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A thermodynamic formalism is developed for a liquid microcluster which is so small that the
homogeneous properties of the bulk liquid are not attained even at the center. The system is care-
fully defined by a mathematical boundary, and then the thermodynamic variables are introduced
in such a manner that the interaction of molecules inside and outside the boundary is taken into
consideration. It is shown that the variables may be classified into the extensive and the intensive
ones and the Gibbs-Duhem relation may also be derived. It is clarified that both the surface ten-
sion in Nishioka’s formalism with the equimolecular dividing surface and that in Gibbs’s formal-
ism with the surface of tension represent the reversible works of a very similar nature. Finally,
complication due to translation and rotation of a microcluster in vapor is discussed, and the use of
the internal free energy of a microcluster to get the cluster-size dependence of the surface tension

in Nishioka’s formalism is shown to be reasonable.

I. INTRODUCTION

Liquid microclusters relevant in nucleation from the
vapor are often extremely small in size so that the homo-
geneous properties of the bulk liquid are probably not
attained even at the center. Following the idea behind
the Gibbs theory of surface tension,! Nishioka? formu-
lated a thermodynamic theory for those systems in such
a manner that the results of computer simulations for
microclusters® and for the bulk liquid* are employed to
obtain the cluster-size dependence of the surface tension.
The theory involves some subtle points due to an appli-
cation of the concepts in macroscopic thermodynamics
to such extremely small systems. The present article in-
tends to clarify further the characteristic concepts in-
voked in the thermodynamic formalism of the theory.
In addition, the nature of the reversible work associated
with the surface tension in Nishioka’s formalism is eluci-
dated and is compared with that in the Gibbs theory.
Complication due to translation and rotation of a micro-
cluster in vapor is also discussed in relation to the es-
timated size dependence of the surface tension.

II. THERMODYNAMIC FORMALISM

Consider a liquid microcluster with the spherical
shape in a supersaturated vapor, which consists of a
pure substance and is in thermodynamic equilibrium,
i.e., the consideration will be limited to a critical nu-
cleus. The first step in a thermodynamic consideration
is to define the system, and it is defined here by a
mathematical boundary having a conic shape intersected
by a sphere as shown by the heavy solid line in Fig. 1.
The center of the sphere coincides with the “center” of
the microcluster which is indicated by the dashed line,
and its radius R, is taken to be so large that it passes
through the homogeneous vapor phase. Complication
due to translation and rotation of the microcluster will
be discussed later.

Consider next the thermodynamic variables to define a
state of the system. Since the system under considera-
tion is small, interaction between the molecules inside
and outside the boundary must be taken into account.
The spherical boundary passes through the homogene-
ous vapor phase, hence the effect of the interaction on
internal energy and entropy may be considered as shared
equally between the molecules on both sides of the
boundary at R,. Thus, the internal energy E,, and the
entropy S, for the entire sphere are well defined, where
the subscript 47 indicates the solid angle for the entire
sphere (47 sr). Since the thermodynamic properties are
homogeneous along the direction perpendicular to the
boundary defining the cone, the internal energy E and
the entropy S of the system are given by

E=E, 0/47, S=S;,0/47, (1)

where @ denotes the solid angle of the cone. The num-
ber of molecules within the system may fluctuate, but

FIG. 1. System defined by a mathematical boundary.
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only the average value is treated in thermodynamics.
Thus,

N =N, 0/41 , (2)

where N and N,4, denote the number of molecules in the
system and in the entire sphere, respectively.

The temperature 7 and the chemical potential u of a
supersaturated vapor determine the state of the critical
nucleus, such as its size and the density profile, as well
as the intensive properties of the supersaturated vapor.
Hence, the state of the entire sphere in Fig. 1, including
its ‘“‘extensive” properties, is determined by Si,, N,
and R,; thus the state of the system is determined by S,
N, R,, and . The internal energy is a function of those
variables, i.e.,

E=E(S,N,R,,0) , (3)

which constitutes the fundamental equation for the sys-
tem. Its differential form is given by

dE =(3E /3S)dS + (3E /dN)dN
+(3E /3R, )dR, +(3E /dw)dw . @)

Implication of the differential coefficients in Eq. (4) is
quite complex, and it is desirable to express them in
terms of the more familiar quantities.

Eq. (3) may be rewritten as

E=E, (S4,,Ny,R, 0 /4T . (5)

Employing the chain rule in differentiation, it follows
that

(aE/aS)N,RU,a,:(aEM,/aS‘W )N4ﬁ’RU(aS4”/aS)w(O/4’ﬂ'
—(3E 4, /3S4r), r, - (6)

Similarly, we get

(8E /3N)s,r, .=3E 4, /3N4z)s, &, »
(BE /3R, )s n,o=3E 4, /R,)s, n, /4T, %)
(3E /3w)s g, =[(3E4r /3S4n ), r S /0

+(3E4, /3N4y)s, r N/0]+E /o .

Hence,
dE =(0E,, /0S4, )dS +(9E,, /ON4,)dN
+(w /417 )(OE,, /0R,)dR,

+(1/w)[E —(3E 4, /3S4,)S —(dE4, /dN 4, )Nldw .
®)

Note that the system is supposed to remain in equilibri-
um both before and after an infinitesimal change in state.

Equation (8) provides the differential form of the fun-
damental equation for the system in which the
differential coefficients for the entire sphere are em-
ployed. Those differential coefficients are, strictly speak-
ing, functions of the variables S, N, R,, and o for the
system, but they may be more directly considered as
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functions of S,,, N4,, and R,, which in turn enables us
to relate them to the intensive variables for the supersa-
turated vapor. Consider the supersystem in equilibrium
as shown in Fig. 2 which consists of two regions, the en-
tire sphere and the homogeneous supersaturated vapor
surrounding it, separated by the mathematical boundary
B. For an infinitesimal variation of the region of the
homogeneous vapor, we have

SEhv:TBShv_p 8th+/'l’8NhV ’ (9)

where p denotes the pressure of the supersatured vapor
and the subscript hv indicates the quantities for the re-
gion of the homogeneous vapor. Similarly, for the entire
sphere we have

8E4”=(8E47/6S4" )6S4ﬂ-
+(3E 4, /ON 47 )0N 4, +(3E,, /OR,)6R, . (10)

Individual variations in each region may cause
infinitesimal discontinuity of state at the mathematical
boundary B, but variations of internal energy and entro-
py in each region may be evaluated under the supposi-
tion that the varied state of each region extended beyond
the boundary B."> Hence, the variations in Egs. (9) and
(10) are all well defined. Taking 6S},= —38S,, as varia-
tions in the two regions, it follows from the second law
of thermodynamics that

(8E, )Ssu’Nsu’Vsu =(3dE,,/0384,)8S,,—T8S,,=0, (11)
hence,
(0E,4,/8S4,)=T, (12)

where the subscript “su” indicates the quantities for the
supersystem. Similarly, we get

(0E4, /3N 4, )=p, (OE,,/dR,)=—p4nR} . (13)
Substituting Eqgs. (12) and (13) into Eq. (8), we get

dE=TdS+pdN —pwR2dR,+o0dw , (14)
where o represents the following:
oc=(E—-TS—uN)/w . (15)
homogeneous vapor

the entire sphere

FIG. 2. Supersystem containing both the entire sphere and
the homogeneous vapor surrounding it. B denotes the
mathematical boundary between those two regions.
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Thus, the differential coefficients in Eq. (4) are shown to
be expressible in terms of the intensive variables 7, pu,
and p of the supersaturated vapor. It is instructive to
compare Eq. (15) with the following equation for a bulk
homogeneous system:

—p=(E—TS —uN)/V . (16)

Let us consider the possibility of classifying the vari-
ables into extensive and intensive ones as done in the or-
dinary thermodynamic formalism. Suppose two systems
both of which are specified by (S,N,R,,0w) and take
them together to form a single system. The system thus
formed is specified by (2S,2N,R,,2w) due to Egs. (1) and
(2), and Eq. (5) leads to

E(25,2N,R,,20)=2E (S,N,R,,0) . (17)

Hence S, N, o, and E may be considered as extensive
variables under a constant value for R,, and E is a
homogeneous function of the first degree in the variables
S, N, and w. It follows from Euler’s theorem that

(3E /3S)S +(3E /ON)N +(0E /dw)w=E , (18)

which is equivalent to Eq. (15) since (9E/dS) and
(0E /9N) have been identified as T and u of the supersa-
turated vapor and (3E /dw) is denoted as o. Under a
constant value for R,, the variables, T, u, and o are
homogeneous functions of the zeroth degree in the vari-
ables S, N, and w, hence they may be considered as in-
tensive variables in the present formalism. Taking
differential of Eq. (18) under a constant value for R, and
comparing the result with Eq. (14), we get the Gibbs-
Duhem relation as

SdT +Ndu+wdo =0 . (19)

When we change the values of S, N, and o
infinitesimally under a fixed R,, the system will move to
a new equilibrium state in which 7, u, and o are
modified. However, infinitesimal changes in those values
will be mutually related through Eq. (19). The size of a
liquid microcluster located at the center will also be al-
tered. Equation (19) plays an indispensable role in ob-
taining the cluster-size dependence of the surface ten-
sion. Note that the present definition of the system hav-
ing a conic shape is the clue in defining the Gibbs-
Duhem relation (19). If we chose the entire sphere as
the system, it would not be possible to classify the vari-
ables into the extensive and the intensive ones, hence Eq.
(19) would not have been obtained.

III. DIVIDING SURFACES
AND THE SURFACE TENSION

It is shown in Sec. II that the thermodynamic formal-
ism can be established even for an extremely small sys-
tem containing a liquid microcluster and the vapor.
However, for the practical usefulness of the formalism,
thermodynamic variables must be either macroscopically
observable or must be explicitly related to macroscopic
variables. o in Eq. (14) represents the complex effect
due to the transition layer between the microcluster and
the vapor, but it cannot be measured in practice and we

must represent the term o dw in terms of experimentally
measurable quantities.

Following Gibbs,! we employ a mathematical inter-
face, called a dividing surface, within the transition layer
under a chosen condition and introduce the hypothetical
system? by filling each side of it with a reference bulk
liquid and a bulk vapor. We call each part of the hy-
pothetical system the hypothetical microcluster and the
hypothetical vapor, respectively. As the reference bulk
liquid and the reference bulk vapor, Gibbs! employed
those which possess T and p of the real system, but we
proceed for a while without committing a choice for the
reference bulk liquid. For a given state of the system de-
scribed by S, N, w, and R,, the radius R and the area 4
of the dividing surface are determined once the dividing
surface condition is specified. An infinitesimal change of
the state described by dS, dN, dw, and dR, accompanies
an infinitesimal change in the size of the critical nucleus,
and both dR and d A are determined accordingly. We
introduce the concept of surface tension y by

cdo=—p;dV;—pdV,+ydA+pdR , . (20)

where p; and ¥V, denote the pressure and the volume of
the hypothetical liquid phase and dV, denotes the
volume change of the hypothetical vapor with R, kept
invariant. Equation (20) may be interpreted to find that
the unmeasurable work term o dw of the real system is
represented by the work terms of the hypothetical sys-
tem and that their difference is ascribed in the work
terms ¥ d A +pdR associated with the dividing surface.
Since a change in the curvature of the interface accom-
panies a modification of the molecular distribution
within the interfacial region, necessity of the term p dR
introduced by Gibbs' can be understood.® Eliminating
the term o dw from Egs. (14) and (20), we obtain

dE =T dS +pdN —p;dV,—pdV,+ydA +pdR . (21)

Observing that dV; can be expressed in terms of d 4 and
dR, there are five independent variables in Eq. (21) as
compared with four in Eq. (14). One extra variable in
Eq. (21) reflects the freedom to choose the dividing sur-
face condition.” Note that Egs. (20) and (21) remain
meaningful even for the cases where dw=0.

Integrating Eq. (20) by keeping R, and the nature of
the system invariant, we obtain

co=—p,V,—pV,+v 4 . (22)
Substituting Eq. (22) into Eq. (18), one gets

Differentiating Eq. (22) under a constant value for R,
and using Eq. (20), we obtain

wdo=—V,dP,—V,dp+ Ady—pdR . (24)

Substituting Eq. (24) into Eq. (19) and manipulating the
result, we get the following form for the Gibbs-Duhem
relation:

S*dT +N*dpu—N(du’—du)+ Ady—pdR =0, (25)
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where S and N°* denote the excess entropy and the ex-
cess number of molecules, respectively, and N; the num-
ber of molecules in the hypothetical microcluster. Anti-
cipating an extension of the Gibbs method, we allowed
in Eq. (25) a possibility that the chemical potential u° of
a reference bulk liquid may be different from that of the
real system, whereas temperature of the reference bulk
liquid is taken to be the same as that of the real system.
Equation (25) will be employed to get the cluster-size
dependence of the surface tension.

It is intended? that the results of computer simulation®
for liquid microclusters are utilized to derive the
cluster-size dependence of the surface tension. For this
purpose we need to employ the equimolecular dividing
surface, which is specified by N®*=0, because the simu-
lation results are obtained in terms of the number of
atoms contained in the clusters. However, the term
pdR remains in Eq. (20) in this choice of the dividing
surface, which causes much inconvenience in practical
applications. The term pdR remains also in Eq. (25).
To avoid this inconvenience, Nishioka® chose the pres-
sure pf for the reference bulk liquid so that pdR van-
ishes in Eq. (20). Chemical potential u° of the reference
bulk liquid will be different from that of the real system
in this case. Under Nishioka’s choice of the dividing
surface and the reference bulk liquid, Eq. (25) becomes

S*dT —N(du’—du)+ Ady=0. (26)

Although it would be most natural to take the bulk
liquid possessing T and u of the real system as the refer-
ence, the present choice is also allowable as long as we
take the view that the concept of surface tension is a
method to relate the unmeasurable work term o dw in
Eq. (14) to measurable quantities. It follows from the
condition of thermodynamic equilibrium that

pP—p=2y/R . 27)
Eliminating ¥ from Egs. (23) and (27), one obtains
w(p?—p)=6(E —TS —uN +pwR}/3)/R> . (28)

The condition N®*=0 for the equimolecular dividing
surface is practically equivalent to

4mR*/3=nv, , (29)

where n denotes the number of molecules contained in
the cluster and v; the molecular volume of the reference
bulk liquid. For a given state of the system, R and o
are determined by the simultaneous equations (28) and
(29). However, since bulk liquid is nearly incompressi-
ble, pressure dependence of v; may be neglected in prac-
tice and Eq. (29) alone determines R. Then, p; is deter-
mined, in principle, by Eq. (28).

The surface tension y is determined by Eq. (27) in the
present formalism. As the cluster size becomes large, p/
approaches the actual pressure inside the cluster? and ¥
can be measured as the mechanical tension, whereas p?
may deviate from the pressure inside the cluster for
smaller clusters. For extremely small clusters, the pres-
sure inside the cluster may not be meaningful, but p? is
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still well defined as the pressure of the corresponding
reference bulk liquid. However, it is not possible in
practice to determine p and y from Egs. (27) and (28) in
those cases. To obtain the general feature for the
cluster-size dependence of the surface tension at constant
temperatures, Eq. (26) and the results of computer simu-
lation** were employed to get y(n) for argon. This
point will be discussed later in relation to the difficulty
due to translation and rotation of a cluster in the vapor.

Let us consider the physical meaning of the surface
tension introduced here and compare it with those due
to Gibbs. For the entire sphere Eq. (23) may be rewrit-
ten as

yA=E*—TS*—(u—p)n , (30)

where E°* denotes the excess internal energy. It is help-
ful for understanding the implication of Eq. (30) to con-
sider the reversible work AW™' of forming a critical nu-
cleus within the system of a supersaturated vapor which
is maintained at constant 7 and p. AW'™' is given by
AE —TAS +pAV, where AE, AS, and AV denote the
changes for the system defined above upon forming a
critical nucleus. After some manipulation, AW™" may
be expressed as

AW =y A —(pP—p)V, , (31)

where V; represents 47R3/3=nv,. To see the physical
meaning of Eq. (31), we follow Gibbs! and consider a
thought process to form a critical nucleus as shown in
Figs. 3 and 4. Within the supersaturated vapor we im-
agine the reference bulk liquid with T and p which is
enclosed by an envelope as illustrated in Fig. 3.
Differences in the pressure and the chemical potential
are maintained with the help of a reversible work source.
Suppose that we transfer n molecules into the reference
bulk liquid from the vapor. The reversible work AW
in this process is given by

AW =n (uo—p)—(pP—p)V, (32)

[¢]
Py =D

'3

reference bulk liquid

[
[

o e ©
/

o (¢
T, pypsom

f T, P> ¥

supersaturated vapor

|
7

n

FIG. 3. Supersaturated vapor and the hypothetical reference
bulk liquid.
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FIG. 4. Reversible thought process to form a liquid micro-
cluster from the reference bulk liquid.

because the change in the outer area of the reference
bulk liquid may be neglected. Consider next the process
of forming a microcluster from the reference bulk liquid
by following the procedure illustrated in Fig. 4. Suppose
that a small aperture is opened and then closed in the
envelope so as to extrude a liquid microcluster of n mol-
ecules into the vapor. Since the work term o dw of the
microcluster is represented by the work terms of the hy-
pothetical system and the dividing surface, the reversible
work AW for the extrusion process is given by

AWSE =y A +(u—p)n , (33)

in which the second term is needed to change the chemi-
cal potential from u° to u. The first term y 4 results
from the following consideration. To keep the process
reversible, we must provide the force y cosf at the edge
of the aperture through the reversible work source as
shown in Fig. 4. Amount of the work done at the edge
of the aperture is given by

f()R v cosO 27R sinBd (r cosf)
+ f; v sin@ 2R cos@d (—rcosh), (34)

in which the first term represents the work done during
the opening process and the second term during the clos-
ing process. Equation (34) results in 47R %y /3. In addi-
tion, the amount of the work 47R3*(pf—p)/3, which
may be rewritten as 87R 2y /3 due to Eq. (27), is done to
push the envelope inward during the extrusion process.
Summation of those two amounts of the reversible work
results in y A4, i.e., the first term of Eq. (33). Adding
AW and AW together, we get AW™ given by Eq.
(31). Since the volume of the system shown in Fig. 3 is
invariant during the extrusion process, AW is given by
E®*—TS*®, hence Eq. (33) is equivalent to Eq. (30) as it
should be. Thus, yA4 in the present formalism
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represents the reversible work required in the extrusion
process as shown in Fig. 4. Note, however, that the re-
versible work required to change the chemical potential
is not contained in y 4.

Consider next the surface of tension due to Gibbs' as
the dividing surface, where the reference bulk liquid is
chosen to possess T and p of the real system. The term
pdR is eliminated from Egs. (20), (21), and (24) in this
case also, and the following equation holds:

P —P:2'}’5/Rs » (35)

where the subscript s indicates the choice of the surface
of tension. N does not vanish and Eq. (25) becomes

S&dT + N du+ A, dy, =0 . (36)

p; is determined by the requirement that the reference
bulk liquid possesses T and p of the real system, and R,
is determined by

R}=6(E —TS —uN+pwR}/3)/o(p;—p) . (37
It follows from Egs. (23) that
Vs As :Esex'" TSSCX—:U‘N:X > (38)

which determines y;. Consideration similar to that lead-
ing to Eq. (31) results in the following expression for the
reversible work to form a critical nucleus:

AWreV:‘VsAs_(p[ _p)Vls . (39)

Consider the thought process similar to those shown in
Figs. 3 and 4. The reversible work to transfer the prop-
er number of molecules into the reference bulk liquid
from the vapor is given by —(p; —p)¥;;. However, since
the process in Fig. 3 may be interpreted as the formation
of the hypothetical system from the initial state of the
supersaturated vapor, NJ* molecules must be removed
from the system by the reversible work source during
the process. Hence,

AW = —(pi—p)Vis—puNs™ . (40)

During the extrusion process, the reversible work
(p;—p)V); is required to push in the envelope and
47R?2y, /3 for opening and closing the aperture. In ad-
dition, the amount uN$* is needed during the process be-
cause the process is equivalent to creating the real sys-
tem from the hypothetical one. Thus,

A Eiv:7sA5+ﬂN:x . (41)

Summation of AW and AW?E results in AW™ as it
should. Since the volume of the system in Fig. 3 is in-
variant during the process and the wall is restrictive
with respect to the number of molecules, AW is given
by E*—TS; hence Eq. (41) is equivalent to Eq. (38) as
it must.

Note that both of y 4 in Nishioka’s formalism and
ys A, in Gibbs’s formalism with the surface of tension
represent the mechanical part of the reversible work of
the extrusion process which is done by pushing in the
envelope and by opening and closing the aperture.
Thus, both of y 4 and y, A, possess similar physical
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meanings. Substituting Egs. (27) and (35) into Egs. (31)
and (39), respectively, we get

AW™ =y A /3=y, A4,/3 . (42)

Since it is estimated® ! that R >R,, it follows that
y <¥,. Hence, Egs. (27) and (35) lead to p <p;.

When the equimolecular dividing surface is employed
under the choice of the reference bulk liquid having T
and p of the real system, the term p dR remains in Egs.
(20), (21), (24), and (25). It follows that

pi—p =2vg/R +p/(wR?), (43)

where the subscript G denotes Gibb’s choice of the refer-
ence bulk liquid employed here. Rigorously speaking, R
also needs the subscript G, but it is neglected because
the bulk liquid is nearly incompressible. Eliminating y g
from Egs. (23) and (43), we get

—2mpR /o=E —TS —uN +p,V,+pV,—27R*(p;—p) .
(44)

This equation determines p and Yy is then determined
by Eq. (43). Neglecting the pressure dependence of the
molecular volume for the reference bulk liquid, it follows
from Egs. (23), which holds irrespective of the choices
for both the reference bulk liquid and the dividing sur-
face condition, that

(y—ve)Ad=(p’—p)V; . (45)

Since p? <p,, it follows that ¥ <yg. We get from Eq.
(23) that

yoA =E*—TS™ . (46)

The reversible work to form a critical nucleus from the
vapor is found to be

AW™ =y A —(p,—p)V, 7)

in the present case. The second term in Eq. (47) may be
interpreted in connection with Fig. 3 as in the preceding
cases. However, it is not possible to interpret the first
term as the mechanical work illustrated in Fig. 4, be-
cause Y cannot be interpreted as the mechanical ten-
sion due to the existence of the second term in Eq. (43).

Substituting Eq. (43) into Eq. (47), we get
AW™=yzA/3—pR /3. (48)

IV. DISCUSSION

The cluster-size dependence of the surface tension in
Nishioka’s formalism is governed by Eq. (26), and the
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following expression was derived at a constant tempera-
2
ture:

y(n)=—(Rn /v;){0[F(n)/n]/dn} , (49)

where F(n) denotes the Helmholtz free energy of a
liquid microcluster containing n molecules. y(n) was
computed for argon’? by employing the results of com-
puter simulation due to Lee et al.> Difficulty caused by
translation and rotation of a microcluster in vapor was
avoided by assigning the internal free energy F'™(n) to
F(n). Let us consider this point in the following a little
further. However, the rigorous treatment of the prob-
lem is formidable,!! and it is not attempted here.

Canonical partition function of a liquid microcluster
in vapor may be separated into the translational, rota-
tional, and internal parts by introducing the coordinate
frame so that its origin coincides with the center of mass
of the microcluster and there is no angular momentum
relative to it.!> Hence, the center of the sphere in Fig. 1
may be regarded as the center of mass of a microcluster,
and the quantities E,4, and S;, may be considered as the
sum of the internal parts for the microcluster and the
values for the surrounding vapor. Similarly, the center
of the hypothetical microcluster may be considered as its
center of mass, and its internal energy and entropy as
their internal parts. Following these considerations, the
translational and the rotational degrees of freedom are
supposed to be excluded from both the hypothetical and
the real microclusters in the extrusion process shown in
Fig. 4. This view corresponds to the Loth-Pound
theory,’* !¢ and the further consideration of the theory
is given in a review article.!!

Thus, S in Eq. (26) represents the difference in the
internal parts of the entropies between the real and the
hypothetical microclusters. In addition to Eq. (26), the
following rewritten form of Eq. (23) is employed to
derive Eq. (49),2

yA/3=[(E —TS)—(E,—TS,)]+pV,—nu .  (50)

The first term in Eq. (50) represents the Helmholtz free
energy of the real microcluster, which is denoted as F (n)
and appears in Eq. (49). It follows from the foregoing
discussion that the first term in Eq. (50) actually
represents the internal free energy Fi™(n), hence the as-
signment? of Fi"(n) to F(n) in Eq. (49) is shown to be
reasonable. Furthermore, both y in Nishioka’s formal-
ism and y; in Gibb’s formalism with the surface of ten-
sion represent the reversible works of a very similar na-
ture as clarified in the present section. Thus, the
cluster-size dependence of 7 is expected to possess be-
havizor similar to that of y for argon investigated ear-
lier.
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