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Polarization of 2w radiation in scattering of circularly polarized light by free electrons
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It is shown that for circularly polarized incident light, the 2w scattered radiation is circularly po-
larized for small scattering angles, 8; for 6=1/2, the scattered radiation is plane polarized. In the
general case, the scattered 2w light vector traces out an ellipse with eccentricity sin6 and is elliptically

polarized.

I. INTRODUCTION

Great interest has developed in nonlinear effects in the
interaction of electromagnetic radiation since the inven-
tion of lasers, which are sources of coherent light, charac-
terized by a high degree of monochromaticity, high direc-
tionality, high intensity or brightness, and the advent of
optoelectronic techniques for detecting radiation of very
low intensity.! Englert and Rinehart? have recently made
measurements of the intensity of second harmonic (2w)
waves in the scattering of intense radiation by free elec-
trons. We suggest that it would be worthwhile first to
measure the polarization of the scattered radiation using a
polarizer in front of the detector apparatus, as this is
easier to do than to detect variations of intensity. There-
fore, we have made calculations of the polarization prop-
erties of scattered light under different conditions.® In
this paper we report the polarization properties of the 2w
scattered radiation in the scattering of circularly polarized
light by free electrons.

Vachaspati and his collaborators*~7 pointed out that
classical electrodynamics predict the presence of harmon-
ics in the scattering of monochromatic electromagnetic
waves by free electrons. Harmonics arise due to non-
linearities in the equation of motion, in the expression for
radiation field, and in the retardation effect.*~!! As
pointed out by Vachaspati,® if we write the equation of
motion of the electron in a plane-wave light field taking
account not only of its electric vector E, but also the mag-
netic vector H, the latter interaction gives rise to electron
oscillations with twice the incident frequency and conse-
quently to a second harmonic in the scattered light. It
has been found that for the special case of circularly po-
larized light, the harmonics are produced due to non-
linearities in the expression for the retarded electromag-
netic field due to the scattering electron. Many au-
thors®'! =1 using different techniques have confirmed the
results of Vachaspati et al.*’

II. SOLUTION OF ELECTRON
EQUATION OF MOTION

The Lorentz equation of motion for a free electron in
the field of a circularly polarized electromagnetic wave of
frequency @ and wave vector k =wn,, where n, is the unit
vector along the direction of propagation, is

d’z

m?-——e{E(z,tH-['zXH(z,t)]} . (1a)
(z,t) is the space-time position coordinate of the electron
and z=dz/dt is the velocity of the electron in a laborato-
ry frame. e and m are, respectively, the charge and the
mass of the electron. We take the speed of light as unity
and also take the mean position of the electron to be at
the origin.

The circularly polarized incident field is given by

E(z,t)=E[e cos(wt —k-z)+e,sin(wt —k-z)],  (1b)

where e, and e, are two mutually perpendicular unit po-
larization vectors. We call the direction of the electric
field as the direction of polarization. We introduce a unit
vector B, perpendicular to ngy in the plane of the paper
(the plane containing incident and scattered light) and
another unit vector B, perpendicular to the plane of the
paper such that the unit vectors (8,8,,n,) form a right-
handed coordinate system to define the incident light.
Explicitly,

(ngXn)Xn
Bl:— 9 0’ BZ:
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noXn

sinf
1e.,
Bi=B>Xn, . )

The expression (1b) for electric field can be written in
terms of B, f3,, and ng as

E(z,t)=Ey[(cospyB| +singyB;)cos(wt —k-z)
+(singpB 4 cosgoB, )sin(wt —k-z)]  (3a)
e;'Bi=eyBy=cosd, e;'Br=e, B =sing, . (3b)

The angle which the electric vector makes with B, is
called the polarization angle of the incident light and is
denoted by ¢, (see Fig. 1).

The coordinate of the electron at any instant ¢ can be
expressed in the form of a series as

=3 2", @

wherein z'V,z'?,z'3, ... denote successive terms in in-

creasing powers of the magnitude of the applied field E,.
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When this expansion is used in expressions (la) and (1b) III. POLARIZATION OF 20 RADIATION FIELD
and the first few terms to order E, are separately equated . )
to zero, we obtain In order to get the electric and magnetic fields generat-
ed by an accelerated electron at a retarded space-time
w0zl = eEo point (x,xp) at large distance r = |x|, we use (for

=7 om [ercos(er) +essin(wr)] ) method, see Ref. 4)

Escat — [Hsca!,n], Hscat — [n’M] s (6a)

e
,

We see that the second- and third-order solutions are not
contributing. The second harmonic (2w) is produced in
this case of circularly polarized light due to nonlinearities where n=x/r is the unit vector along the direction of
in the expression for the radiation field due to the motion scattered light.

of the electron (see Sec. III). On using (5), we get
|
M={(1—nz) > z(1—2 3 [—(zn)+(22)— (n-z)z%)+Z An-Z)]
—(1—=z)""1=n-z2) Y 2—2224+(22)2]} =M, +My,+ -, (6b)
where
EO 7 e2E(2) . —1 € 3E3 2 2 .
M,= |— | | =14+ —=-—— |(ejcosty+e,siny)) [(cos“a—cos“B)(e,cosy—e,siny)
8 wm? 8 w'm?
+2 cosa cosfB(e;siny+e,cosy) ] (6¢)
and
¢2E3
M,,= 2m [(cosBe, +cosae,)cos2y — (cosae; —cosfe,)sin2y] , (6d)
where cosa = —sin@ cos¢,, cosff=sinf sing,, and Yy=w(xy— | x| ), so that the electric field of the scattered 2w light can
be written as (we omit the terms involving the fundamental frequency w)
2 | €’E; 5 s .
E**= " 5 | (cosPe; 4 cosae, —cosa cosPn)cos2y — [ cosae, —cosPe, +(cos"B—cos a)nlsin2y} . (7)
om

Notice that the electric vector, E** is transverse to n,E**-n=0, as it should be. Equation (7) may be simplified as

352
Escat: Asscal A — 2_ € EO
' rllom? |’
where
St =5in@[ (singoe; — cosdge, + sind sin2dyn )cos2iy + (cosdoe; + singge, +sind cos2don )sin2y] . (8)
(Pointing downwards) We will write it in a suitable form below to exhibit the el-
lipticity. We introduce a new phase parameter 7 such
| that
A B, S =8 _cos(2¢+1)+S,sin(2yY+7) . 9)
|
1 Using S, -S; =0, the orthogonality condition to determine
: n the parameter 7, we find the relation as
| 8] tan(27n)=tan(4¢,), i.e., n=2¢ . (10)
/ F-To A coordinate system, similar to the one for the incident
/2 light [Eq. (2)] is needed to express the scattered 2w radia-
tion. We introduce unit vectors a;, a,, and n where
/’3’1 (nXnp)Xn _ nXng

a|=

; , =" downwards
i sin@ >~ sin6 ( )
FIG. 1. Electric vector of incident light is resolved along unit v

vectors (B, 35, and ny). a;=a,Xn. (11)
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FIG. 2. Electric vector of scattered light is resolved along
mutually perpendicular unit vectors (a;, @;, and n).

The angle which the electric vector of the scattered light
makes with unit vector a, is called the angle of polariza-
tion of the scattered light and is denoted by ¢ (see Fig. 2).

The scattered electric vector for 2w radiation can be
resolved in terms of a,, a,, and n. For this, first we

decompose the e; and e, unit vectors along three axes,
i.e., ay, a,, and n, to study the final polarization proper-
ties of the 2w wave:

e, =cosgycosfa; + singoa, —sinb cosgdon (12a)

and

e, = —cos0 singga + cosdoa, + sinf singgn . (12b)

Making use of Egs. (12a) and (12b) in Eq. (8), we get
Seat =sinff cosOa sin2(P+dg) — a,cos2(P+dy)] . (13)

This is of form (9). It represents an ellipse with eccentri-
city sinf. It is clear from this expression that this light is
circularly polarized for small angle 6, but it does not
remain circularly polarized for large angles. In fact, it be-
comes linearly polarized at 6=1/2. The change from cir-
cular to linear polarization should not be difficult to
detect experimentally.
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