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Self-amplitude-modulation of optical pulses in nonlinear dispersive fibers
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We consider propagation of optical pulses in the anomalous dispersive region of single-mode
fibers after including the effects of Kerr-type nonlinearity. It is found that the pulse develops an

internal structure with deep amplitude modulation. We show that this self-amplitude-modulation
of pulses is related to the modulation instability of continuous-wave optical beams in nonlinear
dispersive fibers. The initiation of this phenomenon does not require an external probe or spon-
taneous emission. Numerical results show that self-phase-modulation broadens the power spec-
trum enough to encompass the frequency at which self-amplitude-modulation provides the max-

imum gain. The amplification of these sidebands manifests as a breaking of the optical pulse into
several subpulses. For negligible loss, the pulse breakup may also be viewed as the internal struc-
ture of a high-order soliton. However, modulation instability appears to provide a simpler inter-

pretation and explains the features of numerical simulation and experiments.

I. INTRODUCTION II. WAVE EQUATION

The study of nonlinear optical effects in silica fibers
has been of considerable recent interest' ' and has led
to new developments such as the soliton laser. One of
the widely studied nonlinear phenomena is self-phase-
modulation (SPM) that has been successfully exploited
for pulse compression in the picosecond regime. '" One
may expect that under certain conditions SPM should
lead to self-amplitude-modulation (SAM) of optical
pulses during their propagation inside the fiber. Indeed,
the propagation of an intense, continuous-wave (cw) op-
tical beam in a nonlinear dispersive fiber is inherently
unstable in the anomalous dispersion regime, a
phenomenon referred to as the modulation instabili-
ty. ' ' An experimental manifestation of modulation
instability for cw beams has proven to be difficult, be-
cause of other competing nonlinear eAects (such as
stimulated Brillouin scattering). Recent experimental re-
sults, ' showing a modulated envelope developing from
an initially 100-ps-wide pulse, have been interpreted as
arising from modulational instability. However, the
depth of modulation was believed to be relatively small
and the modulation was viewed as arising solely from
spontaneous emission.

However, since the modulation-instability theory ap-
plies to only cw beams, some departure from its predic-
tions is expected for the case of pulsed operation (pulse
width —100 ps). We have used numerical simulations to
quantify the differences. A new result is related to the
origin of the subpulse formation. Whereas spontaneous
emission or an external probe is essential for the breakup
of a cw beam, in the pulsed case spectral broadening
occurring due to SPM can itself provide the input neces-
sary for the initiation of subpulse structure. The numer-
ical results presented here justify this interpretation. A
recent experiment has also confirmed this interpreta-
tion. '

We consider the propagation of optical pulses in a
polarization-conserving single-mode fiber and write the
optical field in the form

E(r, t) =e U(p) 3 (z, t) exp[ —i (coot —f3O z)]+c.c. , (2.1)
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where n2 is the coefficient of the nonlinear index of re-
fraction at the carrier frequency coo.

We substitute Eqs. (2. 1) and (2.2) in the wave equation
and integrate over the radial direction. Since the pulse
spectrum is centered around coo, we expand the propaga-
tion constant P(co) in a Taylor series about coo and retain
terms up to third order

P(co) = n (co)—=Po+13i(cu —~0)+ —,'13q(co —coo) (2.3)

where P„=d"P/dc@" is evaluated at the carrier frequen-
cy coo. If we introduce the reduced time

r=t —f3,z, (2.4)

and make the slowly-varying-envelope approximation,
we obtain the following equation for the pulse-envelope
amplitude:

i + —aA — /3i +y~ 2
~

3—=0, (25)BA 1 1 BA
az 2 2 'a~2

where e is the polarization unit vector, U(p) is the field
distribution in the radial direction p of the single-mode
supported by the fiber, /3o=n (cup)(cop/c) is the propaga-
tion constant at the carrier frequency ~0, and 3 (z, t) is
the amplitude of the pulse envelope. To account for the
dispersive and nonlinear effects, the refractive index of
the fiber medium is taken to be
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where a is the absorption coefficient and y is the non-
linear coefficient given by

f, I
«p) I'pdp f, I

U(p) I'p "p

(2.6)

For the lossless case (a=0), Eq. (2.5) reduces to the
nonlinear Schrodinger equation which allows for the sol-
itons in the anomalous dispersion regime where the
group-velocity dispersion f3& &0. To consider a realistic
situation, we allow for the fiber loss and obtain numeri-
cal solutions of the following equation:

III. MODULATION INSTABILITY

i
c)z 2

= —P +iy A I'A (3.1)

The steady-state solution of Eq. (3.1) is given by

As mentioned in the Introduction, the propagation of
a cw beam in fibers becomes unstable under certain con-
ditions and may lead to its breakup into a train of short
optical pulses. In this section we briefly consider the
relevant features of the modulation instability needed
later for our discussion of SAM. For simplicity, we con-
sider the lossless case. The wave equation (2.7) with
e =0 becomes

BA 1 i BA
az 2 2 0~2

= ——aA+ —P +iyI A
I

(2.7)
A (z) = A o exp(iy A oz), (3.2)

where, for simplicity of notation, we define P= —P2 so
that P is positive in the anomalous dispersion region of
interest. Equation (2.7) is often written in normalized
form. ' However, we use this form to facilitate the
comparison of the numerical results with experiments.

The numerical procedure is based on the Fourier-
transform-based beam propagation technique. ' ' More
specifically, Eq. (2.7) is written formally as

A ( z, 7 ) = [ A o +a (z, r ) ] exp(i y A Oz ) (3.3)

We substitute Eq. (3.3) in Eq. (3.1), linearize in a(z, r),
and assume a general solution of the form

where 3 o is the incident amplitude of the cw beam.
To investigate the stability of the cw solution, we con-

sider small perturbations around the steady state of the
form

aw =(D +N) A,
az

(2.8)
a (z, r) =a i exp[i (Kz —Qr)]+a2 exp[ —i(Kz —Qr)] .

(3.4)

where the differential operator D includes the first two
terms involving loss and dispersion while X consists of
the last nonlinear term. An exact solution of Eq. (2.8) is
difficult to obtain because of the noncommutating nature
of the operators D and X. However, an approximate
solution, accurate to third order in step size 6, can be
obtained using the following split-step procedure' ' to
propagate the complex field:

K =+-,'Pn(n' —n,')'",
where

0, =(4y A /P)'

(3.5)

(3.6)

This procedure leads to the following dispersion rela-
tion:

exp N z' dz'
z

6D
&&exp A (z, r) .

2

5D
A (z +o, r) =exp

2

(2.9)

For
I

0
I

& Q„Kis imaginary and the perturbation (3.4)
grows exponentially with z. The cw solution is then un-
stable against small perturbations. This instability is re-
ferred to as modulation instability. The net power gain
is obtained using

g =21m(K)

f N(z')dz'=[N(z)+N(z+6)]-
z 2

(2.10)

Note that N(z +5) is not known while evaluating the in-
tegral at the midsegment located at z+6/2. We have
followed an iterative approach that is initiated by replac-
ing N( +z5) with N(z) in Eq. (2.10). Two iterations
were found to be enough in practice.

The numerical procedure consists of propagating the
field by a distance 6/2 with dispersion only, multiplying
the result by a nonlinear term, and then propagating the
field for the remaining distance 5 /2 with dispersion only.
The propagation in the lossy, dispersive, but linear medi-
um is accomplished using the Fourier-transform method.
The integral in the nonlinear term in Eq. (2.9) is approxi-
mated by

The gain is maximum at

0,„=0, /v'2,

and has a value

2
g max =2y ~ o

(3.7)

(3.8)

(3.9)

In the presence of small fiber loss, an approximate ex-
pression for the gain has been obtained. '

Modulation instability can be interpreted in terms of a
four-wave-mixing process. If a probe wave at the fre-
quency co& ——coo+A propagates with the cw beam, it ex-
periences a net gain given by Eq. (3.7) as long as

I
II

I
& 0, . Physically, two photons from the intense

beam at coo are converted into two different photons, one
at the probe frequency co] and the other at the frequency
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2@op—co]. Modulation instability has been observed ' by
launching such a weak probe pulse together with the in-
tense pump pulse. In an earlier experiment, ' modula-
tion of the pulse envelope was observed without the use
of a probe beam and was interpreted as arising from
spontaneous emission. In the four-wave-mixing picture,
the new frequency components are thought to build up
from noise.

As is well known, " for optical pulses the
phenomenon of SPM broadens the power spectrum as
the pulses propagate inside the fiber. There is an addi-
tional mechanism that can generate the required fre-
quency component without the use of an external probe
or internal noise. SPM introduces new frequency com-
ponents which can play the role of probe and 1ead to the
process of four-wave mixing. When the loss is negligible
and the initial condition is suitable, high-order solitons
can result. Pulse-shape evolution has been studied nu-
merically up to N=3. ' These simulations show lim-
ited subpulse structure. However, our calculations ex-
tend well beyond N =3 and show much greater subpulse
formation.

IV. RESULTS AND DISCUSSION

The evolution of the pulse profile and spectra along
the fiber length is obtained by solving Eq. (2.7) numeri-
cally using the procedure outlined in Sec. II. The pa-
rameters for the initial numerical simulations are chosen
to correspond to a realistic 1.55-pm optical communica-
tion system. In particular, a =0.046 km ' corresponds
to a fiber loss of 0.2 dB/km and P=20.4 ps /km corre-
sponds to a fiber dispersion of 16 ps/(km nm). The peak
intensity 3 p can be written as P/a, where P is the peak
power and a is the area of the mode spot size in the
fiber. The half width (o ) at which the intensity drops by
1/e is chosen to be 62.5 ps and corresponds to a full
width at half maximum (FWHM) of about 100 ps for a
Gaussian pulse. In addition it should be noted that since
modulation instability corresponds to a cw beam,
significant pulse narrowing (o. « 100 ps) may give rise to
reduced agreement between modulation instability
theory and experiments.

The incident field at the launch plane z =0 is taken to
b 24
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sion the pulse shape does not change during propaga-
tion. Figure 1 compares the spectra with (solid curve)
and without (dashed curve) dispersion for z =0,4, 8, 12
km. At z =0 and 4 km, the two spectra are identical.
However at z = 8 km, a new peak at the frequency v-45
GHz occurs and at z =12 km the spectrum acquires
several new peaks corresponding to higher harmonics.
The appearance of this frequency component corre-
sponds to a change in the pulse shape. Figure 2 shows
the pulse shape at z =12 km which is modulated with a
peak separation of —15 ps and a pulse width of a few pi-
coseconds. The occurrence of SAM is directly related to
the appearance of the new frequency component in the
power spectrum. We will refer to this frequency as the
SAM frequency.

Next we describe experimental results. Using a Nd:
YAG laser operating at 1.319 pm (where YAG
represents yttrium aluminum garnet), we performed ex-
periments on a 6.5-km length of monomode optical fiber.
Since modulation instability occurs only in the anoma-
lous dispersion region, a special fiber was fabricated hav-
ing its zero-dispersion point at 1.29 pm resulting in
dispersion of —2 ps /km at 1.319 pm and the fiber loss
was 0.4 dB/km. The spectral features were studied us-

ing a computer controlled monochromator. Autocorre-
lation methods were used to study the pulse shape.

The pulse width (FWHM) of the laser was —100 ps
and the peak power was varied from 100 mW to several
wat ts. At powers near a wat t, st imulated Raman
scattering dominated and details of the subpulse forma-
tion could not be obtained. At powers of about 200
mW, there was no noticeable pulse splitting, in agree-
ment with numerical computations. However, by 350

12 (0, r) = Ao exp
2 0

(4.1)

The parameter m in Eq. (4. 1) controls the pulse shape.
For m = 1, the pulse shape is Gaussian. For larger
values of m we obtain the so-called super-Gaussian
pulses which become increasingly rectangular shaped
as m increases. The parameter m can then be related to
the rise time r„associated with the sharp leading and
trailing edges of the pulse through the relation "
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In order to gain insight into the role played by non-
linearity and dispersion, the case of pure SPM (no
dispersion, P=O) was studied. In the absence of disper-

FICx. 1. Comparison of the spectra of a Gaussian pulse with
(dashed curve) and without (solid curve) dispersion. Note the
generation of new frequency components in the presence of
dispersion.
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mW two new peaks have developed in the spectrum.
The upper (lower) portion of Fig. 3 shows the numerical
(experimental) spectrum. Numerical analysis shows that
the central portions of the spectrum ( —0. 1 THz &v
&0. 1 THz) are due to self-phase-modulation, while the
higher frequencies (+0.23 THz) are due to SAM. The
qualitative feature of the numerical and experimental re-
sults are in reasonable agreement as seen from Fig. 3.
The measured SAM frequency of 0.21 THz (1.2 nm) is in
reasonable agreement with the numerical calculation.
These numerical simulations do not contain any spon-
taneous emission or additional probe beams.

The power dependence of the SAM frequency and
resultant subpulse formation can be understood qualita-
tively from Eq. (3.8), by writing v,„as

0
-80

+max
Vmax

1/2
1 2yP

2' /3~
(4.3)

TIME, (ps)

FIG. 2. Pulse shape at z =12 km under same conditions as
Fig. 1.

-I ' ' ' ' I ' ' ' 1 I ) i i ' I ( 1 ) ) I-

Figure 4 compares the prediction for v,„(solid line) of
Eq. (4.3) with that obtained by numerical simulations
(dashed line). The normalization frequency vo (0.29
THz) corresponds to the power level of Po ——350 mW.
The exact P' dependence of v,„predicted by the
modulation instability holds only for cw operation. The
dashed line, obtained for 100-ps-wide pulses, shows this
dependence is approximately correct for low powers. At
high power levels vm,

„

is signi6cantly lower for the
pulsed operation than that obtained for cw operation.
The experimental data points are in reasonable agree-
rnent with the numerical simulations.

Figure 5 shows the pulse shapes. Experimentally the
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FIG. 3. Numerical (upper portion) and experimental (lower
portion) spectra at 1.319pm.

FIG. 4. Comparison of the values of v,„obtained from Eq.
(4.3) (solid line) with those obtained by numerical calculations
(dashed line). Dots indicate experimental data points.
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portion of the figure where the horizontal spacing is
about 10 ps. While all of the details of the experimental
autocorrelation could not be resolved, the experimental
peak-to-peak separation of 5.5 ps is in reasonable agree-
ment with the numerical result of 4.2 ps. The numerical
autocorrelation shape is about 60% modulated similar to
the experimental depth of modulation of about 50%.
However, the upper portion of Fig. 5 shows that the
central region of the real-time pulse shape is —100%
modulated. Our numerical results show that the experi-
mental results can not arise solely from spontaneous
emission, as previously believed. '

Finally, in order to study how SAM depends on the
shape of the incident pulse, a super-Gaussian [m =3 in
Eq. (4.1)] and a secant hyperbolic were investigated.
The numerical calculations show that the resultant quali-
tative features of these shapes are similar to those of the
Gaussian case. The similarity of the results for the three
diA'erent pulse shapes suggests that the pulse shape does
not play a significant role in the subpulse formation.

V. CONCLUSIONS

FIG. 5. Numerical calculations for the real-time (upper por-
tion) and the autocorrelated (middle portion) shape profiles.
Experimental results (lower portion) of the autocorrelated
shape profile. The conditions are the same as in Fig. 3.

real time pulse could not be measured. Therefore the
autocorrelation of the shape was measured and corn-
pared to numerical simulations. The upper (middle) por-
tion of the figure shows the numerical results for the
real-time (autocorrelated) shape profile. The measured
autocorrelation of the shape profile is shown in the lower

Motivated by previous measurements' showing a
modulation developing in a temporally broad pulse, we
performed numerical simulations of such behavior
without the addition of spontaneous emission. The ori-
gin of the internal structure can be related to the modu-
lation instability of continuous-wave optical beams in a
nonlinear dispersive medium. However, it does not de-
pend solely on spontaneous emission or an external
probe for its initiation. Numerical results show that
self-phase-modulation broadens the power spectrum
enough to encompass the frequency at which modulation
instability provides maximum gain. The pulse breakup
may also be viewed as the internal structure of a high-
order soliton, particularly if the fiber loss is neglected.
From this point of view, it may be possible to obtain the
details of the subpulse formation using the formalism of
the inverse-scattering theory. However, modulation
instability appears to provide a simpler interpretation
and is able to explain the features of numerical simula-
tions and experiments.
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