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We present a derivation of closed-form algebraic expressions for two-body operators in the con-
text of the special-unitary-group approach to complex spectroscopy. The method involves the use
of a graphical representation of the permutational symmetry-adapted irreducible-representation
basis which facilitates the decomposition of the matrix elements into simple factors. The results
afford significant reductions of computational complexity in cases pertaining to higher-than-spin-%

N-particle systems.

I. INTRODUCTION

The purpose of this paper is to present closed-form ex-
pressions for the matrix elements of two-body operators
in permutation symmetry (Sy)-adapted unitary bases
[bases of SU(n)ISy]. The derivation of the matrix-
element formulas is demonstrated with use of properties
of a recently developed! ~3 graphical realization of the ir-
reducible representations (irreps). We originally present-
ed this method, a generalization of an SU(2)-based
method of Shavitt,* as an alternative to approaches using
either Gel-fand arrays or Weyl-Young tableaux and ap-
plied it to the evaluation of one-body operator matrix
elements. In this latter regard the present paper can be
viewed as a sequel to Ref. 1.

The domain of application of this theory is in the
study of systems of N particles exhibiting unitary sym-
metry, either U(n) or SU(n) (there is no essential
difference). Fundamental to such studies are the con-
struction of the irrep bases and their tensor operators.
Our approach is a variant of the unitary-group approach

J
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The N +1 labels {p},,={p.; | =0,1,...,N; p,,; >0}
are the integer partitions of N,, and m simultaneously,
satisfying the relations

N
S Ipy=N,, N,=N (2.2)
/=0

and
N
S py=m, 0<m<n (2.3)
[=0

where N,, is the number of particles in the SU(m) sub-
group (with index m <n).

A complete description of an irrep {p}, of SU(n)LSy
requires a listing of all irreps {p}, of SU(m).Sy con-
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(UGA) and for the purposes of this work we assume that
the reader is familiar with Refs. 1-3. Nevertheless, we
have attempted to incorporate an outline of the theory
in the paper.

In Sec. II we present a review of the basic aspects of
the irrep construction, graphical representation, and
one-body-operator matrix element factorization tech-
nique. We also describe the two-body-operator problem.
In Secs. III and IV we focus on the cases of so-called
raising-raising and raising-lowering two-body operators.
In Sec. V we illustrate the use of the general expressions
by treating actual cases.

II. BACKGROUND THEORY

In Refs. 1-3 we presented a method for describing the
irrep bases of N particle systems with unitary symmetry
SU(n) [or U(n)]. In our approach to the unitary-group
decomposition we incorporate explicitly the symmetry
group labels, {p},,, applied at each SU(m) subgroup lev-
el, hence,

(2.1

r
tained in the decomposition (2.1) organized according to
a lexical ordering which is defined by

N

Z(Pmlj—szk)ZO, j<k, ¢=0,1,...,N .
l=q

(2.4)

Here we have introduced an additional label (j,k) in or-
der to distinguish the various irreps at level m. Further,
the irrep {p},,+ is contained in irrep {p},,; (expressi-
ble using Clebsch-Gordan decomposition) if and only if
the two {p}’s satisfy

S,i[plm,jz[p}mil,k,%},’ t:O,...,ZN—l . (2.5)

The k,fj, are linkage indices. The step operators S, are
defined in terms of difference labels {d*}, which, in
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turn, satisfy

{p}mjzlk"jfkl:{p}m,j','idi}t ’

ldf| <1, 1=0,1,...,N (2.6a)
q q
0< ¥di<l, —1< Ydf<0 ¢g=0,1,...,N
1=0 1=0
(2.6b)
N
t=3 [8(dy,1)=8(dy, —1)]2'—1 . 2.7)
1=0

In other words, in order that {p}, _,; be contained
within {p},, the sets of labels must be related by some
{d}, satisfying (2.6) and (2.7).

A single basis function (basis tensor) is represented, al-
ternatively, by a set of a set of labels, {{p}}, or, more
compactly, by the set of linkage types, [T], defined in
terms of a specific product sequence of step operators
applied to the SU(n) irrep labels, (IT;, _;S, ){p}. with
t, in[T].

The collection of all labels {p},,,j (m=0,1,...,n,
j=12,...,J,, the number of irreps at level m), are or-
dered within each subgroup level m according to (2.4), as
well as the accompanying set of linkage indices (k) and
weights for each {p},;. This constitutes the distinct
row table (DRT). This idea was presented originally by
Shavitt* for SU(2). The same set of labels and linkages
can be represented graphically as nodes and links in an
hierarchical, two-rooted, multiply linked digraph (see,
for instance, Fig. 2 of Ref. 1).

Each node in the graph represents one set of labels
{p}m; while lines joining nodes represent linkages
{d*},. Thus the graph and the DRT are isomorphic
constructions. In particular, a single basis function is
represented by a traversal from the node labeled {p},
(head node) to the node labeled {0} (tail node) along the
existing links, proceeding directly from level m to m —1
in each case. Furthermore, the graph topology can be
manipulated so that it conveniently conveys the same or-
dering principle established for the DRT with respect to
(2.4), namely the node for {p},,; is to the left of the node
{p}mr for j <k in a two-dimensional planar projection.
It is also possible to construct the graph in such a way
that the linkages between nodes at successive levels have
definite and unique geometric properties, thereby making
them immediately useful as identifiers of specific linkage
types.

In Ref. 1 we deduced factorized expressions for the
matrix elements of the elementary SU(n) generators,

E, .. For the case u <v (raising operator),

v—1

7

T=p+1

([T']11Eu | [TD=887"A%4, B,, (2.8)

where the AZ, 4 us» B, and T, factors were defined in
Ref. 1. The graphical representations of these are shown
in Figs. 1 and 2. The definition of each of these factors
can be derived in an algebraic manner, as shown origi-
nally by Beidenharn %er al. The use of a graph for
deriving the expression (2.8) and its constituent factors
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FIG. 1. Graphical representation of an SU(n) generator ma-
trix element. For u <v all nodes in [T'] are identical or to the
left of those in [T]. Subgraph factors arising in the decomposi-
tion of Eq. (2.8) are indicated.

simplifies the process, however.

It will prove useful to describe the properties of the
fundamental subgraphs 4, and B, in some detail. The
subgraphs B, and 4, [see Figs. 2(a) and 2(b)] are
represented by three nodes and the lines joining them.
As the subgraphs are essentially inverses of each other
we shall deal specifically only with B,. Considering
states labeled [T] and [T'], in order that B, be a
nonzero matrix element subgraph the nodes {p}, and
{p}u=1 and {p}, and {p'},_, must be linked by valid
step operations according to (2.5). Further, the nodes
{p},_1 and {p'},_, must satisfy the following condi-
tions, namely, for a unique A,_,, referred to as pivot in-
dex,

. (allenfe) »
o\ \¢} PN

pot {pl} AXF_,{D} wo

FIG. 2. Subgraph representation of nonzero factors (a)
Bp(k#ﬁl), (b) A”(A”), and (c) T,(A,A, 1) showing their
graphical decompositions. Nodes and links are labeled indicat-
ing that for solid lines it is necessary that {p}, ,={p Vu
+{d*}” {p,}uzlplp—Alu) and so on.
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PL—1,1=P“—1,1—AA 1> (2.9a)

p—n
Ay

n—r

l=8A‘p—l_l’1_8}‘p—l'1, I=0, 1, o e ,N . (29b)

The verification of (2.9) is achieved referring to Weyl-
Young tableaux (see Fig. 5 in Ref. 1). A subgraph which
satisfies these nodal relationships, and hence is nonzero,
has all links drawn as solid lines, otherwise no connect-
ing line is drawn. The subgraph B, will also be written
in the form B,(A,_,) by which we indicate that the la-
bels required to evaluate the subgraph are {p},, {p}._1,
and [p’}#_lz[p}#_,—A;\“_l. Similarly, for 4,(A,) we
use labels {p},, [p’}#={p}ﬂ—A;m and {p}, ;.

The subgraph T, is comprised of both 4, and B sub-
graphs. This is shown in Fig. 2(c). For the T . sub-
graphs valid links must exist between nodes {p}, and
{p}._, and their primed counterparts. Relations (2.9)
and (2.10) must apply for both u=7 and 7—1. These
subgraphs can be written in expanded form

Tf()\'T’}\’T—l):Bi(A'T—l)A ;‘(}\'T)— A4 72'(}\'7)3‘}'(}"7—1) .
(2.10)
The superscript notation in (2.10) refers to the order of

evaluation of the subgraphs and implies an accumulative
effect on the {p} labels. In the first term in (2.10)

AN, is evaluated (first) using labels {p},
{p,}‘rzlp }T_AA.T and {p}r—l; qu'(}\'f—l) is then evalu-
ated (second) using labels {p'}, {p},_;, and

{p'}—1={p},—1—A,, _,. For the second term in (2.10)

the label sets are {p},, {p'},_; and {p'},_, for BL(A,_,)
and {p}f’ ip'}f and {p,}r—l for Az'(}"‘r)

Relations (2.9) serve as zero or non-zero selection
rules in the evaluation of matrix elements (2.8). Ex-
pressed in terms of the DRT each basis function is a list
of {p}, labels, from m =n down to 0. A matrix ele-
ment is nonzero if and only if all labels at all m levels in
both basis functions are identical except for adjacent la-
bels Pa, and Pa, _» H<M<V— 1, which are related

through (2.9).

An example involving the matrix element of the gen-
erator E, ; between two such related basis functions of
the irrep {12132} of SU(9) for a system of 15 particles
is shown in Fig. 3. At each affected level the adjacent
pairs of p labels satisfying (2.10) has been surrounded by
a box. For additional clarification the corresponding
Weyl-Young tableaux have been included.

A two-body operator ¢ in SU(n) can be expressed in
terms of one-body operators (group generators) as a sum
of products, hence

¢= zz(b(#ya;V;B)E,u,an,B . 2.1
wva,p
The generators satisfy the Lie bracket relations
E,u,VEa,B—Ea,BEu,V:'SG,VEH,B—S,U.,ﬂEa.V (212)

so (2.11) reduces to the form
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m 1=43210 43210 “m
9 12132 12132
8 12122 12122
7 12022 12022
6 114279 11102 i
5 1110 1 11102 1
4 1o 114 620 ¢ 1 4
3 0[200 1 o[ 1o 1 3
2 o100 o100 1
1 00010 0001410
0 00000 00000
(a)
=012 34 01234
1{1]2]2 1[1]2]2]5
23 2[33l@
3l4]5]7 3[a]5]7
i%& i%i
5 5
6|8 6|8
7|9 [HE
8] 8]
9] El

(b)

FIG. 3. Distinct-row-table (DRT) and Weyl-Young tableau
(WYT) representations of basis states of the {12132} irrep of
SU(9), N =15. The states shown produce nonzero matrix ele-
ments of E,;. In (a) the DRT labels which undergo change
are contained in boxes with the A,, index given. In (b) the cor-
responding WYT labels are contained in circles.

¢=3 3 ¢"(w,a;v,BUE, ,,Eop)

mwvap

+ 2 3¢ (maav)—¢~ (a,uv,@)}E,, , (2.13)

wv a
where {U,V}=UV + VU is the (symmetric) anticommu-
tator and the superscripts denote the symmetric (+ ) and
antisymmetric (—) parts of ¢. It is seen that ¢ decom-
poses into terms proportional to a generator product and
a single generator. The latter can be evaluated using
(2.8).

For the two-body operator (group-generator product)
matrix elements there will be terms, in general, involving
the change of labels around two pivot points, A}, and
AZ,. Choose A}, <AZ,. It follows that

{p,}m:{p}m_A)\l—A)t2< [p}m —A)L2<{p}m

—Au<{plm -

As in Refs. 6 and 7 it is possible to consider a number
of subcases. We consider two general cases, (a) raising-
raising (RR), p<v and a < and (b) raising-lowering
(RL), w<v and a>B. A reversal of relations
(LL and LR) is obtained by applying Hermitian conjuga-
tion to (2.13). We shall not treat cases such as u=v and
pu=a as these can be easily formulated in terms of num-
ber operators which count the number of particles in
each SU(m) subgroup. As will be shown below each of
these cases can be further broken down into subcases.

The matrix element of a symmetric commutator can
be written as
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([T']|(E, Eop) | [T])

= [E]<[T'] | Epy [ [T"DAIT" 1 Eqp | [T])
<

+ 3 AT Eap | [T"DAT"]| B,y | [TD) .
i (2.14)

Each matrix element on the right side is evaluated with
use of (2.8). The problem with this approach is the pos-
sibly large number of intermediate states in the summa-
tion. What we show below is that the matrix element
expressions for two-body operators decompose into mul-
tiplicative factors, each dependent only on nodes ({p},,
labels) at adjacent subgroup levels.

Finally, concerning phase convention, we assume that
the matrix elements of E, , , are positive. All phases
are derived from this basic assumption and the Lie
bracket relations (2.12).

III. RAISING-RAISING OPERATORS

The matrix elements of the symmetric commutator
{Eu vsEaqp) for the cases u <v and a <8 can be treated
in three subcases: (i) the disjoint case, v < «; (ii) the par-
tial overlap case, u <a <v<f3; and (iii) the completely
overlapping case, u <a < <v. Subcases can be derived
from these either by changing labels or by using the her-
miticity property of the generators.

The simplest case is (i). Due to the fact that the E,, ,
and E, g operate on distinct parts of the basis function
the operators commute. Thus the matrix element can be
written as

<[T,] I iE,u,wEa,B} | [T]>

=2([T"}E,, |[[TD | 6{[T" )| Eqp | [TD |}
(3.1)
where the ranges 0 to v and v to n indicate that only

those parts of [T] and [T'] within those ranges contrib-
n

FIG. 4. Representation of (a) disjoint and (b) partial overlap
RR-type matrix element graphs for u<v, a <f cases. Sub-
graph terms appearing in the decomposition of (3.2) are
identified.
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FIG. 5. Graphical representation of B, and A, subgraphs
showing node and linkage labels and subgraphs used in
matrix-element decompositions. Intermediate nodes at level
pu=1 in (a) which are not linked to a node at level u do not
participate in the subgraph evaluation; similarly for level u in
(b).

-

ute to the evaluation of each product term in (3.1), the
remaining parts are ignored. Such cases are graphically
represented in Fig. 4(a).

As we shall show below case (ii)
pressed in the form

([T,] ’ {E,u,v’Ea,ﬂ] I [T])

[Fig. 4(b)] is ex-

a—1
=A""'Ap4, | I T-
T=p+1
=1 B—1
XA, |TII T, |B II 7. |B;s, (3.2)
T=a T=v+1

where the subgraphs A,, B,, and T, are matrices con-
sisting of graphical elements (Figs. 5 and 6). Note that
in the case of SU(2) expression (3.2) reduces to a form
analogous to one described by Drake and Schlesinger®
[expression (31) of Ref. 6].

The matrix subgraphs can be expressed in terms of

A,,B,,and T, as
A

FIG. 6. Graphical representation of Tﬂ subgraph showing
node and linkage labels and subgraphs used in matrix-element
decompositions. Intermediate nodes at levels u and p—1
which are not linked vertically to another node do not partici-
pate in the subgraph evaluation.
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T2(A,A2_BLAL_D+BX2A2_\)TYHALAL_))

.
B, = T%(AV,AL_I)BL(Ai,l)+B£(AL_1)TL(AV,)&_])l 3-3)

AXADTLALA, (+TIALA,_)ALR)

A= A3<AL)T1<A3,M_1)+T5(mv_1)AL(A%)‘ 3.4

corresponding to Figs. 5(a) and 5(b), and
T2(AA2_TLALAL ) T2 AL _)Thalaz_ 1)}

B= a2 nTiozal_) T2ALALOTIAZAE ) G-3)
corresponding to Fig. 6. Here, (3.3) is the transpose of B,. We added a superscript (T, i=1,2) to indicate the order
of evaluation of the subgraph products, and so the order of the particular {p} labels considered.

Each matrix element of (3.3) has two terms. The first terms apply to the generator product E, gE, , the second to
E, ,E,p. The opposite is the case in (3.4), however.

Fmally, case (iii) can be derived immediately from (3.2) by interchanging v and 3, a point which is verified by refer-
ring to Fig. 4(b).

Proof of (3.2) can be obtained in a number of ways, one of which is a direct substitution of the complete algebraic
expressions. Another method uses proof by induction, based on (2.14), in the graphical decomposition of a matrix-
element expression.

In order to present the essential details of the proof by induction consider the special case of the generator product
E, ., E,,. Using as base cases v=p+ 1 (one step) and v=pu+2 (two step) we find that

<[T’] IE,AL,;L+1E;1.,/.L+I I[T]>=A871An+l[3u+l )" )B}Hrl()";lt) u+1()"1) u+1(}";21)]

ALAD AL
ALAALAL) |7 3.6

where attention has been paid to the ordering of the subgraph factors. Referring to the row and column matrices as
E#H and 4 u» respectively, we have demonstrated the base assertion as shown in Fig. 7(a). Note that some terms in
(3.6) may be zero if the linkages between nodes are invalid. This case is also included in Fig. 7(a).

Next consider

#+,(A“+1,AZ)T‘+1(A#+1,A1) TH]()LM,,A )T o1 (A 1,A2)
T2 AL AT L A2 LAY TR (AL AT L (AR D)

([TI]|E;4;L+2E##+2|[T]> A” IAn+2B,u+2 Au ’

(3.7)

which we arrive at by inspection of Fig. 7(b) or, alterna-
tively, by algebraic manipulation using the fact that W
Eppi2=EpuiEpiipvr—Euvius2Epusr, by (2.12), et % &. h

and considering all possible terms (subgraphs) which p2 V
arise. Identifying the 2<X2 matrix as T, , demonstrates

our second base assel;tion. A/-L-i
The product of T, subgraphs in (3.2) is valid for

several T=u+1 to 7=p+2,u+3, and so on; thus we et % % N % %
consider it valid for u+1<7<v—1, namely,
v—1
([T'1|E, . E,,. | [T =A1A87'B,

An inductive proof is achieved if this case can be shown & & W
to extend to u and v product ranges. For the latter this
follows  directly by using (2.12) to yield (b) Bz
E,,;1=E,,E,,.n—E,,E,, Next apply these to
find the relevant subgraphs [Fig. 8(a)]. These graphs are
then decomposed [Fig. 8(b)] and reassembled into factors
[Figs. 8(c)-8(e)] in the order given for the operators. FIG. 7. Proof by induction of (3.2) base cases representing

The graphs shown pertain to one element only of T, matrix-element decompositions of (a) E,_;,E, 1, and (b)

and B,,,. The remaining elements are obtained by E, >, E, 3,

(3.2') [m' h}



4742

shifting the links between intermediate nodes and apply-
ing the same assembly algorithm as shown in Fig. 8. A
similar process is applied to extending the lower end of
the graph, u to u—1, in order to verify the 2“_1 factor.

In Ref. 1 we showed that the T, factors can be ex-
pressed in all cases as a product of 4, and B, subgraphs
and a factor which is the square root of a simple rational
number [see Fig. 2(c) and Egs. (3.18') and (3.19) of Ref.
1]. Due to this fact one need not compute 4. and B,
repeatedly.

For the derivation of Z#, T., and B, Weyl-Young ta-
bleaux prove to be useful. In the case of £, E, ,
matrix-element expressions we find

Bv+1 =B1l/+1(}\\l/)B\1;+1(}\«3,)

~, 172 ( ~y, 1/2
Mol ot
X " — (3.8)
A‘V—l_z x3—1+2
and
T Lealy 41092
A, =A4,(A) AL (R)
~ 12 ( ~ 1/2
h‘A‘}ﬁl h/}fﬁ-l
X TE " TN , (3.9)
AL—1 AZ—1

where the hook lengths (A and 4) were defined in Ref. 1
[expressions (3.10)-(3.14)]. It is to be understood in (3.8)
and (3.9) that the irrep labels used are the {p} labels (no
prime), or bra-state labels. It is also to be understood
that the hook lengths are evaluated using A% (A!) for the
pivot index in the first (second) term of each matrix.

In the case of T, we find

T.,=4!0HA4aXA)BLAL_DBYAZ_))
XMT(}"-}-9A-%7)"1—~1’)\'12'~1) ’ (310)
J
T2 , 1 7,2 rr—1,1
o hll—lh;,z,—l(hkl-l_’_l)(h A3,1~1+1)
11=¢ = =
i (B =D + DR R
R 7,1 7,2 r—1,1
S oW hja_hpi (3 —=Dha " +1)
,21=%¥2 7~ T ' T h T—
(h ;filvl_ 1 )(hA'}IAl +1h A’}l—lh ;Lll’z—l
2 2 .1 3, T—1,2
PR, hkl-lhzi—l(h;l‘-l_'_l)(h ll_1—1+1)
n12=%2 T2 7,2 nl Fr—1,2
(h Ai—l_l)(hxf—1+l)hxlvlh Al -1
7,1 2 .1 1,2
5, o h;i-xh;;»l(h;§—1+l)(hAlﬁl—l—l)
7,22 ~ T ~ o
(B2l + DL + DAY T2,
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(a)
NG (&-’%};&:&) gl
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(d)
IX.*'"\(\.\: 5
e)

FIG. 8. Steps involved in (a) a single term, (b) a decomposi-
tion, and (c)—(e) reassembly in the induction step leading to ex-
pression (3.2).

where the matrix M (ALAZ AL A2 ) is comprised of

simple factors analogous to those in (3.8) and (3.9). The
general form of M, is cumbersome to express since a
slightly different form is required to meet each of the fol-
lowing subcases, namely,

(@Al_ <AZ <A< (Bl <AlaA2  <A2,
(A <A <AZ<A?_), (DAL<Al_ ;<22 <A?,
(@Ar<Ar_1<AZ<A ), (DAL<AZ<Al | <A2 .

_For case (a) above we have included the elements of
M, as follows:

, (3.11a)

’ (3.11b)

(3.11¢)

) (3.11d)
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where we define the factors Q;?’

o =[h} T DG+ D]V, (Ba2a)

Q‘z“’_—-[h;'g_lh}"f_l(h;z‘_l+1)(h;'f_1+1)]_”2. (3.12b)
Note that an additional superscript has been added to
the hook lengths. A"’ (i =1,2) indicating the use of A\
as pivot index.

What is achieved in using an expression such as (3.10)
is an effective factorization of the fundamental 4 and B
subgraphs. That is, instead of calculating the 4 and B
subgraphs repeatedly for each element in the matrix
(3.5), one calculates them only once and multiplies their
product by the M, matrix.

Note that in the case of SU(2) the off-diagonal terms
in these matrices vanish, a fact most easily seen by in-
specting two-column Weyl-Young tableaux. As shown
by Drake and Schlesinger® the remaining diagonal terms
can be categorized as arising from singlet and triplet in-
termediate couplings. When such matrices are multi-
plied the couplings do not mix; therefore it becomes pos-
sible to write the matrix-element expressions as the sum
of two terms, each of which is a product of scalar fac-
tors. In the case of SU(n), however, it is no longer pos-
sible to categorize the matrix elements in a similar
fashion. Further, these terms do mix on multiplication
of the matrices. Therefore, the 2X2 matrix-
factorization technique which we have employed is the
simplest form into which these expressions can be cast.

IV. RAISING-LOWERING OPERATORS

The treatment of raising-lowering two-body operators
parallels that of raising-raising products except for one
important difference and that pertains to the diagonal
matrix elements. We shall deal with these issues below.

Considering the commutator {E, ,,E,g} for u<v
and a > we have the cases (a) disjoint, vgﬁ (b) partial
overlap, pu<B<v<a; and (c) complete overlap,
p<B<a<wv.

The disjoint case is derivable from (3.1) by exchanging
primes between the primed and unprimed labels and sub-
sequently taking the Hermitian conjugate of the matrix
element of E, 5. See Fig. 4(a) also.

It is worthwhile noting that each application of an ele-
mentary generator E,,_; , on a bra state results in shift-
ing a node (at level u=1 of the graph) to the left
(E, ,_1 shifts a node to the right.) For any overlapping
region contained in products E, ,E, g there must be, in
general, products E, . E 4, . (for 7 in the overlap re-
gion). Thus, three instances can arise at each level,
namely (i) {p'} < {p} [Fig. 9()], (ii) {p'} > {p} [Fig. 9(a),
with interchange of primes and no primes] and (iii)
{p'}=1{p} [Fig. 9(b)]. Whenever (iii) holds in the over-
lap region we refer to it as a diagonal subgraph. Fur-
ther, for each set of nodes in the overlap region there are
two associated pivot indices when {p’'}s4{p}. We refer
to these as A1 (right shifting) and A~ (left shifting) and
we find {p}—A,_<{p}<{p}+A,- (similarly for {p’}.)
For the diagonal subgraphs it is also to be noted that the
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(c) (d)

FIG. 9. One-step RL-type matrix-element subgraphs for (a)
{p’}u—1<{p}u—1 and (b) the diagonal case, {p'}, 1={p}._1.
Cases (c) and (d) represent subgraphs occurring in an overlap
region for two-step matrix elements.

number of pivot indices may be greater than two.
For the case u <8 <v<a the matrix element expres-
sion, as in (3.2), is given as

([TI] | {Eu,v’Ea,B} | [T]>
B—1
=A8"1A" 4 I 7.
T=p+1
~ v—1 a—1
xAg |TI T, |B.,| TI T.|B.. @.1)
=B T=v+1

In this notation the prime on 7 and B factors indicates
interchanging primes and no primes on the {p} labels.
The factors A g I'., and B, are represented in Figs. 9
and 10 for cases (u=pB, a=v), and Fig. 11. Note that
the fT matrix has two possible representations
differentiated by the lexical ordering of labels (nodes)
{p'}m and {p},, atlevelsm =y and p—1.

I b

AR Ax  OX DX
(a)

R

AN A)\

ip’} {o} q q
X = | Ax xA)d'
N\

(b)

FIG. 10. Representation of RL-type matrix-element sub-
graphs. Case (a) is a B subgraph. Case (b) is an 4 subgraph.
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r'-"AX" . AX Axt AX 1)
o) o) \x
/.L

= AY By A O
)

3 RN

(a

g M L
CAA R
(b)

FIG. 11. Representations of 7T subgraphs. Case (a)
{Pllm<{P]my m=p, pu—1 and (b) [P,}/t<[p}/n {P,}u~l
>{plu-1

Once again, by virtue of there being two pivot indices
(except for diagonal cases) at each level in the overlap
region these coefficients are matrices (at most 2X?2).
The proof of (4.1) can be obtained using induction in
parallel to the lowering-lowering case. The base cases
for one-step and two-step matrix elements are shown in
Fig. 9. [The SU(2) analogue of (4.1) is expression (26) of
Ref. 6.]

The remaining cases involve diagonal matrix elements
of operators such as {E, ,,E, ,} as well as cases where
labels {p'},,={p},, at one or more levels in the overlap
region. For the former it follows that A}t =A"=A, for
all u <7 <v—1. Further, as seen from Fig. 9(b), 12, and
13, there will be more than two intermediate nodes, in
general, which arise in the matrix-element decomposi-
tion. Thus, in order to deal with these cases, a different
approach is necessary.

For simple cases involving pure diagonal matrix ele-
ments ([T']=[T]) one can adapt (2.14),

1=t}
VN

N

[ RS

NN Y
1Ea N e W W
a2

>

3.

FIG. 12. RL-type matrix-element decomposition for pure
diagonal case. Though not shown explicitly, all matrix ele-
ments are understood to be squared.
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on e ) o

o \\\. o x "\\ xq#—!
° o *\\ ‘&

FIG. 13. RL-type matrix-element graph showing partial
decomposition of mixed diagonal and/or nondiagonal case.

([T1{E,\Ep ) [ TTD

= SUITE,, |[[T'D*+T']1|E,, |[[TD? .
(7]

(4.2)

Now, using (2.6), (2.7), and (2.9), one checks for all valid
A, links between {p} and {p'} labels at each level. Us-
ing (2.8) and the fact that each term in (4.2) is the square
of a rational root it can be quickly computed.

For complicated cases (large N and n) the search for
and verification of all intermediate states using (4.2) is
too time consuming. Using Fig. 12 as a prototype of
such cases, however, it can be noted that if R intermedi-
ate nodes occur at level 7 and C nodes at level 7—1 in
the overlap region then the subgraph factor for that level
can be expressed in the form of an R X C matrix. Addi-
tional simplification of these matrices can be achieved
through factorization of the fundamental 4 and B sub-
graphs so as to achieve increased computational
efficiency. It is to be noted that the A g and ﬁv terms
are no longer two-element matrices. Similar results hold
for cases involving mixed diagonal and/or non-diagonal
matrix elements as shown in Fig. 13 where
(P Ym=1{pP}m>»m=p,v.

The properties of the diagonal matrix-element factors
deriving from the involvement of many intermediate
nodes were previously noted in SU(2) as well [see exam-
ples (3.5)-(3.7) of Kent and Schlesinger’].

V. SAMPLE CALCULATIONS

We shall now demonstrate the use of the decomposi-
tion techniques which we have derived by considering
several cases of generator products for two different ir-
reps. Our purpose in examining these cases is solely di-
dactic and intended to focus attention on a variety of
subcases in addition to the use of the formulas.

The first example is shown in Fig. 14. Two states of
the irrep {302202 3} of SU(12), N =34, are given. Our
objective is to use these to demonstrate the evaluation of
the matrix element of Es;Es ;. It is noted first that
{pl,={p'}, for 0<7<4 and 11 <7< 12. Further, from
Fig. 14(b), it is seen that all labels agree up to changes
around the pivot positions; two boxes, one for each pivot
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10423456 10123456
[ 4i]2]2 Ai[1]4]2]2
2|2[2[2]2 2[2[2[2[2(®
33316 6 0] 1 33306/

4l4 7 14801

5] 12 HesoH
68)9 BOEIW
[7[3)10]12 7i0j0)12
8l 81
oliz] [T olig] [T]

10 10
11} 1]

12] 12]

(a)

m {p}m {p}m A2

1=6 5432140 165432410 ["M™M
12 3022023 3022023
19 30421143 30121143
10 2l 12103 202203 |[3]5
9 29021 112 12141403 q 6
8 112001 2 1 120103 1|3
7 1t 2ot g2 1o3ooy2 |25
6 1020011 1 02021 2|3
5 10100 tos@P OO |13
4 1010110 1010110
3 1010100 1010100
2 1040000 10410000
1 00410000 00410000
o 0000000 0000000

(b)
FIG. 14. States used to calculate the matrix element of
E5,11E5’11 in irrep I3 02202 3} of SU(12)1S34 using (a) WYT
and (b) DRT notation with pivot indices included.

position, surround the pairs of changing labels at each
level. At level 7=6 the boxes overlap (A2=A}+ 1); this
special case is the only case which applies in SU(2) for
RR-type matrix elements.

From (3.8) and (3.9) we calculate the results

172
B, = % [(5/4)'% (5/6)'%], (5.1
~ 172
A,=(1/5)'7 gfi;mJ (5.2)

The remaining matrix-element terms refer to 7, for
7=6,7,...,10. These are represented by RR cases (b)
7=6, 7, and 9, (c) =10, and (¢) 7=38, as seen by com-
parison of the pivot indices in Fig. 14(b).

For the T, matrix terms we find

_ (26)172 |(16x88)!2  (32)!72

1077 "980 (33)12 (49x27)2 | (5.3a)
. NICORS 0
To=—(256X65) 773 (400/3)\72 |’ (5.3b)
_ 5% 49 21(7/5)'2 0
Te= | ——— , (5.3c)

9%x36x40 0 8/7

_ _(7)1/2 0
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1=01234567 1=0 1234567

1[1]1]1]2]3]5]6] 1[44]4]2]3[5]e
2[2[2[3[4[51D 2223456

3[3[3 3[3[3160D)

4|46(8|11 4|4(6(8|141

5|6[9[10 5|69 /10

6[8]10] 6[8]10]

| 7}(0)12 71012

8[| 8

9[i2] 9

O 4

[44] i1

& (@) ®
m {P'}m {P}m Xl X
1=765432 10 1=765432140
12 11021223 {10241223
11 11021123 11021123
0] 110124003 110121272 1
9] 110114103 11041122 1
8 {1011022 110141022
7 1[I oo11 12 10E 0112 6|4
6 1040114141 104110142
5] 041400014 01410011 ¢ 3
4 00440140 O0Of140110
3 004041100 0OO0O104100
2 000101 O0O 00010100
1 0O000f{0O00O 000041000
0 00000000 00000000

(b)

FIG. 15. States used to calculate the matrix element of

{Es9E 6] in irrep {11021223}] of SU(12)lS3 using (a)
WYT and (b) DRT notation with pivot indices included.

(15)1/2

0 0 (5.3¢)

T¢=—(800)"172

After multiplying the terms in (5.1)-(5.3) together,
paying particular attention to the ordering of the ma-
trices according to (3.2’), we finally obtain the matrix-
element value (456 296/50 625)(195/2)'/2.

As examples of RL-type matrix elements we consider
two cases involving the states described in Fig. 15. The
first example concerns the diagonal matrix element of
the operator (Eg;,E;3) using the primed state {p'},,.
This case can be calculated either using (4.2) or by

decomposing a graph such as Fig. 9(b). Taking the
latter approach we find
By=(35/12 27/4 10/3 704/135), (5.4)
AT=(4/9 2/15 1/12 1/11). (5.5)

Multiplying the two matrices gives the result (398/135).
Note the property that each of the elements are the
square of fundamental subgraphs.

For the final example we consider the operator
{E|16Es9} using the states in Fig. 15 to determine the
matrix element. The matrix-element graph correspond-
ing to this case resembles Fig. 13. Note that the labels
{p'}m={p}m for m =6,8 in the overlap region, indicat-
ing the occurrence of diagonal subgraphs. Since it is not
our purpose to compute any specific model we shall not
actually calculate the matrix-element value.

We find B, =(24/7)'"?, Tj{y=-—1, and
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A5=(8/75)""2. Remaining terms are expressed as ma-
trices. In tl/l\e case of §9 one determines a 1X5 row ma-
trix while A¢ is a 4X 1 matrix. The remaining T, ma-
trices are all greater than 2X 2, each containing zero ele-
ments in some positions.

VI. CONCLUSIONS

We have presented a method for deriving closed-form
expressions for arbitrary two-body operator matrix ele-
ments in SU(n){Sy irrep bases. The method is expected
to be of use in cases where the number of particles in a
system is very large or when the spin symmetry is large
or both. The resulting formulas are remarkably similar
to those derived in SU(2) using a variety of ap-
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proaches.®*” The essential features of the method are a
significant saving in computer storage for the irrep rep-
resentation, a means for displaying and manipulating
matrix elements graphically and a significant gain in
computational efficiency for matrix-element calculations
through the use of formulas which are factorized in
terms of fundamental subgraph products and, at most,
matrices comprised of simple elements.
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