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In our model, a voltage is applied across an insulating lipid membrane embedded in a conduct-
ing aqueous medium and containing a pore. It is shown to produce along the pore boundary neg-
ative contributions to both the edge energy and the lateral tension of the membrane. One effect
promotes opening and the other closure of the pore. Surprisingly, we find that voltage may inhib-
it pore opening and stabilize pores of a certain size.

Pores in lipid bilayers may be generated thermally or by
electric fields. Thermal pores have been invoked to ex-
plain the opening of small vesicles by osmotically induced
lateral tensions.! They have also been employed to ac-
count for the rupture of black lipid membranes under the
combined action of a lateral tension and a transverse elec-
tric field.? Electrically generated pores appear to be in-
strumental in the rapid electrical breakdown preceding
the slow mechanical rupture of bilayers.3

A pore may tend to open or close, depending on the
forces acting on its boundary. The present note examines
the role of a transverse voltage in this context. We show
that the electric field promotes opening or, in other situa-
tions, closure of the pore. Moreover, it may stabilize pores
of a certain size. The calculations are based on a continu-
um model of fluid membranes and neglect the thickness of
the space-charge layers produced by the voltage. We as-
sume the membrane to be unstretchable and the pore to
be circular. )

Pore opening due to lateral tension was treated for the
first time by Deryagin and Gutop* and later by others. !
The mechanical energy of a pore consists of two parts.
One is the energy of the membrane edge surrounding the
pore,

E,=2ray , 1)

where a is the radius of the pore and y the energy per unit
length of edge. The second part,

E,=—rna’c , 2

arises from increasing the effective membrane area in the
presence of a lateral tension o. The total energy has its

2a?

maximum 7y%/o at the radius
a*=ylo . (3)

The pore will grow to infinity if this radius of unstable
equilibrium is reached, e.g., by a thermal fluctuation, thus
causing membrane rupture.

In the past the effect of a transverse electric field has
been dealt with in terms of a condenser energy.®® Inside
the pore the lipid was thought to be replaced with noncon-
ducting water. The associated change of pore energy is

o8
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Here d is the thickness of the membrane and ¢y is the ap-
plied voltage, while ¢;, =2 and ey =80 are the dielectric
constants of lipid and water, respectively. The condenser
energy acts as an additional lateral tension which pro-
motes the opening of the hole. However, since the pore is
conductive, the applied voltage will collapse in the region
of the pore unless the radius of the hole is very small.

In a system with free electric charges one cannot use
dielectric energies to treat the interaction with the electric
field. Instead, the forces exerted by the field have to be
calculated from the Maxwell stresses

T[_m=€€0[E1Em— 5—51,mE2] s (5)

where E is the field strength. The electric potential ¢ in
the conducting water around a pore in an insulating mem-
brane may be expressed by that of a conducting disk in an
insulating medium, provided we neglect the finite thick-
ness of the membrane. Taking the latter potential from
textbooks® and adjusting it to the present case [by putting
#(0,0) =0 and reversing the sign of ¢ on one sidel, we find

@
o(r,z) = + =% arccot
V(3

where r2=x2+y? and ¢ is the potential difference across
the membrane far away from the pore. The positive and
the negative sign holds, respectively, for the upper (z > 0)
and the lower (z <0) side of the membrane which coin-
cides with the xy plane. The potential (6) and its deriva-
tives are readily seen to be continuous at z =0 for r <a.
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In the spirit of this approximation, the radial component
of the electric field strength is taken to be

Letim | =22 G =) |==-22__a ___ (9
Er fh—I;nO[ or (r,z 6)] T r(rZ_aZ) 1/2
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on the upper interface and equal but opposite on the lower
one. Recalling now the finite thickness of the membrane,
we write for the transverse field strength inside the mem-
brane

EL=lim | — 20:z2=%e)—olr,z=—¢)
z e—0 d
1/2
2 2
=—£arctan[%—l] ) (8)

There are several ways of calculating the interaction of
the electric field with the pore. It seems advantageous to
divide the electrical forces into those acting at the
lipid/water interfaces where the latter are parallel to the
xy plane and those felt by the membrane edge. The nor-
mal forces exerted on the upper and the lower interface
cancel each other. We neglect the thinning of the mem-
brane which they may produce. The radial force density
is

frz=—fL60E;{‘EzL<0 )

on either interface. Replacing the sum of the two by a
Maxwell lateral tension o, through

9
2o, =M (10)
or
one finds
O'M=_2€L€0j; drELEL
- 2
-—lee Re(r,z=+¢)] _ an

d

The result is identical to the usual condenser force which
tries to expand the area of the membrane by pushing its
boundaries outwards. In fact, the same o3 can be ob-
tained directly from the Maxwell stress

Re(r,z =+¢)]?
€0 d2
inside the membrane. The force density 2f,, has to be
balanced, in an immobile membrane, by a mechanical
force. Accordingly, there is an electrically induced

mechanical lateral tension oe obeying o + o, =const.
We may expect o, =0 far away from the pore and

o8

O’el(a)=“ %6L607 (13)
at the pore boundary where ¢ has practically come down
to zero. Being negative, ¢, (a) will resist an opening of
the pore.

The edge of an infinitely thin disk or, alternatively,
membrane, represents a singularity which, for the mo-
ment, may be regarded as a straight line. The force acting
on it can be obtained by integrating the Maxwell stresses
over a surrounding cylinder of infinitesimal radius. The
electric potential in the water near the membrane edge
obeys the approximation

2 12 0
—B] sin— , (14)
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which again is adapted from the well-known formula valid
for the disk.® The old variables are related to the new
ones by z =psin6 and r —a =pcosf. Carrying out the in-
tegration, one finds for the force per unit length

weopd (15)

Fr= 2ra

This can be converted via F, = — y.)/a into an electric con-
tribution to the edge energy

6W€0<P3
2r

The result is, of course, independent of the radius of the
surrounding cylinder (and of the shape of the enclosure)
as long as we consider a straight edge and use the poten-
tial (14). However, if a finite p is chosen at which Ef is
substantial the integration must not include the interior of
the membrane. Incidentally, the same edge energy may be
obtained directly via the capacitance Cgisk =8 €ew €oa of the
conducting disk.

The quantities o and 7y, are independent of the pore
radius a. Therefore we may introduce

Yo = — (16)

Yer =7+ Yel; Oer =0+ ei(a) a17)

as the effective values of the edge energy and of the lateral
tension acting on the pore boundary. They are used to
calculate in the same way as before an equilibrium radius

o* = y— eweowd/2n
O — €L éo‘P(%/Zd

(18)
and the associated extremum of the energy KYgﬂ‘/ Oefi. In
principle, y.q and o.q can be negative at high enough volt-
ages @o. If both of them are negative, the pore radius a*
represents stable equilibrium. Its asymptotic value a% at
high enough voltages is given by the simple formula a%
=ewd/ (e ) = 13d for the quoted values of ey and ¢
and thus about 50 nm for the typical membrane thickness
of 4 nm. There is no physical solution a* > 0 of Eq. (18)
if yex and oer differ in sign. The response of the pore
when the voltage is increased will, of course, depend very
much on whether y.g or o.g reaches zero first.

The lateral tension of black lipid membranes is usually
on the order of a few 10 "> Nm ~! and sometimes less
than that.!' Edge energies have been measured only for
lecithin and similar membranes; they are about
10" Jm ~1. 1210 [n Fig. 1 we have plotted the equilibri-
um radius versus the applied voltage for the case
0=2x10">*Nm~™! and y=2x10""Jm™'.  The
effective edge energy, and thus q, reaches zero at ¢5=0.45
V where the effective lateral tension is still positive. If
there is a pore, it must then open, which means rupture of
the film. Thermal fluctuations of the radius will allow
opening at some lower voltage. The equilibrium radius
and the energy barrier of rupture are controlled not only
by 7 but also by o.g. The decrease of the latter tends to
stabilize the pore. This should be an important effect if
Yer and oeg approach zero at similar voltages.

An example of the opposite case, in which ceg changes
sign at a lower voltage than y.g, is shown in Fig. 2. We
have altered only the lateral tension which is now
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FIG. 1. Equilibrium pore radius a* vs applied voltage ¢, for
the edge energy y=2x%10"!"" J/m and the lateral tension
o=2x1073 N/m. Other quantities involved are ey =80, ¢, =2,
d =4 nm.

o=1%10"*Nm ~!. Both the equilibrium radius and the
energy barrier go to infinity as the voltage is raised. This
has the startling consequence that pore opening by
thermal activation becomes more and more difficult and
finally impossible. A pore should remain near some
minimum radius of molecular dimension at low voltages.
At higher voltages where o, is also negative it may be ex-
pected to assume the larger, stable radii given by (18).
However, the same voltages should destabilize the black
film as a whole. This is because o5 <0 is equivalent to
o+ oy <0, which in turn implies that the condenser ener-
gy (oar) outweighs the mechanical energy (o) per unit
area. Therefore, the black film may bulge and spread into
the aqueous medium, provided the so-called torus around
the hole supporting it acts as a lipid reservoir !!

We believe that there are good chances of finding the
stable pores of Eq. (18) in the membranes of vesicles ex-
posed to an electric field. In fact, preliminary evidence for
the electric perforation of lecithin vesicle membranes that
did not result in microscopically visible holes!? has
prompted us to the present study. Vesicles differ from

FIG. 2. Equilibrium pore radius a* vs applied voltage ¢, for
y=2x%x10""J/m and 6=0.1x10 "3 N/m.

black films by their nonplanar geometry, the lack of a
lipid reservoir, and vanishing lateral tension at zero-field
strength. However, the electric field produces position-
dependent lateral tensions and shape changes, both of
which are quite difficult to calculate. Only the ellipsoidal
deformation of the closed sphere has been treated so far. '3

Our theory holds for a single pore or pores in a concen-
tration low enough to keep the membrane an insulator.
Actually, high enough voltages will always cause electri-
cal breakthroughs. This mechanism could result, for
Yes > 0, in a large population of small pores of minimum
size that increase the conductivity of the membrane so
that the applied voltage limits itself. If the limiting volt-
age is very low, it may rule out the formation of the stable
pores of Eq. (18) and, at high lateral tensions, even
prevent a substantial effect of voltage on membrane rup-
ture. However, a dramatic increase of the rupture rate as
a function of voltage is well documented up to about 0.5
V.2 Summing up, we feel that in dealing with the
response of membranes to voltage one has to be aware of
both the destabilizing and stabilizing effects of the electric
field on pores.
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