be simply calculated by going back
to Eq. (12) at k =0:

iq —w —[1+O(w )] . (21)
w d dq
4 dw dw

Im(x) Re (w)
Finally we end up with

ikw w = q +a — [1+O(k,w )],d dq 2 W 2

dw dN

(22)

Re(x) ~~ Im (w)

where the two small parameters are still present. By re-
scaling the function q and the variable w as
q = —&'Q/~ a

~

' and w =2i
~

a
~

' x we get the equa-
tion given in I:

lm(x) Re(w)

FIG. 4. An enlargement of the singular region. The singu-
lar points are denoted by an asterisk.

where @=sign(a) and a =(
~

a
~

~ )/k. Note the rota-
tion by —m. /2 of the x axes of coordinates. This con-
vention differs from the one chosen in I. The range of
validity of the inner equation is determined by the condi-
tion that the neglected corrections are indeed small.
This is the case as long as

~

w
~

&& 1 or
I
x

I
«1/

I
a

I

'", w»ch co«esponds «»arg«om»n
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for the internal variable x. On the contrary, the pertur-
bation expansion is valid as long as x ~~a ' [that is as
long as a '(xd/dx)(xd/dx)Qo is small compared to
Q

—2]
In the next section we will find that solutions of the

Saffman-Taylor problem exist for values of the parame-
ter a of order 1 or larger. This means that the inner re-
gion and the outer one have a large overlap and the
matching procedure is then consistent. The usual behav-
ior of Saffman-Taylor solutions when m is small may
therefore serve as a boundary condition on Q in the
large x limit:

1
Q =—Q —=—for

i
x

i
~+ ~ ——& argx &—0=

2 2

The next section is devoted to an exact calculation of
the smallest values of a, corresponding to the lowest
branches of solutions. As we have already mentioned in
I, the results agree very well with known numerical cal-
culations. ' %'e recall that. in the large-a limit we have
shown in I that the inner region separates in turn into
two smaller regions of width a around each singu-
larity x =+@'~ . Then by using a &KB approximation
we predicted for the asymptotic behavior of the selected
nth eigenvalue

g„=2(n + —,
' —5}2, n CX (26)

where 5 is a constant which depends only on a reduced
inner problem, written around one isolated singularity.
Surprisingly, in Sec. III, we mill see that this relation
seems to hold with a good precision, even for the lowest
values of a. In Sec. IV, to be complete, 5 is exactly cal-
culated from direct analysis of the reduced inner prob-
lern.

Before turning to these sections, we wiH take a slightly
different look at the problem and also try an approxi-
mate linear solution to our nonlinear eigenvalue prob-
lem, which serves as an introduction to our complete
treatment of Sec. III. Up to now, we have considered
that a and k go together to zero and we were led natu-
rally to work at fixed a =

~

a
~

~ /k. We will now work
at fixed a and ask whether there is a solution which
reduces, in the limit k~O, to the Saffman-Taylor solu-

(24)

Equations (23} and (24) define our inner problem which
depends on (2A, —1) and k only via the sign of (2A, —1)
(as reilected by e } and the parameter a. Solutions of this
problem will be found only for discrete values of a and

Note that since we are seeking odd solutions ana-
lytic in the upper U plane their real parts have to vanish
on the imaginary U axis, and another way of stating the
boundary condition (24) is

1
Q =—for Imx ~—oo,

X
(25)

ImQ =0 for x real .

This is this last form, completely equivalent to the
preceding one as we will see later on, which we used in

tion. Since it does not cause any complications, we work
with the original McLean SafFman equations with the
variable s.

As we have seen, a perturbation expansion in k breaks
down near the singularity of the Sa8'man-Taylor solution
qo(s) located at so ———I/a. In the vicinity of so, the
real solution is very diiferent from qo(s) and the problem
is 6nding out if there is a solution which behaves as
qo(s) far away from so. We will show that, for a&0,
this is not possible for all the directions in the complex
plane.

As before, we extend the McLean and Saffrnan equa-
tions into the upper half s-plane. %e have

Inq (s) i 8(s—) =I (s)= ——f, , ds',s i 8(s')
0 s'(s' —s)

(27)

where I(s) is analytic everywhere except on the interval
[0,1].

'

Setting

f (s) eteisj
q (s)e

—1(s) (28)

and introducing the variable z with dz =e ds/s, Eq. (7}
is transformed into

z —zo ——( —Zia,k), f =( 2ia ik—) '
g . (30)

Q

[The a„ introduced in the expansion of (2e —1) have
nothing to do with the eigenvalues we are looking for; to
zeroth order a, = —a/8(a+I)]. All the terms in the
expansion of 2e —1 except the first one turn out to be
negligible for the matching between the inner problem
and the outer Sahan-Taylor solution. Therefore we are
1eft with the inner equation

d g 1+- =X. (31)
dX g

We look for a solution which behaves as f =- (2er
—1) ', that isg =X '~ for ~X

~

set g =X ' +h. For
~

X
~

large, we want
ii ~X

~

' &&1 and we can expand 1/g to lowest order
which gives

d2Ld /l 2~~ 3/2 3 ~ 5/2

dX
(32)

This equation rules the behavior of ii for large ~X ~.
%e show now that it has no solution satisfying
h fX[' «1.

The solutions H(X) of the homogeneous linear equa-
tion are easily found in terms of Bessel functions. %e
choose

H(X)=X Kig7( 7v 2X ) (33)

12
2ik — +f '+1—2e'=0 .

dz

Now we assume a&0. The Sahan-Taylor type solution
is obtained by neglecting the first term, which gives
f =(2e —1) '~ . There is a singularity at the point zo
for which e = —,'. To zeroth order in k, zo =z(so). We
then perform an expansion around zo as 2er —1

= ga„(z —zo)" and next a change of scale:
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However, this solution diverges in the wedge
—6m /7 & argX & 2n'/7 a—s —3PH (X)/4 where the con-
stant P is

P= f " ' dy/H'(y) f"dtH(t)t-'". (35)
co eXp( —4i n I7)

(this constant can be estimated by a saddle-point
method, but is has clearly no special reason to be zero).
In conclusion, there is no solution of Eq. (31) which can
match X ' for large ~X

~

and for all directions in the
complex plane. %'e note that one can easily obtain from
Eq. (31) an asymptotic expansion of g which satisfies ap-
parently hX'/ «1 for

~

X
~

~ ao. But this neglects ex-

ponentially small terms which produce exponentially
large terms when they are continued analytically for all
values of argX.

We turn now to the case o =O. The singularity of the
Saffman-Taylor solution is for so= 00 and qo behaves as
( —s)'/ for large s. We want again to match this behav-
ior to a solution of Eq. (29) for

~

s
~

—+Do. For large s,
we have the expansion 2e —1 —= 1 —2A, —b is. The
higher-order terms turn out to be irrelevant. To zeroth
order b = 4. Rather than z it is more convenient to use
a variable proportional to exp[ —(1—A, )z/2] (this is basi-
cally 1/s'/ ). After the rescaling

y =6[(1—A, ) k/2] / exp[ —(1—A, )z],

f = i [(1—1—, ) k/2] ' G,
(36)

we obtain the inner equation

y„y—„+6 =y +C,d dG
dp dp

(37)

where C=4(2A, —1)/k . This is nothing else but Eq.
(23) which is recovered by the further change of vari-
ables y =

i
C [

' x and G(y)=
i
C

i

' Q(x).
As before we make a stability analysis. We look for a

solution which behaves as 1/y for large
~ y ~

[this corre-
sponds to the ( —s)'/ behavior of qo]. We set
G(y)=1/y+H, (y) and investigate if there is a solution
H& which satis6es H&y g~ 1 for large y. The lineariza-
tion of Eq. (37) then yields

dH) ]
3' 3' —2g H] =C—

~3' dp 3'

We choose the following solution of the linearized equa-
tion:

It diverges exponentially for large
~
X

~

when

~
argX

~
~ 2m/7. The general solution of Eq. (32) is then

found in terms of H(X). It diverges, in general, ex-
ponentially for large

~

X ~, but by a proper choice of the
integration constants we obtain the solution which
satisfies hX'/ ~0 for ~X

~

—+oo in the two wedges

~
argX

~
& 2m. /7 and 2m/7 & argX & 6n /7 I.t is given by

h (x)= ——,'H(x)f,y f dh H(r)r
x H'(y)

K (y) =Ko((2y)'/'/3), (39)

(40)

Again this solution diverges in general for ~y ~

~Do
and —m &arg & —n/3. But this time we have the addi-
tional parameter C which can be chosen to avoid the
divergence. If we choose C in such a way that

f" dz[zK'(z)] ' f "
dt K(t) ———, =0,

cc eXp[ —2i n/3 j z t

(41)
then H, will satisfy yH, «1 for

~ y ~

~ ao and
—m ~argy ~ m. This means that we have a solution 6 of
Eq. (37) which behaves as 1/y for large ~y ~

and for all
directions in the complex plane. Therefore, for this 6xed
value of C, matching is possible. Unfortunately Eq. (41)
is not quantitatively correct (it gives a single value of C,
not an infinite set) because nonlinear terms which have
been omitted in our linearization cannot be neglected.
This matter is taken up in the next sections where the
correct values of C are found. We note that our pro-
cedure is not the only one which allows us to obtain an
approximate linear problem for Eq. (37). We could
rewrite Eq. (37) in the form convenient for the large C
analysis as we do in Sec. IV. Then this equation can be
linearized and leads to an in6nite number of solutions.
This is the spirit of several approaches. '

In conclusion we have shown that in the limit k ~0,
for i(,&-,' (a&0), it is not possible to have a complete
matching between a solution of the McLean-Sahan
equations and a Sa8man-Taylor solution qo near the
singularity of qo. On the other hand, complete matching
is possible if we choose for qo the A, = —,

' (a=0) Sahan-
Taylor solution. This result provides a simple way to
understand why the k= —,

' Sa8'man-Taylor solution is
selected for k~0. We note also that, for A, = —,', the
singularity of the Sahan-Taylor solution qo(s) is for
s = ~. But the McLean-Sa6'man dift'erential equation
has also a singularity at s =ac. Therefore a possible
simple way to understand the selection mechanism is to
say that, among all the possible zeroth-order solutions
qo(s), the solution whose singularity coincides with the
singularity of the difFerential equation is chosen.

We end up this section by showing that the two
boundary conditions that we have used, namely reality
of G(y) on the real axis and G(y)-1/y for ~y ~

m in
all directions, are actually equivalent. Indeed if
G(y)-1/y for ~y ~

~co m all the directions of the y
complex plane, this means that there is no transcenden-

where Ko is the modified zeroth-order Bessel function.
It diverges exponentially for large

~ y ~

when

~
argy

~

&m/3. The solution of Eq. (38) which satisfies
yH, «1 for large ~y ~

and —m. /3&argy «m. is

ao exp(2im /3 ) dz
H, y =Ky

zK (z)
t

tK t
oc C 1

z 2
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tal terms in 6 (y) (these terms being exponentially small
for some directions and exponentially larger for others,
owing to the Stokes phenomenon). Therefore 6(y) is
correctly represented by the asymptotic expansion easily
generated from Eq. (37). This expansion has obviously
real coefficients and 6 (y) is real on the real y axis. Con-
versely if 6(y) is real on the real y axis, by analytic con-
tinuation the values of 6(y) in the upper and lower
complex half planes are complex conjugate. Therefore if
we choose 6 (y)-1/y in the upper half plane (we have
seen that this is possible; this will be seen again in the
next section}, we will have the same behavior in the
lower half plane. The equivalence between the two
boundary conditions will be quite explicit in the next
section.

III. SOLUTION OF THE NONLINEAR
EIGENVALUE PROBLEM

d dG 1

yd yd + 2
——y +C

dy dy 62 (42}

In this section we obtain an essentially analytical solu-
tion of our eigenvalue problem. We show that all the re-
quired information is contained in the asymptotic expan-
sion of 6(y). More precisely we only need to know the
limiting form of the coeScients in this expansion for
large order and we reduce the problem to an algebraic
solvability condition on this limiting form. Our solution
is not completely analytic only because the convergence
toward the limiting form happens to be rather slow, and
in order to obtain a good precision on the "eigenvalues, "
it is practically necessary to use numerical methods. But
this is not a general limitation of the method, this is only
a property of the specific differential equation we have to
deal with. We note that one of the advantages of our
analytical procedure is to make explicit the appearance
of exponentially small terms, as we will see.

We want to find the values of C for which

tegies to solve this dif5culty. The first one is a natural
refinement of the above-mentioned linear approach. In-
stead of keeping only the 6rst term 1/y in the asymptot-
ic expansion of 6(y), we keep the first ¹h terms
y-', y-', y-'. . .y-~, and write

N —1

6(y)=y ' 1+ g a„y " +H~(y) . (44)

We can hope, and we will show, that when we go to or-
der y in the asymptotic expansion, the corresponding
corrections H~(y) will satisfy an equation like Eq. (43)
with a precision which increases indefinitely when
X~ 00. If this is so, what we have to do is just to write
for Hz, instead of H „the condition under which there
is no exponentially growing terms for large

~ y ~

and let
X go to infinity. In this way we will have an exact solu-
tion of our problem.

Since this first approach forced us to contemplate the

asymptotic expansion of 6 to arbitrary high order, we
considered if it would be possible to sum the series and
get the result. So our second method consists in Borel-
summing the asymptotic expansion of 6 to obtain direct-
ly the solvability condition.

A preliminary step is, therefore, to study the asymp-
totic expansion of 6 and this is the subject of the next
subsection. Following Dashen et al. , we shall show
that, in contrast to what one might think at first, the be-
havior of this expansion for large order is simple to ob-
tain. We then present the two methods successively and
end this section with our numerical results for the eigen-
values.

A. The asymptotic expansion of 6

We plug the full asymptotic expansion into Eq. (42)
and we find the coeScients by identification. Let us set
y = 1/u. Equation (42) becomes

has a solution 6 (y} which behaves as 1/y for
~ y ~

~ oo,
or equivalently is real on the real axis. As we have seen,
exponentially growing terms possibly appear when, for
large

~ y ~, we linearize the equation around 1/y. If we
set

6(y)= —+Hi(y),1

y

where H, (y} is expected to be small, we obtain for H&(y)
the following equation:

62
Q

We write

6 =u g a„u", Gi=u~ g g„u",
n=0

where we have obviously the nonlinear relation

pa a„

(45)

(46)

dH& —2y H) =C—
dy

and unless we make a special choice of C, this linear
equation has exponentially growing solution, as we have
seen in Eq. (41) and will follow from the calculations
below. However, the trouble with this "linear" ap-
proach is that it is inconsistent to retain only the erst
term 1/y in the asymptotic expansion of 6(y) as all the
higher terms are giving comparable contributions to the
exponentially growing mode. %'e have found two stra-

Again, the a„we have introduced in the expansion of 6
are difFerent from the desired eigenvalues of our prob-
lem. This should not confuse the reader.

Carrying the expansions for 6 and G in Eq. (45} and
making use of Eq. (46) to obtain ao, a „and a~ from Ao,
3 „and A2, we And the following nonlinear recursion
relation:

and for n & 3
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A„=—CA„2+ g (m+1) a (48)
Actually since a& has a factorial behavior it is more

convenient to work with

A„=-2a„, A„=(n —2) a„ (49)

For each n, A„ is obtained from Eq. (48) and then a„ is
extracted from Eq. (46).

Now we can see that for large n Eqs. (46) and (48) are
consistent with a factorial-type growth for A„and a„.
Namely, if wc assume that the dominant terms are the
m =0 and m =n terms in Eq. (46) and the m =n —3
term in Eq. (48), we have

n=0
(54)

where for n & N the b„'s coincide with the a„'s:

b„' '=a„„n &X (55)

and for 0 & n g X, the b„'s are calculated from
a~, aN+, , a~+& by making a backward use of Eq. (50).
Explicitly,

Thcrcforc,

a„=a„ i(n —2) /2, (50)
b (N) pP

[(X 2+—~)(N 5+~—) (X —3p +v+1)]'

which leads to +~%+7. s (56)

( n ( )2/32 —n /3
Pf

{51)

With this behavior it is easy to check that the terms that
we have retained are indeed the dominant ones, since,
for example, a„~/a„-n i'/ (when p ~~n) and more-
over that the sum of all the subdominant terms stays
negligible compared to the dominant ones.

The major simplification for large n is that the recur
sion relations [Eqs. (49} and (50)] are now hnear so that
we can give precise estimates of o„. Namely,

I'

, 2
I'(tt +(~+1)/3)

I((~+ 1)/3)

where v=0, 1,2 and 0 & 3p —1 & N. Now G~(y) satisfies

dGN

2 dy dy
3G (b(N)yi+bIiviy+b(N) )

and lim~~
~

„G~(y)=0 if limni
~

„Htt(y)=0 and re-
ciprocally. But bo ', b'& ', and b'2 ' are no longer factori-
ally large. They have as finite limits bz, b&,b2, previously
defined in Eq. (51).

We see that Gz satisfies an equation quite analogous
to Eq. (43). More precisely, from Eq. (43), G(y}—=y
+H, (y) verifies

The exact value of the b, 's, which are functions of C
only, are of course determined by the complete nonlinear
recursion relations. %C will return to this point at the
end of this section. %e now proceed to the solution of
our nonlinear eigenvalue problem.

d dG
'dy 'dy

2—y 6=—y +—
2

2= —(aoy +a,y+az) .

n=X
(52)

we remark that Htt(y) with initial conditions az, aN+i,
Q~+2, 1s a solution of

8. Reduction to a renormalixed linear problem

Since the recursion relation Eq. (50) is hnear for large
n, we can solve exactly this relation and find a„ in terms
of the "initial conditions" az, a&+ &, a&+2 obtained from
the exact equations Eqs. (46)-(48) where N is a large
fixed number. Clearly if we let N go to infinity, our re-
sult will go to the exact solution. In order to find HN(y)
represented by

Therefore, comparing Eqs. (57) and (58), we see that
solving exactly up to a&+2 and using beyond that Eq.
(50) is just equivalent to renormalize the original
coef5cients ao, a, ,a2 in the inhomogeneous terms of Eq.
(58) into b(N) b(N) b(w

Now our program is clear: we have to find under
which condition on bo ',bi ',b2 ' we have
lim

~~ ~

„Gz(y)=0. Then if we let X~ ao, that is if we
replace bo ', b'~ ', b2 ' by their limits bo, b~, b2 we will
have the exact solution of our problem.

We have already written the boundary condition when
we have studied Eq. (38) [which is the same as Eq. (43)].
VAth our variable y, we can rewrite the solution of Eq.
(57) as

2 tV

2 city

—y ~+= —any

G~ (y )=K (y ) I dt F ( t ),
with

F(y)= I dt K(t)J(t)/t,
yK (y}

(59)

(60)

as can be seen by inserting directly Eq. (52) into Eq. (53).
Precisely H~(y} is the solution of Eq. (53) which goes to
zero for ~y ~

~ao.

where J (y) is the right-hand side of Eq. (57) and
K (y) =Ko[(2y) '/3]. The boundary condition Eq. (21)
[expressing lim~

~

„Gz{y)=0]becomes
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where yo is anywhere on the real axis [but with yo p0 in
order to avoid the singularity of K(y) for y=0]. This
implies in turn that

ImG)v(yo) =0 . (63)

oo exp{ —2i m. /3)

If we take the path from me-' " to ~e""/3 sym-
metric with respect to the real axis, it is easy to see that,
because I'(y*)=F"(y}, Eq. (61) is equivalent to

Im f F(y)dy =0, (62)
fp

Therefore, G)v(yo) is real on the real axis which shows
explicitly the equivalence between the two boundary
conditions.

In order to make this condition explicit, it is more
convenient to rewrite G)(, (y) in terms of two independent
solutions of the homogeneous equation [this amounts to
performing a by-part integration in Eq. (59}]. We choose
K(y) and I(y) iK—(y)/nwh. ere I(y)=ID((2y) /3).
For y~+ oo, K(y)~0 while I(y) iK—(y)/m diverges.
For y~aoe ' /, K(y) diverges and I(y) iK—( y)/m~O.
Since the Wronskian" of K(y) and I(y) iK—(y)/m is
3/(2y), G)v(y) is given by

G)v(y) =—I— f dt [KJ/t] ', K —f-dt [(I iK/tt—)J/t), (64)
7T (X) oo exp{2i m/3)

where the boundaries of the integrals have been chosen to ensure G)v(y)~0 when y ~ 0() or Doe
' / . For yo real pos-

itive

4K (yo) 3'o

ImG„(y, )= — f dt(KJ/t)+Im f dr [(rrI iK)J/—r]3'll co exp{2in/3)
(65)

Therefore, condition Eq. (63) implies that the large
parenthesis on the right-hand side of Eq. (65) must van-
ish. Now we let yo~ 00 in this parenthesis which leads
to the simple boundary condition

We have seen above (III A) that the coefficients of the
asymptotic series of G (y) have a factorial type of
growth, so that the radius of convergence is zero. In or-
der to proceed, we de6ne, as usual, a new series:

Im f dt[rtI(t) iK(t)]J(t)/—r =0 .

2n!
(69)

We note that Im(nI iK)~—0 exponentially for both
boundaries of the integral. This is the motivation for
our choice of this combination.

Replacing J(t) by its explicit expression, we are left
with various integrals involving Bessel functions. These
can be done analytically. The details are given in the
Appendix. The resulting condition is

The coefficients of this new series are no longer growing
too quickly and we can And their asymptotic behavior
for large n given the estimate of a„obtained before [Eq.
(51)]. That is,

b(N) + I/b(N) + II/b(N) 0 (67) n (4r —5)/6( 9 )n
I'((r+ 1)/3)

(70)

V=6)/3, , W=(2}2"I', r=l(-,').
4m

Numerically V=2.370 69. . . and 8'=2.632 99. . ..
%'e will now give another derivation of this solvability
condition before making use of it in the last part of this
section.

8,(z) is therefore a convergent series of
~

z
~

~ —', and
de6nes an analytic function there. If we try to And for
B,(z) an analytic continuation in the complex plane, Eq.
(70) readily shows that the closest singularity to zero of
B,(z) is located at z, = —,

' and that the behavior of the
singular part of 8 I,

'z) near z, is given by

( ) / I ((4++1)/6}
$ (1 9

)
(4T+))/6—

I'((.+ 1)/3)

C. 6 from a Sorel summation of its asymptotic series (71)

In the previous section, we have obtained a solvability
condition that depends only on the behavior of the
coefficients of the asymptotic series of G(y). Here, we
show that we can obtain this solvability condition direct-
ly from the asymptotic series of 6.

Since we will be interested below in values of z on the
real positive axis, we choose a particular continuation
with a cut in the lower z half plane.

In order to go backward, from 8,(z) to G(y), we
de6ne
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t2G(y)=, , J dr e '8,
3'

(72)

We then identify G(y) and g, OG, (y) which satisfy
the same diN'erential equation and which have the same
asymptotic series in some sector of the lower y half plane
(for example, —m/2&argy & —m/6). Now that we have
an explicit representation of G(y), we can find when
G (y) is purely real on the positive y axis.

So we analytically continue G {y) from the axis
argy = —m/3 to the real positive axis (staying along the
way in the lower half plane). On the real positive axis,
we find, for each ~

T

+ dt e '8,
y 1+7 (8 3/9)1/2

(73)

The noticeable point in this seemingly vacuous equation,
is that only the second integral can contribute to the
imaginary part of 6,. Moreover, its asymptotic behav-
ior for large y is dominated by the neighborhood of
[Sy /9]'/, so that it is possible to replace b, by its
singular behavior near this point Eq. (71). We obtain,
therefore,

6,
ImG (y) (

2 )(v+ I)/3
r'((~+1) /3)

37T3

v/2y 3/2 exp[ —{~V')'"]

V'n r{(4r+ 1)/6) . 4&+ 1
exp im di 8y'+' I {(v+1)/3)

I

and after a straightforward evaluation of the remaining integral
' 1/2

' —(47+ ] )/6

(74)

(75)

(The careful reader might be worried that the integral to
be computed seems divergent for v=2. This happens be-
cause in Eq. (73) there are actually three integrals not
only two: we have not written the integral along an
infinitesimal half circle around the singularity at
t=[Sy /9]' . This integral is actually negligible for
~=0, 1, but it diverges for v=2 and cancels the diverg-
ing part of the integral that we have kept, thus giving
the finite result in Eq. (75).)

The first nice point emerging from this calculation is
that the functional form (in y) of the imaginary part is
the one predicted before by a linearization around a
truncation of the asymptotic series. But now we have
obtained the coefficient in front of this imaginary part.
The requirement that ImG =0 (i.e. g, OImG, =O) gives
the previously obtained solvability condition

r4(-')
bo+b, 6'/ +b2( —', ) 'r'( —,

'
) =0

4m

It is interesting to note that all the information we
need to express our solvability condition is contained in
the asymptotic expansion. This is not so obvious since
one might well have thought that any information on
transcendentally small terms was beyond the asymptotic
expansion.

If we take the X =0 values for b', ' (namely
1,0,—C/2), we find from Eq. (67) the (single) solution
C& ——2/W=—0.759. This is quite near the numerical re-
sults and raises the hope that the convergence as X~ {x)

is very fast. This hope is actually completely unfulfilled.
The b', 's go very slowly to their limits b, . Indeed for
large X, b', ' can be represented by a series expansion in
powers of C/X'/. Obviously one must go to fairly
large values for N in order to obtain a 10 "precision for
the limit since one must reach X-C 10 ". The problem
gets worse for large C.

D. Numelical evaluation of the solvability condition

Before proceeding to this last step, let us translate in
our notation the numerical results of McLean and
Sahann and Vanden-Broeck. McLean and Sa6man
find only what corresponds to the lowest solution C] for
our constant C. For k =0.069, 0.131, 0.273, and 0.597
they obtain„respectively, A, , =0.515, 0.524, 0.537, and
0.557. If we calculate 4(2A, —1)/k /, which must go to
C& for k ~0, we find, respectively, 0.713, 0.744, 0.703,
and 0.643. The extrapolation for k~0 is not clear be-
cause there is a maximum. If we extrapolate from the
last three figures, the result falls near 0.8. But in this
case the first figure is anomalous, perhaps because of im-
precision linked to the small value of k. For k =0.273,
Vanden-Broeck finds also the next two fingers widths
A,2 ——0.61 and A, 3 ——0.67. This gives 2.09 and 3.23 for C2
and C3, respectively. However, since k is rather large,
these can only be taken as indicative values.

%e have accelerated the convergence by solving
analytically for the first three terms of the series as func-
tions of the limits b, (but there is no problem in princi-
ple to go to any order one wishes). Then the first un-
known corrective term is of order C /X . %e have
next further accelerated the convergence by making use
of the Richardson extrapolation method. Finally, we
have found that, after these transformations, the mean of
the values for X, %+1, and %+2 converges markedly
more rapidly thgp the value for X itself. Naturally the
calculation of the b', 's from Eqs. (46)—(48) and (56) and
the acceleration procedures have been implemented on a
computer. %e have calculated the left-hand side of Eq.
(67) for various values of C and found numerically for
which C its zero.

In this way we have found the three lowest value of C.
We obtain
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Co ——0.8158, Ci ——2.950, C2 ——5.63

or (remember that a =C'/ )

ao ——0.7368, a t
——5.067, & z

——13.36

Our result for ao agrees nicely with the k ~0 extrapola-
tion of Mcl.ean and Sahan results (if the k =0.069
point is discarded). While writing this paper, we re-
ceived two preprints where the nonlinear differential
equation Eq. {42) defining our internal problem is solved
numerically. The results of Ref. 7 are

ao ——0.736 85, a )
——5.05

(the notation in Ref. 7 is 5=2') while those of Ref. 8 are

ao ——0.736 85, a )
——5.070, a2 ——13.37, a3 25 65

The agreement between these calculations and ours is
therefore very good.

—2 j7
1 a

In terms of the new variable and function we get

dr' 1

2 p2 (81)

The domain where Eq. (81) is valid defines a new inner
region of extension a «1 for large a. It is worth
noticing also that we obtained exactly the same equa-
tion, directly from the McLean-Saffman equations, when
we considered the limit k going to zero, a fixed [Eq.
(31)]. The following treatment could also be applied in
this limit but in the matching process the WKB solu-
tions [Eq. (86) below] of the internal problem would
have to be replaced by the corresponding expressions for
the McI.ean-Saffman equations. The fact that Q should
match with Qo translates into the boundary condition

IV. ASYMPTOTIC SEHAUIGR
OF THE NONLINEAR KIGKNUAI. UES

1F- for Im(r) —+ —ao . (82)

It is possible to find the asymptotic behavior of the
solutions of the inner problem in the large a or C limit
by using a second time the method of Ref. 5. We first
show that as a~ 00 it is given by the solution of a new
reduced inner problem which is parameterless, as
demonstrated previously in I. We then apply our Borel
summation procedure to solve this new inner equation.

A. Reduced ianer problem of the large-a limit

The internal problem obtained previously (Eq. 23) is

a 'x x +Q =1+xd dQ
dx dx

(76)

with, e.g.,

with the boundary condition Q -1/x for Im(x)~ —00.

It is clear that an asymptotic expansion in power of
1/a of a solution of this problem can be obtained,

Q =Qo+ —Qi+, Qi+
1 1

The possible exponential asymptotic correction to the
algebraic series in the wedge-shaped sector
( —6m /7) & arg( r ) & ( —2m /7) is computed by lineariza-
tion of Eq. (81) around the asymptotic value of F and
satis6es

3/2—2r F) ——0.
p

2
(83)

So the possible asymptotic behavior of F, in the wedge-
shaped sector { 6n/7) —& arg. r & ( —2m /7) is

F, -yr '/sexp(-', &-Zr7/4) .

argy will be obtained below from the solution of Eq. (81)
by the Sorel summation method. Now that we have ob-
tained the possible form of exponential corrections in the
inner region ( ~x+i

~
&&a ), we do the same in the

outer region and match the solutions.
In the outer region, the form of transcendental correc-

tions may be found by a %KB analysis. %e linearize
Eq. (76) around the first term of the asymptotic expan-
sion in 1/a, Qo=(x +1) ' and have to solve

1

(x 2+ 1 )i/2 (78)
—x x h —2(x +1) /h=0.1 6f cia

0 dx dx
(85)

(we choose a cut on the imaginary axis between —i and
i).

The Q„'s are odd functions of x. In order to decide
whether Q itself is odd, that is, whether the asymptotic
expansion is asymptotic for Rex~+ 00, we examine it
in the vicinity of one of its singularities x =+i say
x = i In the —ne.ighborhood of x = i„[x= i (1—y),— —
y «&1] the internal problem simphfies to

z+Q =27.
Egg

As before, the small parameter 1/a can be eliminated by
a rescaling of the function Q and variable y

The only acceptable solution (i.e., exponentially de-
creasing for Rex~+ oo) is

T

h =ho exp —v'2a I (x' +1)0 (x 2+ 1)3/8

(86)

where xo is an arbitrary point on the real positive axis.
The possible exponential correction of the internal prob-
lem [Eq. (39) of Sec. I] and h match. So, the searched ei-
genvalues are obtained when ho is real. In order to find
the phase of ho we have to match I', and h. For
x = i (1—y) n—ear i (i.e., y « 1) h —can be written as
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I

h-hoexp —&2a I (x' +1) /
xo X

X exp(&2a -', 2'"y'") .1

3/8

This is exactly the asymptotic form of F, [Eq. (84)],
considering relation (80) between y and r. So the phase
of ho is deduced from the phase of y by subtracting the
imaginary part of 49(n + 1 )(n + 3

) (91)

into Eq. (89) and find the coefficient by identification.
The first important property is that all the g„'s sre real
since go is real, and that Eq. (89) is a diff'erential equa-
tion with real coefBcients, which therefore gives rise to a
real recursion relation between the g„'s.

The second important property is that, as before, for
large n, only the linear part of the recursion relation be-
tween the g„'s matters. That is

which is equal to +7rv a/2. [We evaluate the integral
along a contour consisting of the segment [ i, O—), an
infinitesimal quarter of circle around 0 and the real posi-
tive axis from 0 to xo. Then only the infinitesimal quar-
ter of circle contributed to the integral and the result is
easily obtained. ]

This can be written as

' 1/2
1 (ar—gh o arg—y ),

and finslly the requirement that ho is purely real gives
for the eigenvalues

2

Q~ =2 n+ argy
7r

nCN .

This is, of course, an asymptotic evaluation for large n
but we will see below that surprisingly, even ao, a&,a2
are accurately described by this formula. %e now
proceed to the solution of the reduced inner problem
snd the computation of argy.

B. Solution of the reduced inner yrobleln

by the Sorel-resummation method

1 g(r7/2) (88)

Let us recall the strategy. %e search for I, solution
of Eq. (81), and boundary condition (82) from its asymp-
totic series. So, we first study the asymptotic series and
then sum it. The computation of the first few terms of
this series leads one to think that it involves only the
powers r ' "+" . So, we look for I' as

So we have the estimate for g„:
g„-g(~4')"1(n +-7')&(rt +-,') . (92)

H(F}= g, F" .
0 2n!

(93}

The asymptotic behavior of the coefBcients of this new
series is [using Eq. (92)]

gQ n
—13/14( 49 }tl

2n! 32 (94)

-t0
eQ

/
I

/IArg X=-27t t

0
Arg X=-3tr

The value of the constant g is of course determined by
the complete nonlinear recursion relation. Actually, the
convergence of the g„'s toward their asymptotic form
appears to be very quick and the computation of the first
few g„'s should sufBce to obtain a precise estimate of g.
As it will be seen below, the knowledge of the actual
value of g is not necessary for our purpose. The main
point besides the asymptotic form Eq. (92) is that f is
real as are the g„'s.

Now that we have seen that the coef6cients of the
asymptotic series of g (x) have a factorial type of
growth, we follow the path of Sec. IIIC to resum the
asymptotic series. %e define a new series

Using this expression into Eq. (81) it is easy to obtain an
equation for g (X =r ):

3g /X +21g'+49g "X=4 (89)

with the boundary condition

g(X}~1 as X~—ac+iO

%e plug the full asymptotic expansion of g
oo gg(X)= g, go=1

n=O + (90)

t contour for ArgX=O

FIG. 5. (a,) Evolution of the singularities +to of the in-
tegrand of Eq. (96) as a function of argX. (b) Final t contour
for argX =0.
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The singularity of H(y) closest to zero is located at
F=

~~ and js g1ven by
using Eq. (87) we obtain

ao ——0.6S31, a, =4.939, a2 ——13.22
(95)

to be compared to the exact values obtained before
In order to go backward from H( 1') to g (X) we use the
representation

g(X)= f dt e 'H
0 X (96)

g (X) &
2in/14X 1/'28( 1 &

Zin/14)—
' 1/14

I 4

On the Stokes line argr = —6m/7 (or argX= —3n)
g(X) is purely real, as it should, and is exactly given by
its asymptotic expansion. Now when one rotates in the
complex r plane and crosses the anti-Stokes line
argr = —4n/7 (argX = —2n), the singularity of the in-
tegrand in Eq. (96) at t0= —-4, v 2v X hits the real posi-
tive t axis from below [see Fig. 5(a)). Therefore, in order
to analytically continue g(X) up to the next Stokes hne
argX = It (whe—re exponential corrections become oscil-
lating and thus noticeable) one has to deform the in-
tegration path in the t variable, so that it goes around to
on the left side. It is even more simple to do the calcula-
tion of y on the next anti-Stokes line argX=0 or
argr =0 because the exponential correction becomes the
dominant term. Note, however, that this is here only a
matter of technical convenience. The matching to the
WKB outer solution given by Eq. (86) still has to be
done in the wedge-shaped sector —6n /7 & argr

2n/7 —When. one reaches the line argX=O, the
original t contour has been transformed as shown in Fig.
5(b). For large X, the major contribution to g (X} in Eq.
(96) comes from the vicinity of t0 and one easily obtains
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APPENDIX

When J(t) is written exphcitly, condition Eq. (66) be-
comes

Im f dt[IrI(t) iK(t)—]
(b(iv)t +b(iv1 +b( i)v/I ) (} (Al)

which gives after the change of variable u =(2t) / /3

(N)
2/3

b0 E1/3+b 1 E—1/3+ 2/3 ~2 ~ —1

{N) 2 (W)

32/3

ao ——0.7368, a
&

——S.067, a& ——13.36 .

Note that our result (98) leads to a value of
iA) =argy —Ir/2, as defined in Ref. 8, equal to
m/14=0. 2244, which is slightly difFerent from the nu-
merical estimate given in (Ref. 8), /=0. 2325.

E„=Im u u" BIO u —ir( 0 u (A3)

X e "u ' ' u exp — X
+ —u —1/14

' 1/14 'i

(X) Ie

in�/4X1/28

213/14 3/2 4
7

X ex 3/X (97)

Uslllg Eq. (88} alld COIIlpailIlg (97) with (84) we get fof
the phase of y the result

The contour in Eq. (A3) must avoid the origin by going
in the upper complex plane. We decompose this contour
in three pieces: Cl goes on the real axis from 00 to e,
C2 is a semicircle of radius e centered at the origin and
located in the upper complex plane, C3 goes on the real
axis from —e to —0o.

The integrals over C, and C3 are easily related. I0(z)
is an entire function and satisfies I0( —u)=I0(u) for u

real positive. The analytic continuation" of K0(z) into
the upper complex plane satisfies K0(ue'")

inI0(u)+K0(—u) for u real positive. Therefore,

4m
argy = +

7
(98)

Im f du u "(mI0 iK0)= f du —u'K0,
(A4)

Im f du u "(ItI0—iK0)=cos(nv) f du u "K0 .
C3

This completes our calculation. %'e have obtained an
explicit formula for argy because, surprisingly, it turns
out that the nonlinear complexity of Eq. (81}appears in
the modulus of y but not in its phase. As mentioned be-
fore, with this value of argy, the asymptotic formula Eq.
(87) works well even for the first eigenvalues. Namely,

For v=+ —,
' the integral converges for a~0, and the

contribution from C2 vanishes in this limit. Therefore, "

1
=—f du u K (u)= —y2+ 31 2( '+ '

) (A5)
3
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where I (x) is the Euler gamma function. For v= —1,
the contributions from C& a,nd C3 csnce1. For the C2
contribution we can take" Io (u ) =-1 and Ko(u )

= —[1n(u/2)+y] where y is the Euler constant. An

elementary calcu13, tion then leads to

2

We finally make use in Eq. (A5) of

P —,')1(—,')=2tr/&3 . (A6)
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