
PHYSICAL REVIEW A VOLUME 36, NUMBER 11 DECEMBER 1, 1987

Nonresonant interaction of a three-level atom with cavity fields.
II. Coherent properties of the stimulated fields
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We study the interaction of a three-level atom with cavity fields of arbitrary detunings. We ad-
dress ourselves in this paper to the question of how the time evolution of a coherent state depends
upon the detunings. A number of interesting new phenomena contrary to the existing picture are
found and discussed.

I. INTRODUCTION

In terms of a sequence of correlation functions for the
field vectors, Glauber' first introduced the concept of
coherence of the electromagnetic field. A coherent state
is one in which the correlation function for all orders n
can be expressed as a product of field values at 2n
different space-time points. It is now well known that
the electromagnetic field in a coherent state possesses a
number of interesting properties. For example, field
components satisfy at all times the minimum uncertainty
relations, and the photon number obeys Poisson distribu-
tion. The laser field may be regarded as one of the real
systems that is almost in a pure coherent state. As a
consequence, a laser has very different physical proper-
ties from light coming out of ordinary sources. It is
therefore of essential importance to discuss the coher-
ence of electromagnetic fields in any serious investigation
of interactions between radiation field and matter.

The coherent properties of stimulated radiation from a
single two-level atom in a resonant cavity has been dis-
cussed by Cummings who explored the first-order corre-
lation function of the field. Meystre et al. investigated
the coherence properties of the resonance interactions of
a single two-level atom with multimode cavity fields.
They discussed the time variation of field coherence
from characteristics of the photon-number distribution,
and found that the radiation field, initially in a coherent
state, gradually loses its coherence during its interaction
with the atom as time increases. Thus, the atom acts
like a nonlinear filter which screens out the coherence of
the field. The conclusions in Refs. 4 and 5 are con-
sistent.

The study of interactions of a three-level atom with
two-mode cavity fields has recently been carried out by
Li and Gong. They first obtain the first-order correla-
tion function of the electric field and phonon-number
probability distribution which are then employed to in-

vestigate the coherent properties of the stimulated emis-
sion under various initial conditions. They conclude
that double stimulation will cause the field of one mode
to approach its initial coherent state. This effect is
stronger by coherent stimulation than by thermal stimu-
lation of the other mode.

In all the papers mentioned above, however, the dis-
cussions have been limited to the resonance case. In a
previous paper which is the first of this series, Li, Gong,
and Lin have formulated the problem of nonresonant
interaction of a single three-level atom with one- or
two-mode cavity fields of arbitrary detunings. A number
of interesting novel phenomena, especially in cases in-
volving two-photon processes, have been revealed. In
the present paper, we shall concentrate our attention on
the coherence properties of the stimulated radiation field
in the nonresonant interaction of cavity fields with the
atom.

We calculate the first-order equal-time correlation
function (E E+ )(t), and compare it with the prod-
uct of mean values of the field (E )(t)(E )+(t) as func-
tions of time. Whenever the two curves coincide, we say
that the electric field is in a coherent state, at least to the
first order. It is found that the nonresonant results de-
pend strongly upon the detunings. Under certain condi-
tions, the following dramatic variations of the coherent
state are discovered. The stimulated radiation field ini-
tially in a pure coherent state gradually evolves away
from coherence as expected, but turns back to coherence
at a later time. Such recurrence can occur periodically
in some particular cases. Therefore, the conclusions of
Refs. 4 and 5, in our opinion, are no longer true in gen-
eral. They are not valid, at least for the case of a three-
level atom interacting with the radiation field.

II. THEORY

The general formalism of a three-level atom interact-
ing with cavity fields is given in I. Here we merely out-
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line what is essential for our present discussion of the
coherence of radiation fields. We consider the two typi-
cal cases: one-mode = type and two-mode A type. The
relevant atomic level configurations are shown in Fig. 1.

The Hamiltonian is, in the interaction picture,

H =Pi(HO+H, ),
where, for one-mode = type,
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FIG. 1. Atomic energy level configuration for (a):- type, (b)
A type.
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and for two-mode A type,
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The operators in the Hamiltonian are defined as follows.
A „creates an atom in the state

l
rI &, a creates a pho-

ton, k, are the usual coupling constants, and 5, are the
detuning parameters.

As has been shown in I, the Schrodinger equation can
be solved by the state vector for one mode,

l
P(t) &=+ g(n)[A(n, , t) a, n, &

p, = —
—,x, + —,(x, —3x2) coso,2 1/2

p2 = ——,x, + —,(x, —3x 2 ) cos( 8+ —,m. ),1 2 2 1/2 2

@3=—
—,x, + —,(x, —3x, ) cos(8+ —,m. ),1 2 2 1/2 4

39X 1X2
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—27X 30= —,
' cos

2(x —3x )
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+B(n~, t)
l

b, nl, &+C(n„t)
l
c, n, &],

(6a)

+B(n /b, n2I„t)
l b„„,n2$ &

+C(n„,n2, t)
l
c,n„,n2, &], (6b)

or for two modes,

q(t)&= X gi(ni)g2(n2)
nl, n2

x[A(n&, , n2, , t) la, n&, , n2, &

and

X, =6,—262,

x2= —[V, + V2+h2(h) —b2)],

x3 =(b 2
—b. ()V2 .

(loa)

(lob)

(10c)

The probability amplitudes for one- and two-mode cases
take the same expressions (8) and depend on the photon
number in di6'erent modes through the coupling strength
parameters V, and V2. The explicit forms of these pa-
rameters are listed in Table I of I for various cases.

The atomic level occupation probabilities can be found
directly from (6) and (8). They are, for one mode,

with the corresponding initial conditions for one mode,

P, (t)=QP(n)
l
A(n„t) (1 la)

l
q(0) & =

l
ri, g &

= rI & y g (n)
l

n &,

and for two modes,

for two modes,
(7a

P, (t)= g P(n, , n2)
l
A(n„, n2„t)

l

nl, n2

for one mode,

(1 lb)

X gi(ni)g2(n2) ln»n2
nl, n2

(7b) P, (t)=QP(n)
l
C(n„t)

l
(12a)

where n „ is the photon number when the atom is in the
level g, and n, „ is the photon number referring to the
mode i The probability . amplitudes in (6) are

for two modes,

P, (t)= g P(n, , n2)
l
c(n„,n2, t)

l

nl, n2

(12b)
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where

P(n)=
I
Q(n)

I

'
Combining these expressions we find directly

(E- &(t)(E+ &(t)=".—
I

S
I
'(t) . (19)

and

(ni n2)=
I
gi(ni )

I

'
I
g2(n2

are the initial photon distributions for one- and two-
mode cases, respectively.

III. COHERENCE OF STIMULATED FIELDS

As is well known, the electric field operator E can al-
ways be separated into positive and negative frequency
parts. The positive frequency part E+ has the property
of annihilation operator and the negative frequency part
E has the property of the creation operator. The two
parts are Hermitian conjugate to each other. We shall
investigate the time evolution of the quantities (E E+

&

and (E & (E+ & for two typical cases in the following.
I l.0-

nI = —IQ

Equations (14) and (19) are calculated numerically as
functions of t for different n and different detunings. For
the initial mean photon number n =10 and 11——A, z

——k,
the results calculated for different detunings are plotted
in Figs. 2 —4. The dashed lines represent (E E+ &(t)le
and the solid lines represent (E &(t)(E+ &(t) le .
Whenever the two curves coincide, the field is in the
coherent state. It is observed from these figures that the
time evolution of the state of the field can be drastically
different when the detuning parameters change. We

A. One-mode = type

We first define

E =E++E =e(a +a ), (13)

where E+ =ra, E =ra, and e is a c number with the
dimension of the electric field. In the interaction pic-
ture, the first-order correlation function is given by

(E E+ &(t) =tr[pE E+],
=e tr[pa a],

(b)
I I.0-

IO, Q-

=e [n+P, (t)+2P, (t)], (14)

where the density matrix

p(t)=
I
t((t) &(l((t) I,

and we have assumed that initially (t =0) the atom is in
the state

I

b & while the photon is in the coherent state

P(n)=e "n "In!

The mean value of the negative frequency part is

(E (t) & = tr[pE (t)]=ee' 'a*S(t),

where a is the complex amplitude of the initial coherent
field, and the function S(t) is defined by

S(t)= g B(n, t)B"(n+l, t)
n=0

(c)
IO 0-

I

77

1/2

+ n+2
n+1 3 (n + l, t)A *(n +2, t) I I.O-

1/2
n+3 C(n +2, t)C*(n +3, t) P(n) .n+1

(18a)

i I I i I I i l I I i I I I i I t i I I

Xt 7r

(E+ &(t)=ee ' 'aS" (t) . (18b)

The positive frequency part is simply the Hermitian con-
jugate of (17). Thus,

FIG. 2. Time evolution of coherence state of the field. The
dashed line represents ( E E+ ) /e, and the solid line
represents (E ) (E+ ) /e . The initial mean photon number
ran=10 and h2 ——5.
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FIG. 3. Same as Fig. 2 except 6,=+10.

note in general that the farther away the two detuning
parameters are from the resonance conditions, the more
coherent the state of fields becomes. Figure 4(a) shows
the worst situation in which 6& ——62 ——0, when both the
one-photon and two-photon resonance conditions are
satisfied at the same time. This is because the coupling
between the atom and cavity fields become strongest at
the resonances. Thus, both the one-photon and two-
photon processes are most active and the interactions
quickly alter the statistical properties of the fields. Con-
sequently, the field moves away from its initial coherent
state almost immediately as t increases. Similarly, we

see from Figs. 2(d) and 3(a) that the coherence is as bad
since the condition of two-photon resonance is still
satisfied in these two cases even though they are away
from the one-photon resonance. When 6& or 62 be-
comes nonzero and they are not equal, the resonance
conditions are no longer satisfied, and the atomic in-
teraction with the fields weakens. Hence the coherence
situation improves as can be seen by comparing Figs.
2(c) or 4(b) with 4(a). The field in these cases can remain
approximately in the initial coherent state for a short
while without changing its statistical property
significantly.

As the difference between the two detuning parame-
ters increases further, the interaction is far from the
one-photon and two-photon resonance. As a conse-
quence, the radiation field can remain in the initial
coherent state for a longer time. This is clearly illustrat-
ed by comparing the following pairs of figures: 2(a) and
2(e), 2(b) and 2(d), 3(a) and 3(b).

To see how the two detunings inhuence the field
coherence separately, we reduce greatly the intensity of
the stimulated field by choosing the initial mean photon
number n =1. The results are plotted in Fig. 5. Evident-
ly, the effect of 6& on the coherence is much more re-
markable than that of Az. This is because the one-
photon transition

~

b )-
~

I2 ) depends only on b, „but the
one-photon transition

~

a ) -
~

c ) and two-photon transi-
tion

~

b )-
~

c ) depend on both b,
&

and Az.
Finally, we come to the most interesting phenomenon,

the recurrence of coherence state of the radiation field in
the presence of an atom. In Figs. 2(a), 2(b), 3(b), and
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FICx. 4. Same as Fig. 2 except 6& ——0.

0

FICx. 5. Same as Fig. 2 except n =1 and b&, 5, are as
specified.
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B. Two-mode A type

Here we define the electric field operator for mode i as

E, =E,++E, =e, (Q, +Q, ), i =1,2 (20)

where E, =e, a, and E, =e, a, . Since the two modes are
completely equivalent in a A-type transition, it is
sufficient to consider one of them. Thus, we shall
confine our discussions to mode 2. Following Ref. 7, we
assume the initial condition that the atom is in

~

Q ) and
the photon is in the coherent state,

—(+1+~/ )

P(nl n2) e +1 ~2 ~n1'n2' (21)

4(c) we find that two curves separate apart at first as t in-
creases and then approach each other to produce a
coherent state again. Such recurrence may even occur
periodically as in Figs. 2(a) and 3(b). This means that
for a short period of time, the evolution of the state ap-
pears to be quasireversible, and hence is in contrast
with what is generally believed in the literature. ' The
atom does not act like a nonlinear filter, and its interac-
tion with the fields does not destroy the coherence right
away even though the coherence will eventually be lost
in the long run. It may also be of interest to point out
that the mean number of photons at coherence is almost
the same as the initial value, namely, ( n ( t ) )
= ( E E + ) le -=n. In other words, the probability of
finding the atom in the state

~

Q ) or c ) is small. It
has indeed returned to its original state

~

b ).

(E2 )(t)(E2+ )(t)= (E )(t)
~

=e2n2 S2(t)
~

. (25)

The functions in (22) and (25) are again calculated nu-
merically for A, , =A, 2

——k. The initial photon numbers are
arbitrarily taken to be n, =n2 ——4. Large amount of cal-
culations have been performed for various detuning pa-
rameters and some of the results are presented in Figs.
6 —8. It should be emphasized that in these figures, the
ordinate has been greatly amplified. The results are
therefore more accurately represented and conclusions
more convincing.

As t &0, the cavity fields interact with the atom im-
mediately. For a very short period of time, however, the
radiation field remains in its initial coherent state. The
two curves coincide for A.t &0.02~. What is more in-
teresting is that this is true for all cases of arbitrary de-
tunings we have employed as illustrated in the figures.

When t ~0.02~, the dependence of coherence on de-
tuning parameters becomes obvious. For example, we
see from Fig. 6 that for fixed 6, =0, the state of the
mode-2 field becomes more coherent as Az increases. It
is also seen in Figs. 6(b) and 6(c) that the two curves
keep close to each other for a long time. Let us imagine
that for larger 62, so that the atomic interaction with
the mode-2 field is weak, the radiation field in the cavity
may be considered as the superposition of a coherent
field established initially and an incoherent field resulted
from the nonlinear coupling of the atom and field. Since
the latter is weak for large 62, we can write

The first-order correlation function is then

(E2 E2+ )(t)=tr[pE2 E2+ ]

=e2 tl[pQ 2Q 2 ]'2

= ez[n 2 +P, (t)], (22)
(a)

445- 2]=Dp =O

where the density matrix is obtained by plugging (6b) in
(15) and the probability P, (t) is given by (12b).

The mean value of the negative-frequency part of the
field is found in a similar fashion as in 3, 4.45-

O.4'

(E2 )(t)=e2e 'a2S2(t), (23)

where o:2 is the initial complex amplitude of the mode 2
radiation field, and the function S2(t) is defined by

S2(t)= g A(n, , n2, t)A*(n, , n2+1, t)

+B(n, + l, n2, t)B*(n, + l, n2+1, t)

(b)

I 1 I 1 I I I i I I I I s i I I

0 X.t O.4'

445-

1/2
712+2

C(n, , n +12, t)n2+1 4-
0

I I 1 I I I I I i I I & I I I I I I I

Xt O.4'
&&C*(n1,n2+2, t) P(n n 1).2(24)

Since the positive-frequency part is simply the Hermitian
conjugate of (23), we find

FIG. 6. Evolution of coherence of the mode-2 field. The
dashed line represents ( E 2 E z+ ) /ez, and the solid line
represents (E2 ) (E2+ ) le&. The initial mean photon numbers
are n, =n, =4, and 6& ——0.
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FIG. 8. Same as Fig. 6 except n, =n2 ——30 and A&, A& are as
specified.

I I I I I I I i & I I I I I I I a I I I

Xt 0.4'

FIG. 7. Same as Fig. 6 expect b
&

——5.

(E2—E~+ ) =(E2 )(E2+ )+e, where e is a small quantity
and is roughly e-

~

b, i/b, z~. Thus the state may be
called "quasicoherent" if e is small enough. As 6, in-
creases, the state moves away from coherence. There-
fore the effects of 5, and Az tend to offset each other. A
comparison between Figs. 6(b) and 7(c) or between 6(b)
and 8(a) illustrates this behavior.

In addition, we also find as in the one-mode case that
recurrence of coherence appears when

~
4, —b, 2 ~

be-
comes large. This phenomenon is clearly shown in Figs.
6(c), 7(c), and 8(a). Once more, the recurrence occurs at
times when the mean photon number (ni(t))
=(E2 E2+ ) le&=-n2.

Finally, we compare Figs. 7(a) and 7(b) and find that
two-photon transitions do not have significant influence
on the coherence property of the fields in A-type transi-
tions. This agrees with the analysis of Ref. 9, in which it
is found that no obvious change in coherence results
from making 6& ——62.

IV. CONCLUSIONS

We have investigated the coherence of the radiation
field which interacts with a three-level atom in a cavity.
One- and two-mode fields of arbitrary detuning parame-
ters are considered. Large amounts of data are obtained
by numerical calculation of two typical types of transi-
tion. In contrast with what has been believed thus far,
that the atom acts like a nonlinear filter, our calculations
show that different detunings result in qualitatively
different behavior of the time evolution of the originally
coherent state. In fact, when the difference between the
two detuning parameters is large enough, the state goes
back to the coherence state in which the mean photon
number is roughly the same as the initial value. Such re-
currence phenomenon can be found in both one- and
two-mode cases. It indicates that the atom-field interac-
tion may be regarded as quasireversible. The nearly
symmetric appearance of curves in Fig. 8 may be regard-
ed as another evidence of quasireversible nature. There-
fore we conclude that the nonlinear-filter point of view is
no longer valid. It may even be possible to keep the field
in the coherent state for a long time if one chooses
sufficiently large Az while keeping 5, =0 or vise versa
for two-mode cases and if one chooses nonzero 6& and
b.z with sufficiently large differences

~

b. , —b, 2 ~

for one-
mode cases.
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