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The master equation for a two-mode laser in a A-type three-level atomic system with arbitrary de-
tunings has been derived. The effects of the detunings on the laser operation have been discussed.
The asymmetry in threshold conditions for the two modes and the anomalous mutual support be-
tween the two modes in certain circumstances have been revealed. The former is due to the two-
photon Raman-type resonance and the latter is attributed to the ac-Stark-shift effect.

I. INTRODUCTION

The two-mode laser is a simple and useful example in
the study of multimode lasers, in which different modes
compete with one another for contributions, resulting
from the same excited-level occupation as well as
Raman-type two-photon transitions. In the two-mode
laser, the two radiation-field modes from stimulated emis-
sion of the same atomic level couple to each other and
thus one mode affects the operation character of the other
to varying degrees.

The two-mode laser in a gain medium consisting of
three-level atoms has been investigated recently by some
authors' ™% within the framework of Lamb’s quantum
theory,>® which is capable of taking into account the
quantum nature of the electromagnetic field such as spon-
taneous emission, photon statistics, and intrinsic
linewidth, etc. However, in Refs. 1-4, the detunings be-
tween cavity modes and atomic transitions were neglected
and subsequently some interesting phenomena resulting
from the detunings has been lost. In this paper we inves-
tigate the effects of the detunings on the two-mode laser
operation in a homogeneously broadened medium com-
posed of three-level atoms with a common upper level,
through a generalization of the Scully and Lamb treat-
ment for a single-mode laser.>® Starting from the
Schrodinger equation for the atom-field system, the mas-
ter equation for the reduced density matrix of the two-
mode field is obtained. With the aid of the master equa-
tion we analyze the threshold conditions and photon
statistics by using numerical methods, to see the effects of
the detunings on them. Novel phenomena is found that
for certain values of the detunings the two modes can sup-
port each other rather than compete, because of the pres-
ence of the complicated ac-Stark effect.

In Sec. II we derive the master equation for the two-
mode laser action. In Sec. III the steady-state properties
of this laser are discussed. Section IV gives a summary.
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II. MASTER EQUATION

The atomic model for the gain medium is shown in Fig.
1. The atoms have three levels, of which |a) is the
upper level, while |5) and |c) are the two lower levels.
The transition between |a) and |b) (or |c)) is mediat-
ed by mode 1 (or 2) with frequency Q, (or Q,). The tran-
sition between |b) and |c) is forbidden. The energy ei-
genvalues of levels |a), |b), and |c) are #w,, #w,, and
fiw., respectively, and the same mean decay rate y for all
three levels is assumed.!?®

The Hamiltonian for the atom-field system is"?

Ho= 3 w,Abd.+ 3 Qafa+1), 2
a=a,b,c j=12
V=ga, Al 4, +g,a, A] 4, +H.c. , 3)

where the rotating-wave approximation has been made; a f
(a;) is the creation (annihilation) operator for the jth cavi-
ty mode; A (A4,) are those for level |a), and g, is the
atom-field coupling constant.

In the interaction picture, the perturbation ¥ becomes
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FIG. 1. Three-level atomic system.
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i

Vi=gie Alral AJAb +g,e _iAzlaz AJAC +H.c. ,

4)

where A =Q,—(w, —w,) and A)=Q,— (0, —w,) are
two detunings between free atoms and mode 1 and mode
2. For simplicity, in this paper only a pumping to the
upper level |a) with pumping rate R, is considered. So
the state vector at time ¢, may be written as

[ 9(t0)) = 3 F, u,(t0) |a,ny,nz) . (5)

ny,ny
At time t =ty +7, Eq. (5) develops into
| 9(1) = | Yto+7))

= 2 [anl,nz(t0+‘r)|a7n]7n2>

nyn,

+bu, 1,n,(to+T) | b1y +1,n,)

+c,,1,,,2+1(to—|—‘r)|c,n,,n2+l>] . (6)

The development of the state vector obeys the Schrodinger
equation,

%Iz/z(m:——iV’lwu)) . o

Substituting Eq. (6) into Eq. (7), we obtain

i 0=Vie M, L0
-+ Vze_iAth,,l,,,2+1(t) s (8a)
.d iA
i—bay i (D=V e Ya, 00, (8b)
i'%cnl,n2+l([): V2e[A2tanl,n2(t) ’ (8¢)
where

Equations (8) are solved (see Appendix A) to obtain

A —iw(t —1g)
anl,nz(t)_anl,nze

(2) ,Tlegli=tg) | (3)  —ieslt—to)

+ale +a, e ., (102)

b"l +1’"2(t)=br(ri)+l,n2€ —ilw—A )t —1y)
+br(z?)+1,nze —ilwy= Ay —1p)
FB, e TR (10b)
c"l’ﬂ2+1(t)=c’(‘i,)"2+l —ilw;—B8,)1 —1g)
+crﬁ?"2+]e —ilwy— Ayt —tg)
+Crﬁ,)nz+1€ Tilo3 =Bt =to) 100

where w;, w,, and w; are the three roots of the following
algebraic equation:

@ — (A +A8)0* +(A A —VE—VHo+VIA+ViA =0 .
(11)

Letting the two sides of Eq. (11) be divided by y*, we
have

1 — (8 +8,)u*+(8:8,—Vi—Vu+Vi5,+V35,=0,
(11a)

where

The three roots of Eq. (11a) are u,, u,, and u;.

Let p, and p represent the density matrices of the field
(including mode 1 and mode 2) and of the total system in-
cluding the atoms and the field; Pnynyim,,m, and

Pa,n,.ny:8,m,,m, are their elements, respectively.

The change of p, is caused by (1) pumping to level |a)
and (2) cavity losses,

Pr=pi+py - (12)
Following the procedure of Refs. 2 and 6, we have
P nynyim,.m,(t0)
=R, fow dr [%‘,P%,n,,nz;g,ml,mz(to+f)

—Pnynyimymy(to) e T (13)

With the aid of Egs. (A18)-(A24) and after integration,
we obtain the following equations for the diagonal ele-
ments:
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. (1 —pp)? (1 42 i(#'_#3)2 (D 43
p(rltl,nz;nlynz(to)z_ZRﬂ mAnl,nzAnl.nz+(Ml_#3)z+1 nl,nzAn],"z
(2 —p3)’
. L[N PR 1
(Ha—p3)"+1 '
’ 132 ’ 72
_JR MB(ll B 4 =" g
a Y ny,nyPnin, Y ORGSO TP
(ui—ps)’+1 (ur—p3)°+1
( r r)2
Mi_ r(rz,)n ’(13,)'13 Pni—lnyn —L"v(to)
(pa—p3)*1 T2 T P
( " 11)2 ( " 11)2 A
S2R, | Ol Ol el G
(uy —py)21 TRy e

(e —p3)?
(uy —p3)*+1
(to)F¥ , (ty) has been used and A B, s c,‘/'l{nz are defined in Egs. (A22)—(A24). By

nyn, ny,ny

(2) (3)
Cnl,nzc‘n],n2

pnl,nzfl;nl,nzfl(to) ) (14)

where pnl,nzznl,nz(to):Fnl,nz

using Egs. (B1) and (B4)-(B8), the change of the diagonal matrix elements of the field caused by the pumping to the level
|a) is obtained,

2 2
g g
o ninnto)=—2R, =5 (ny + DF(n,n5)p(ny,n;)—2R, =5 (ny+ 1Fy(ny,ny)p(ny,n;)
Y Y
gi 83
+2Ra—2n1F1(n1 — l,nz)p(nl— 1,n2)+2Ra—2n2F2(n1,n2—l)p(nl,nz—l) s (15)
Y Y
where
(MI_SZ)(.UQ_SZ) (“1_62)(#3_82)
Fl(n1,”lz):

+
(=) —p)[ (e — )P+ 1] (s — )y — ) [ (e —p ) + 1]
(=803 —8,)
(=) —p [ (py—p3) +11 7
and F,(n,,n,) is the same as F(n;,n,) with & and §, interchanged; F,(n,—1,n,) or Fy(n,n,—1) is the same as
Fy(ny,n;) or Fy(ny,n,) with ny or n, replaced by (n; —1) or (n,—1) for all quantities appeared in F;(n,n,) or
F,(n,n,). Here we must notice that it is through Vf:gjz/yz(nj+ 1) that F;(n,n,) depends on n, and n,.

Therefore, the master equation of the two-mode laser in a A-type three-level atomic system with arbitrary detunings is
obtained,

(16)

p(nl,n2)=—Al(nl+1)F1(n1,n2)p(n1,n2)—A;(nz—l-l)Fz(nl,nz)p(nl,nz)—i—Alan,(n,—l,nz)p(n]—l,ng)
+ AynyFylnyp,n,—p(n,n, — 1)+ Ci(ny+1)p(n+1,n,)+Cy(ny+ Dp(ny,ny+1)
—Cynp(ny,n,)—Cynyp(nyn,), 17)

f
where as probability flows which can be expressed by arrows in a
. two-dimensional probability-flow diagram as done in Refs.
P(”1”12):Pn1,n2;nl,nl(fo), Aj :2Ragj2/‘y2 (j= 1,2) 1 and 2.
(18) From the master equation the following equations can

and the cavity losses have been included in the usual way be obtained:

through, plny)= > plny,n,y)
plUny,ny)=Ci(n,+)p(n,+1,n,) 2
=—A(n+1) 3 Filny,ny)pn,n,)
+C2(n2+1)p(n1,n2+1) ny
—Cimp(ny,ny)—cynpng,n,) . +Any 3 Fi(ny+ny)p(ny—1,n;)

n

The physical meaning of Eq. (17) is very clear. The
terms on the right-hand side, as usual, can be interpreted +Cin+pn+1)=Cnp(n,), (19)
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plny)= 21'7("1,"2)

m
=—Az(ﬂz—’—I)EFz(nl,nz)p(nl,nz)

ny

+A2n2ZFz(nlynZ_l)p(nl’nz_l)

Ilz

+Cy(ny+1)p(ny,+1)—Cyon p(n,) . (20)

These two equations can be interpreted by using two
one-dimensional probability-flow diagrams as done in Ref.
2.

From Egs. (19) and (20), the equations for the average
photon number, {n;) =3, , np(n;,ny), can be deduced,

(ﬁ])ZAl 2 anl(nl—l,nz——l)

"1’"2

Xp(nl—l,nz—l)—C1<n1) 5 (21)

<fl2):A2 2 nze(nl—l,nz—l)

ny,ny
Xp(nl—l,nz—l)—Cz(n;_) . (22)

lj.e., we assume

If we neglect the correlations,
(ni'n32)=(n)"(ny)"?,

then Egs. (21) and (22) read

(fll)=A1<n1>F1((n1—1>,<n2—1))—C1<n1), (23)
(ﬁz)=A2(n2>F2(<n1-—1,<n2-—1>)—C2(n2) s (24)
where {(n;»)>>1 has been assumed. Expand

F;({n;—1),{n,—1)) into Taylor series and only keep
the first and the second terms. Then we have

1 ’ ’
F]((nl—l),<nz—1>): 1—!—5% +E1<n1>+912<n2> ’
(25)

1 ’ ’
F2(<n1—1),(le—l))Zm'f-/j’z(nz)—f-ez](nz) ,
(26)

where Bj, B3 0}, and 65 are constants and
Fi({ny—1),{n;—1)) | 4, =n,—0=1/(1+83), which is
easy to prove, has been used. Substituting Egs. (25) and
(26) into Egs. (21) and (22), we have

A,
= —Cy |1 +(B+0,1))1, , 27
1 1167 v |1+ (B + 01,1514
AZ
L= |—5—Cy |L+Boly +6x1))1, , (28)
1+63

where the correspondence I,«>{n;) has been made and
B, B2, 815, and 6, are constants. The two equations are
consistent with the equations deduced from the semiclas-

sical theory.” It is apparent that the semiclassical-theory
results’ can be viewed as the results of quantum theory
under the conditions of g?{n;)/y* << 1 and decorrelation
approximation.

III. STEADY-STATE OPERATION

In the steady state, p (n;) and p (n,) are independent of
time, p(n;)=p(n,)=0. From Egs. (19) and (20) and the
principle of detailed balance, two equations for the
steady-state operation which are equivalent to Eqgs. (19)
and (20) can been obtained,

Clp(n1)=A1ZFl(nl-l,nz)p(nl——l,n;_), (29)
n
Cop(ny)= A, 3 Fylny,ny—plny,n,—1) . (30

U

These two equations usually cannot be simplified fur-
ther except for some special cases, and they are the basis
of our following discussion. We emphasize effects of the
detunings in the discussion.

For the resonant situation, §, =8,=0, the three roots of
Eq. (11a) become

=0, py=—ps=Vi+V3"?,
and then
F(ny,ny)=F,(ny,n,)

B,

B,
= 1+A—1(n1+1)+A (ny+1) ,

2

where

2
Y

is the self-saturation coefficient for the mode j. Thus Eq.
(17) is reduced to the previous result, Eq. (33) of Ref. 2 or
Eq. (19) of Ref. 1, and Egs. (29) and (30) are reduced to

p(ny—1,n,)
C =A y 31
1p(ny) 1n2, B, B, (31
2 1+—14'-n1+7(n2+1)
1 2
P(nl,nz—l)
C =A . 32
Zp(nz) znz B] Bz (32)
! 1+—A—(n1+1)+7n2
1 2

A. The case of equal detunings

For equal detunings A;=A,=A, the three roots of Eq.
(11) are

01=0,w;3=1{A+[A%+4(V] +V3)]'?}
and then

Fl(nl,nz):Fz(nl,nz)

1
A B i By >
g D
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Let
2 2 7/2 2
Ae p— : — i ) 9
18je | "= 18; | e lg|°L
Aje:Aj,L , (34)
2
Bje:Bj"L .

Substituting Eq. (34) into Eq. (33) then into Egs. (29) and
(30), we have

p(n;—1,n,)

Ciplny)=4,, 3 B B, , (35
n le e
2] — 1
+Alen1+A2L’ (n2+ )
(ny,ny—1)
Coplny)= Ay, S At 5 09
n le e
1l 1
+ Ale (n1+ )+ Aze n,

Equations (35) and (36) are the same as Egs. (31) and
(32) with the replacement of 4; and B; by their effective
quantities 4, and Bj,. Therefore, all the discussion made
in Ref. 1 and 2 is valid under this replacement.

The threshold conditions can formally be expressed as,?
by using p (0)=p (1),

L~ for mode 1 (37)

B,
A,=C, 1+A—LH2(O)(n2)
2

B
A,=C, 1+A—1,LH1(0)(n1) L' for mode 2, (38)
1

where H(0) and H,(0) are constants, and Egs. (34) have
been used.

The threshold is almost (y2+A?)/y? times higher than
that at resonance. If 4,/C;=A4,/C,=A4/C and
B,/A, =B,/ A,=B/ A, we have

<n1>+<n2>:-‘;—

Near the threshold, the effect of the detunings on
(n,)+(n,) is very significant, while as the pumping rate
rises it goes down. If the pumping rate is high enough,
A/C>>1+A2/y? and then (n,)+{(n,)=A?/BC, the
detunings have almost no effect on {1, )+ {(n,).

The effective gain coefficient A4, which reflects the
linear response of the atoms to the light, is £ ~! times less
than A;, while the effective self-saturation coefficient B,
which reflects the nonlinear response of the atoms to the
light, is £~ times less than B;. Near the threshold, the
gain coefficient dominates, hence the detunings have great
effect. As the pumping rises, the saturation coefficient in-
creases its influence, and then the effect of the detunings
coming from the saturation coefficient offsets that coming
from the gain coefficient. Consequently, the net effect of
the detuning falls down as the pumping rate rises.

B. Unequal detunings 8,78,

In the case of §,5£8,, the three roots of Eq. (11) ex-
pressed by Eq. (AS) and F;(n,,n,;) cannot be simplified

further, nor can Egs. (29) and (30). However, we can use
two H parameters to write Egs. (29) and (30) formally as?

Clp(n1)=A1F1(n1—I,Hz(n1)<n2>)p(n,—1), (39)
Czp(nz):Aze(H](ﬂz)(”]>,n2)p(n2—1) ’ (40)

where H(n,) and H,(n;) are the two parameters, and
depend on n, and n,, respectively. With the aid of these
two equations, we can study some properties of the laser
operation, such as the relation of the threshold of the
mode 1 (or 2) to 8,8, and {(n,) (or {n;)) and photon
statistics.

1. Threshold for mode 1

The threshold can be obtained from Eq. (39) by using
the condition p (1)=p (0),
A,

T, :C—-——I/FI(O,HZ(Oan))
1

=1/F,(0,{n,),) for mode 1

where (n;),=1(B,/A3)H,(0){(n,) and H,(0) is a con-
stant. Since F, is a function of 8, &,, and {(n,)., the
threshold is related to 8;, 8,, and {n,),. We discuss the
changes of the threshold with respect to &;, &, and
< ny )e .

The thresholds for mode 1 versus &, at different values
of 8, are shown in Fig. 2. The threshold curves are asym-
metric when 8,50, and symmetric when 8, =0. There is
a maximum at §,=35,, where the influence of mode 2 on
mode 1 is strongest because the condition of two-photon
Raman-type resonance is satisfied. As 8,— o0, the
influence falls away gradually, so the threshold ap-
proaches its minimum.

The threshold for mode 1 versus §; with different
values of 8§, are shown in Fig. 3. It is noticed that there is
an extreme maximum value at §,=58, and the minimum
is not at §;=0. If there were no mode 2, the curve of the
threshold for mode 1 versus 8, would be hyperboliclike
with a minimum at 6, =0 and would have no maximum.
Now there exists mode 2; its influence on mode 1 is
strongest at 8;=58, because of the two-photon Raman-
type resonance, which brings about an extreme maximum
or a protrusion on the hyperboliclike curve and shifts the

threshold

< Avt,
: 8

<n)>e‘=1 /,‘&‘2

FIG. 2. Threshold for mode 1 vs 8, at different values of §,.



36 QUANTUM THEORY OF A NONRESONANT TWO-MODE LASER . .. 755

threshold <Naje=1

AI/CI

-2 ~1 o { 2 3,

FIG. 3. Threshold for mode 1 vs &, at different values of §,.

minimum from 8§;=0 to §;5%0. At minimum threshold,
6, and &, have opposite signs.

The threshold for mode 1 versus {n,), are shown in
Figs. 4(a) and 4(b) at different 8, and §,. It is very obvi-
ous that when 8, and &, have the same sign, the threshold
for mode 1 usually increases with the increase of (n,),.
For the case of the opposite signs, sometimes it decreases
with the increase of (n,),, such as the case of §,=2,
6,=—1. Such a feature is also very distinct for the
change of the photon statistics of mode 1 against {n,),.
The reason for this strange feature is discussed below.

A threshold
£,

(a) < N2
threshold E= -1
23
'
4
° (b) N 5 12 <n3>e

FIG. 4. Threshold for mode 1 vs (ni)., (@) & =2, (b)
81=—-1.

2. Photon statistics of mode 1

The photon statistics of mode 1 can approximately be
obtained from Eq. (39). The region where p(n;) has
significant value is around (n,;) and very small. In this
region the change of H,(n,) with n, is small and can be
neglected, so that H,(n,) can be treated as a constant,
H,=H,({n,)). Apart from this region, p(n;) is quite
small. Therefore, litter error will be brought in, if H,(n,)
is replaced by the constant H, in Eq. (39). For a fixed
value of {(n,),=1(B,/A,)H,({n;)){n,), all values of
p(n,) can be obtained from Eq. (39).

Figures 5 and 6 present the curve of photon-statistical
distribution for mode 1 versus (n,), (the change of
(n,), can be realized by varying C,). For §, and §, hav-
ing the same sign (Fig. 5), the peak position of photon-
statistical distribution goes rapidly to zero, when (n,),
increases. For §; and &, having the opposite signs (Fig.
6), the peak position of the photon-statistical distribution
first increases and then decreases, when (n,), increases.
Such a phenomenon, which seems a little strange, can be
viewed as a joint effect of ac-Stark shift and competition
between mode 1 and mode 2.

According to the perturbation and experiment results,?
the ac-Stark shift is proportional to the light strength and
inversely proportional to the detuning between atom and
the light field. When 8, (or §,) is positive the shift 1 (or 2)
of the upper level which is caused by mode 1 (or 2) is neg-
ative, while &, (or §,) is negative, the shift 1 (or 2) is posi-
tive. With {(n,), (or {n,),) increasing, the ac-Stark shift
2 (or 1) increases, too. When 8; and 6, have the same
sign, shifts 1 and 2 have the same sign; while §, and §,
have opposite signs, shifts 1 and 2 also have opposite
ones. If §; and 8, have opposite signs, shift 2 reduces the
detuning which mode 1 really sees from the atoms in-

3,=0.15, §,=0.30

n) Ay B
pa ol A—1:0.002

A2
B—2‘H2<n2) =2.0

D N
SR s
SR

J N -

J _\

o 500 n,

-
.
o)

FIG. 5. Photon statistical distribution for mode 1 where the
detunings have the same sign.
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S: -, 5;-2
Ay 3y
U’-'z- 1 -n-ODOZ

pn)

:—-:-Hz (n2)>=16

/AN "
/NN

/1 I N/ N\ N\ s
AN

ZANAN :

N o

o 300 n,

FIG. 6. Photon statistical distribution for mode 1 where the
detunings have opposite signs.

teracted with mode 2. If 8, and 8, have the same sign,
shift 2 widens the detuning which mode 1 really sees.
Smaller detuning for mode 1 brings about a larger average
photon number of mode 1, while larger detuning brings
about a smaller average photon number. Besides, an in-
crease of (n,), will reduce the average photon number of
mode 1 because of the competition of mode 2 against
mode 1 for the population of the upper level.

Therefore, the increase of (n,), has two actions: (1),
changing the detuning which mode 1 really sees, and (2),
strengthening the competition of mode 2 against mode 1.
If §, and &, have the same sign, the two actions all cause
the average photon number of mode 1 to decrease, so that
the peak position of photon-statistical distribution de-
creases rapidly to zero, as shown in Fig. 5. If §, and §,
have opposite signs, the first action causes the average
photon number to increase while the second decreases.
The joint effect in some situations (some combination of
8, and 8,) may cause the average photon number of mode
1 to increase as (n,), increases from zero, as shown in
Fig. 6. Of course, when {n,), is large enough, the com-
petition of mode 2 against mode 1 will become dominant
and the average photon-number of mode 1 will eventually
goes down as shown in Fig. 6.

IV. CONCLUSION

We have studied the properties of the two-mode laser in
a homogeneously broadened medium composed of three-
level atoms with arbitrary detunings, through generalizing
the Scully and Lamb quantum theory for a single mode.

Novel phenomena appears in the nonresonant operation
of this laser which cannot be found in the resonant opera-
tion. These new and interesting phenomena are the asym-
metry in the threshold condition and the anomalous mu-
tual support between the two modes in certain cir-
cumstances. The asymmetry reveals the obvious fact that
the two-photon Raman-type resonance makes the
influence between the two modes maximum. To explain
the latter, we need to take into account the ac-Stark-shift
effect of the upper level. At resonance, including two-
photon resonance, an increase of one mode’s strength is
always at the expense of a decrease of the other mode’s.
Off-resonance, not only the competition resulting from the
same population of the common upper level, but also the
ac-stark-shift effect, needs to be considered. When the
two detunings have opposite signs, within a certain inten-
sity range, as one mode becomes stronger, it causes a
stronger ac-Stark-shift effect which reduces the detuning
of the other mode, i.e., brings gain to it to overcome the
effect of competition.

Although we have obtained analytical formulas, they
are so complicated that we can not directly see the above
effects from them. Therefore, numerical analysis has been
used to show these effects.

APPENDIX A: THE SOLUTION OF EQS. (8)

Let

—iw(t —tg)
anl’,,z(t): zanl',,z(a))e ,
w

—iolt —tg)

bnl+1,n2(t): Ebnl+l,n2(w)e ’

—iolt —1g)
Cnl,n2+l(t): 2 cnl,n2+l(w)e
©

Substituting Egs. (A1) into Egs. (8) in the text, we have

—iaw(t —1tg)

D wa, (o
(4]

—ilo+ 8,1 —10)

=V X by s1n,(@e
w
—ilo+ 8,01 —1ty)

+V > c,,‘,,,2+1(w)e

—iolt —1tg)

zwb,,l“,,,z(w)e

>

—ilw—A )t —14)
=¥y S ay (@l O
w

—io(t —14)
Ewc,,l,,,ﬁl(w)e
w

—i(w—A))1 —1g)

:VZZa,,l,,,z(a))e R

and then
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wan]‘nz(a))zVlb,,ﬁ]’nz(w—Al)
+Valn n, 1 1l@—48,)

a)b,,]“,,,z(w):Vla,,l,,,z(a)-i—Al) s

WCy ny11(@)=Via, ,(0+A4;).

From Egs. (A3) we find that o can take three values,
which are the three roots of the following equation:

@ — (A + 80> + (A A — V3 —VHo+ A Vi+AVI=0.
(A4)

This algebraic equation is similar to Eq. (5) in Ref. 9 and
is expected to have three real different roots. They are

w1=—1+x; +x4c08X5 ,
W)= —1x| +x4c08(x5+ 27) , (A5)
w3= —1x;+x4c08(xs5+17)
3= —3X1 X4 5+37),
where

x;=—(A4+4,),
xXy=810—Vi-V3,
x3=AV3+A,V1,
x4=%(x%—3x2)1/2 s

9x X, —2x7 —27x3

2xt—3x,)*?

Xs=-1arccos

For some special cases, they can be simplified, for ex-
ample, the following.
(1) One-photon resonance, A|=A;=0,

COI:O, Wy 3= +( V% + V%)l/z ,

(2) two-photon resonance, A;=A,=A,

A2 172
Eha Vit Vi

CL)]ZA, (02‘3:%-Ai ,

(3) the case of V|, V, > | Ay |, | A, |, approximately
o1=(MVI+0,VI)/(Vi+V)),
w2 3= LA VI AV /IVI+ VIRV VD],

(4) the case of | A; | >>V;, approximately

01=A4A;, 0y=4;, w3=—

A A,

vt L]

(5) the case of A, /A,=—V31/V3,
w,=0, 0)2,3:%(A1+A2)

(A,— A, 172

2 +Vit Vi

Thus, the solutions of Eqs. (8) are

(1) —iw (1 —1, —iw,(t —1p)

)
(2)
+ay e

(3) —iwy(t —14)
+a"|’”2e ’

o —ilwy—A ) —tg)
bn|+1,n2(t)_bn|+l,nze

+br(l?)+l,n2e — iy — A —1g)
+b,) e @&l (A7)
e st =D, e TN )
te, e TR
According to the initial condition, Eq. (5) in the text,
bu 4 1,n,(t0)=Cpn ny1+1(10)=0,
(A8)
an 0, (t0)=Fy n,(to) ,
we obtain
all, +a?, +a, =F, . (),
bt 1y 00 1y 000 1, =0, (A9)
ety et e e =0 .
From Egs. (A3) and (A7), we have
(i) Vi 6 .
”1+""z:ﬁa"n»"z’ i=12,3 (A10)
e ny s :ng"é?mz’ i=1,2,3. (A11)
Solving the Eqgs. (A9)-(A11), we find that
a\), =F, , (t)w;, —aw; )
X (w; —ANw;—8,)/D (A12)
by 1w, =ViFy a (t)@; 1~ )@, —A)/D
(A13)
c,(,l;),"2+1 = VZannz(to)("-’ifl‘w,‘+1)(w,~—A1)/D .
(A14)

wherei =1,2,3and i =0isi=3and i =41isi =1, and

D=(0,—w)w;—w3)w;—w;) . (A15)
From Egs. (A13) and (A14), we obtain
(7) Vll ' ’ ’
bnl,nzZFFn1~1,n2(lo)(wf-1—wi+1)(a)i—Az) , (A16)
(i) VIZ' ” ”" "
Cnyny = B" Fnl,nz—l(to)(wi_l—wi+1)(a)i —A,), (A17)

where the quantities with a superscript of one prime (or
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two primes) are those corresponding with n, (or n,) re-
placed by n; —1 (or n;—1).

Let
8;=A;/y, V;=V;/y=g;Vnj+1/y, j=1,2
ui=w;/y, i=12,3 (A18)
D=D/y?
Equations (A12), (A16), and (A17) can be rezwritten as
a,il,)nz Fn],nz(to)(,upl—#,‘+1)(#1—51)(Hz‘—52)/5
=F, n,(t0) A4, (A19)
br(1,| ny = VanlAl,nz(to)(:uifl_',u';+1)(“’1_62)/5’
=F, _1.,(t0)B" ., (A20)

|

; Anny Aty (=) A A (e —ps)

e =VYF, o o)y —pl s ) —8,) /D"
:Fnl,nz—l(to)crgil),nz ) (A21)
where
A =y o IF o (to) (A22)
B'['ll)’"z :b"ll"’z /Fn, 7l,n2(t0) , (A23)
Collony =€y /P ny o) - (A24)

APPENDIX B: SOME MATHEMATICAL
DETAILS FOR EQ. (14)

By using Eqgs. (A22) and (A19), the expression in the
first large parentheses in Eq. (14) in the text equals

"1 n2 Arﬁ?n, (#2_#3)2

(w1 —p2)*+1 (g —p3)+1 (pa—p3)+1
(=8 )y =0 My =8 (2 —8;) (3 —8 )3 —8)(e —8) (1 —85)  (y—8 )1y —8:) (3 —8 )3 —8,)
:[(ul—uz)2+1]<uz~u3)<u3—u1) [y —peg )+ 10y —pa3) (g — ) [ — )+ 10y — gy My — )
=1, +1,+1, . (B1)
From Egs. (A4) and (A18), we have
pipapts=—(V 18,4V 38)), 8;+8=p +us+pus , B2)
818, —Vi—V i=pipa+rops+ups .
S =8 —8) =V {4V 3t uops, (=81, —8)=V I+ ¥V 3i4pp; .

Sy =0y — 8,y — 8 ) (e, —85)

=V 3+ V 34 pa3) (1 — 8y — 8ty — 1) ™ =gy (V 34+ 7 3 pu gy — 8 )ty — 8,0 (1) — )~

=[Viui+ Vo —(Vid,+ V7 3811y — 8y — 85) 1y —pay) !

— [V i+ Vi — (V8 + V38 )1y — 81 (1 — 8, (g —ug) ™
=[V i1 —8)+ V 3y —8) (1 — 811ty — 8y —puy) ™!
—[V i =8+ V 3y — 81ty — 8 )ity —8) (e —pey) !
=Vi 11— 8201y — 8y —p Ny —pay) ™ +'7%(N1—51)(:“2—51)(#2—#1)(#1—Hz)_l

= —[V i1 —8) (1 —8)+ ¥ 3y —8,) 1y —8,)] . (B3)
By using Eq. (B3) we obtain

I,= 7%(;11—82)(;1,2—62) V%(PI_SI)()UZ_BI) ) (B4)

(o —p3) ey —p3) (e — )+ 11 (o —p3) (e — ) (e — ) + 1]

With the same deduction, we have

L= Vi) —8)(p3—8,) + V3 —8) (13 —8y) ’ (B5)

(3 —pp) (g — ) (3 —py) 2 +1]
= Vi, —8;) (13 —8)+ V 3y — 8 (13 —8)) (B6)

(y—p )3 —p)[(py —p3)* + 1]
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By using Egs. (A19), (A23), (A20), and (A24), the expressions in the second and third large parentheses in Eq. (14) are,

(B7)

respectively,
o BrinBaly Wi —p® Bl Bl Wi Bufa B, 35 )
(i —p2)?+1] [(u]—p3)?+1] [(y—p3)+1]
— (V1)) —8,)(us—8,) — (VD] —8,)(us—8,) — (Vs —8,) (s —8,)
T — )y — ) (i —py)? 1] * () s — s — s P 1] ap— s — s — ey P 1]
o Criins Gy W =R Gl Gl W =4 Culin, Gl (147 — i3

(Y —p3)? +1 () —p3)*+1

— (V)2 puy —8) (s —8y)

— (V)XY =81y —8)

(5 —p)*+1
— (V)X us — 81y —8))

= " ” n " ” ” + " ” ”n " ” ”n + ”n ”n ” ”n ”n ”n *
() =)y =y —pd P+ 1] () =)y —p) [t —ps?+ 1]y —p )y —pD(ps —ps)?+1]

(B8)
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