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We have identified a contribution to the ring current magnetic susceptibility of icosahedral Cg,
which diverges paramagnetically as the relative strengths of the two inequivalent bonds of this
molecule are varied. This divergence is invoked to explain the near cancellation of the diamagne-

tism generally expected of aromatic hydrocarbons.

I. INTRODUCTION

Kroto and co-workers"? have recently shown that 60
carbon atoms are capable of forming a very stable mole-
cule. They point out that the uniqueness of the number
60 may be explained when one considers the possibilities
for forming closed surfaces from fragments of graphite.
The smallest such structure having nearly planar sp?
bonding is the truncated icosahedron (Fig. 1) with exact-
ly 60 carbon atoms. The stability of this structure and
its aromatic character are now also supported by a num-
ber of theoretical studies.’~

The semimetallic nature of the 7 electrons in graphite
would lead one to expect a large diamagnetic response
for Cgo. Indeed, Kroto and co-workers! predicted that
substantial ring currents would be generated in Cgy and
that the NMR chemical shift for a centrally located
atom would be large. Contrary then to these classical
expectations are the results of a calculation using the
quantum-mechanical London theory!® which show that
the m-electron ring current magnetic susceptibility of Cgg
is anomalously small—perhaps only one-fifth that of
benzene and of the wrong sign.!! The purpose of this
letter is to explain this somewhat surprising result in
terms of a near cancellation by strong Van Vleck
paramagnetism.'?

The unique icosahedral structure of Cg has not yet
been demonstrated. Although no nonspherical candi-
dates with enhanced stability at mass number 60 have
been identified, this possibility remains open. Another
possibility is that the spherical molecule occurs in a
number of different structures, related by rearrange-
ments of five- and six-membered rings.!* NMR chemical
shift measurements are sensitive probes of structure and,
we believe, would discriminate even between the
different spherical structures.

The London theory!® of the magnetic response of
aromatic hydrocarbons consists in replacing each ele-
ment f3,; in the m-orbital bonding matrix by S3,; exp(i6, ),
where 0,; is the line integral of the vector potential
along a straight-line path joining the atomic orbitals r
and s. The perturbations of first and second order in the
magnetic field are given, respectively, by the pure imagi-
nary matrix (A;),,=if,0,, and the real matrix (A,),
=—1B,,6%. If the unperturbed ground state is nonde-
generate the expectation value of A; vanishes and the
magnetic response consists of the two terms,
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FIG. 1. Structure of icosahedral Cg, emphasizing the
decomposition into 12 five-membered rings. The dashed and
solid bonds have, respectively, resonance integrals k8 and .
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of which are occupied in the ground state. These terms
represent the separation of the magnetic susceptibility
into diamagnetic and paramagnetic parts; this separation
being dependent on the gauge choice used in the
definition of 6,;. Thus there is no fundamental distinc-
tion between the terms involving (i) a ground-state ex-
pectation value and (ii) a sum over excited states. The
second, strictly negative term is known as Van Vleck
paramagnetism.!? In spite of the gauge arbitrariness of
this separation, the diamagnetic and paramagnetic terms
behave very differently in one special situation. Suppose
we modify the m-electron Hamiltonian by introducing a
continuous variation of the matrix elements f,(k),
where k is a parameter. Now, if kK =1 corresponds to
the original molecule, it is possible that for the fictitious
molecule at kK =0 the susceptibility actually diverges.
This divergence distinguishes between the two terms in
(1); provided the fB,,(k) remain finite, the diamagnetic
term is clearly finite whereas the paramagnetic term can
diverge in the event that the energy levels E, and E,
cross (at k =0). The generic crossing of two levels in
the presence of a magnetic field H is described (to lowest
order in H) by the Hamiltonian matrix

—k iH
—iH k

>

where the gap (in the absence of H) is assumed to vary
linearly with k. From the energy of the lowest (i.e., oc-
cupied) level,

1 A
T2k

we see that the susceptibility diverges paramagnetically
as k —0. Moreover, this divergence is associated with
the appearance of a permanent magnetic moment at the
special point k =0.

Our strategy for explaining the cancellation of di-
amagnetism in Cg, is to exhibit a divergent paramagnetic
susceptibility of the kind described above. The
modification of the molecule is illustrated in Fig. 1. The
60 carbon atoms in the structure may be divided into 12
sets where each set forms a five-membered ring (SMR).
The m-orbital matrix elements 3,, are now of two types:
between carbon atoms on different SMR’s (), and be-
tween carbon atoms on the same SMR (f3;). The former
can be varied relative to the latter using the parametriza-
tion B,=kp3, B,=p; 0< k,B=const > 0.

It is easy to check that kK =0 is a special point where
the (modified) C4, molecule has a permanent magnetic
moment. For this case Cgy consists of 12 disconnected
5MR’s, each supporting five states with rotational quan-
tum numbers m =0,%x1,+2 about the pentagon axis.
The 60 molecular orbitals thus collapse onto three high-
ly degenerate sets of orbitals with energies E,,
= —2Bcos(2mm /5). Of the 30 orbitals needed to ac-
commodate 60 electrons, 12 can have the lowest energy
with m =0. That leaves 18 electron pairs to be distri-
buted among the |m | =1 orbitals of which there are
24. Each of the 12 pairs of |m | =1 orbitals undergo a
Zeeman splitting proportional to the magnetic flux en-

E:_(k2+H2)1/2~_|k| 4o,
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closed by the SMR. Consequently, the sum of the ener-
gies of the 18 lowest | m | =1 orbitals also varies linear-
ly with magnetic field.

This analysis is to some extent incomplete. A more
detailed treatment in Sec. III shows that in fact eight of
the |m | =1 orbitals coalesce much faster than the
remaining 16 as kK —0. These consist of two degenerate
sets of three and five orbitals which separately transform
as irreducible representations of the icosahedral group.
These orbitals are also the highest occupied and lowest
unoccupied orbitals of Cyy. Their energy difference AE
is the energy gap of the molecule and varies as k2 for
small k. Thus the magnetic response of Cy, is strongly
influenced by a k ~2 paramagnetic divergence at k =0.

Our results for small k, discussed in Secs. III and IV,
may be compared with the results of Ref. 11 where the
full range of k was treated. Details of the latter calcula-
tion are given in the Appendix.

II. CHOICE OF UNITS

Our basic unit of length is the carbon-carbon bond
length a =1.4 A; for energy, the resonance integral 3
(=f,). A unit magnetic field is #ic /ea2(=3.35x 10® G)
and represents a single flux quantum passing through the
area a®. The unit of magnetic susceptibility is therefore
Ble /#ic)*a* with a positive sign indicating paramagne-
tism. Traditionally the m-electron magnetic susceptibili-
ty X, of planar aromatic hydrocarbons has been ex-
pressed in terms of the square of the area enclosed by
the rings of the molecule rather than a*. To aid in com-
paring our results with other work, we note that in our
units the London theory gives X, = — 3 for benzene.

III. ORBITALS AND ENERGY LEVELS FOR SMALL k

The appropriate basis functions for the k —0 limit of
Cgp have the form
1

5 .
u$:7n§1e'2”m”/5¢ﬁ‘(r), (2)

wn

where ®F,...,®P5 is the sequence of atomic orbitals
around a SMR with label a (=1, ...,12). By neglect-
ing matrix elements between basis functions with
different | m |, the w-electron Hamiltonian reduces to

Fo+F 1+ T, H\m | has  diagonal elements
E, =—2cos(2mrm /5) and off-diagonal elements of the
form

_(k/s)e7i21rmna/5ei217m'nB/5 ) 3)
where |m | =|m’| and n,,ng refer to the particular

pair of atomic orbitals in the expansion (2) where adja-
cent SMR’s a and 3 are joined by a bond.

o is a simple tight-binding Hamiltonian on the
icosahedron; the spectrum is given in Table I. While #,
and #f, also describe particle hopping among vertices of
the icosahedron, these are complicated by the presence
of the complex phases (3). That these cannot be elim-
inated by suitably rotating the 24 basis functions u};
about their fivefold axis is demonstrated by the fact that
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TABLE 1. The spectra of #,, 7/, and #, in units of kf3.

Fo FHy FHo
T2 1/V'5 Ty, 1 Ty 1
H, /5 T\.+H, 1/vV’5 G, 2/V'5
T —1/V’5 G, 0 G, 0o
A, -1 H, -3/5 Ty +H, —1/V5
G, —2/V’5 H, —3/5

the product of phases taken around a closed path need
not be trivial. For example, consider the subspace of 12
basis functions having m = + 1 where the sign is defined
consistently with respect to the outward normal of each
5MR. For three such mutually adjacent states forming a
triangle on the icosahedron, the product of phases on a
closed path that encloses the triangle once is
exp(xid4m/5) (the sign depending on the sense of the
path). This situation may be described without recourse
to a specific choice of basis function (“gauge’) with the
statement that the m = + 1 sector of #; corresponds to
the usual London theory applied to an icosahedron with
a magnetic monopole at its center. Since the spherical
area enclosed by the triangular path (above) is 4 /20,
the appropriate magnetic charges are (in units #ic /e)
g =+(47w/5)(20/47m)==+4 for m ==+1, and g ==+2 for
m==2. In the actual Hamiltonian #, (¥£,) the basis
states with m = +1(2) have nonvanishing matrix ele-
ments with the m = —1(2) states, so that this monopole
description is incomplete (i.e., the particle charge m may
change sign). The spectra of %, and ¥, are given in
Table I; the degeneracy of their ground states is charac-
teristic of the “frustration” induced by the monopoles.
When the combined spectra of #, #,, and ¥, are
juxtaposed with the spectrum of Cg (k =1), it is clear
that the m-molecular orbitals of Cq, may be separated ac-
cording to their (average) value of | m | (see Fig. 2). Al-

though we have not explicitly verified this, it is reason-
ably likely that there are no level crossings for 0 <k < 1.
Notable, however, is the relatively rapid convergence of
the T,,H, and T,,,H, levels of the |m | =1 and
| m | =2 sectors, respectively. These are accidentally
degenerate at the level of the reduced Hamiltonians 7,
and #£,, so that their splitting is due to | m | changing
elements of the Cg Hamiltonian. Consequently, the
magnitude of these splittings varies as k2 for k —0.
Significant in this discussion is the splitting of the T,
and H, levels for | m | =1, since this is also the energy
gap AE of Cg. Numerically, we find AE ~0.937k? as
k —0. In the next section we relate the vanishing of this
gap to the paramagnetic divergence of Cqy in the &k —0
limit.

IV. MAGNETIC BEHAVIOR FOR SMALL k

In the basis of orbitals 2, a uniform magnetic field H
gives rise to the diagonal perturbation

(H mag)am,am =2sin(2rm /5)(A /S)e,H ,

where e, is the outward normal to the 5SMR a and
A/5=0.344 is one-fifth the area enclosed by a SMR.
As in the usual atomic orbital basis there are also off-
diagonal elements involving H. However, these do not
contribute to the linear (Zeeman) splitting of levels being

3_
= —— Tygg, o
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-1+ + H H H H H H H H GytHy H M M
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FIG. 2. Energy-level diagram of Cg for k£ =1 and the limit x —0. In this range there is apparently no level crossing and the or-
bitals are easily identified with the orbitals of definite |m | at k =0. The diagram on the right shows the splittings linear in &
(drawn to scale for k =32). To linear order in k, the Ty, and H, levels of the |m | =1 sector are accidentally degenerate. The
rapid convergence of these levels as a function of k leads to the paramagnetic divergence in Cep.
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considered here. The linear energy change with
H = |H| for an n-fold degenerate subspace of orbitals j
is found by diagonalizing the nXn matrix
(j'|Fmag|j?). For the H, and T, levels on opposite
sides of the energy gap, the corresponding magnetic ei-
genvalues (for k —0) are, respectively, 0,th/6,+h /3
and 0,+h /2, where h =2sin(27/5)( A /S5)H. As expect-
J

The presence of off-diagonal elements indicates a change
in the pattern of Zeeman splittings when AE =0. The
eigenvalues _in that case are th/3, +h/V5,
%(ili4/\/10)h, and lead to a linear energy change with
H for the five lowest levels, 8E,,,, ~2.01H. In physical
units this translates into an effective orbital moment of
1.2 Bohr magnetons (when both spin states are included
and =2.4 eV). In the limit AE —O0 this linear behavior
emerges from a paramagnetic divergence of the suscepti-
bility analogous to the example given in Sec. I. On sum-
ming the five lowest eigenvalues of (4) for small A, one
obtains 8E,,,, ~ —1(h*/AE). Substituting the definition
of h and taking into account the two spin states, the sus-
ceptibility takes the form X, ~0.857/AE ~0.915k ~2.
This behavior, as well as the linear energy change with
H for H >>AE is also seen by direct diagonalization of
the full C4, Hamiltonian for decreasing values of k (see
Fig. 3).

Figure 4 shows the behavior of X, and AE as a func-
tion of k for k considerably outside the asymptotic re-
gion kK —0. From the smooth, monotonic rise in X, with
accompanying decrease in AE for k =1 one would con-
clude that the influence of the paramagnetic singularity
at k =0 extends well into the region of physical interest.
That the change of sign in X, occurs at a value of k very
close to 1 should probably be regarded as an accident.

V. CONCLUSION

Useful information concerning the energy levels and
magnetic response of icosahedral Cyy can be gained by
considering the effect of varying the two inequivalent
bonds of the molecule (even to the point of decomposing
the structure into 12 weakly coupled 5SMR’s). In partic-
ular, the small ring current magnetic susceptibility can
be understood as arising from a near cancellation be-
tween the usual diagmagnetism one expects in aromatic
hydrocarbons with a paramagnetic contribution that

—h/3 0 0 0 0 0
0 —h/6 0 0 0 V3/20h
0 0 0 0 0 0
0 0 0 h/6 0 0
0 0 0 0 h/3 0
0 V37200 O 0 0 AE—h/2
0 0 h/V'5 0 0 0
0 0 0 V3/20h 0 0
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ed, the net linear magnetic response of the lower-energy,
fully occupied H, levels vanishes. This situation
changes dramatically when the H, and T,, levels be-
come degenerate at k =0. In the basis of orbitals which
diagonalize #,, in the H, and T, subspaces, the total
Hamiltonian for the eight-dimensional space has the
form'* (neglecting an additive constant)

0 0
0 0
h/V's 0
0 V'3 /20h
0 0 4)
0 0
AE 0
0 AE+h/2

diverges as a function of this bond variation. The mech-
anism of this divergence involves the vanishing of the
energy gap and formation of an orbital magnetic mo-
ment at the singular point.

H/k2

=)

SE/K2
&

-0

FIG. 3. Magnetic behavior of Cg in the limit of small k. H
and OE=E(H)—E(0) are given in dimensionless units
(defined in the text). The approach to the quadratic behavior
(near the origin) of the k =0 curve implies a divergent suscep-
tibility since the two axes are rescaled by k2. Linear behavior
for larger H indicates the presence of a magnetic moment.
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APPENDIX: APPLICATION OF THE LONDON
THEORY TO ICOSAHEDRAL Cg

Although London'® originally derived his treatment
for planar 7 systems where o-m separability is clear, re-
cent work®!® has shown that the distinction (orthogonal-
ity) between o and 7 electrons persists in many nonpla-
nar conjugated organic molecules, including Cg. The
magnetic vector potential seen by the 7 electrons in Cg
may be written as

Hxrtu ZXr

A(r)=1 FER
r

The first term represents a uniform magnetic field in the
direction of the unit vector 2, while the second term de-
scribes a nuclear spin (quantized along Z) with moment
u located at the center of the Cqy cage. Since the excur-
sions of the 7 electrons away from a spherical shell are
small, we may assume |r| is constant. Consequently,
the presence of the nuclear spin is merely to replace H

As originally derived by London,' the Hamiltonian
matrix elements in the atomic w-orbital basis are given
by

ﬂsz_ﬁrseiers ’ (5)

where the phase angles,

ers = %(xrys —XsVr )éHeﬁ' ’

are now expressed explicitly in terms of the atomic coor-
dinates (x,,y,,z,). At this point, rather than treating (5)
perturbatively for small 6,,, we simply calculate its ei-
genvalues numerically for various values of H.4. [This
avoids the gauge-dependent separation (1).]

The m-electron energy is given by the sum of the 30
lowest eigenvalues of (5) and behaves as

8E =E(H 4)—E (0)= —1X,H?;

for small H.s. Numerically, the susceptibility X, can be
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FIG. 4. Susceptibility and energy gap of Cg as functions of
k. Although the range of k is considerably outside the asymp-
totic region k —0, the divergent behavior is already noticeable.
(In our units X, for benzene is —1.5.)

extracted for values of the dimensionless magnetic field
H g(ea®/#ic) as large as 103, With double precision ar-
ithmetic on a computer, accurate values of X, were ob-
tained by evaluating —28E /H2; for smaller and smaller
values of H.. The method was tested on simple
aromatics, such as benzene, with satisfactory results. In
retrospect, we find it surprising that this simple-minded
approach has not been used before.

The NMR chemical shift for the central atom is found
by calculating the change in total magnetic energy when
the nuclear moment changes from +u to —u. (We
neglect the interference from the NMR ion’s own atomic
orbitals.) Thus

2
E(+u)= %Xﬂ’ !H+_|_2% —uH ,
r
2 2
Eg(—p)=—3X, |H 1—;% +uH
and
2X,
Eo+p)—E o —p)= —2uH 1+1 ok
T

giving a chemical shift, due to ring currents,

2X,
Sre= ————|—3— .
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