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Molecular mechanism for hydrogen-hydrogen excitation collisions
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A molecular study of the excitation reactions H(1s) +H( ls) ~H( 1s)+H(2s) and
H(ls)+H(1s)~H(ls)+H(2p) is presented for the first time in the range of impact energies 1 —9
keV, using a common translation factor to account for the momentum-transfer problem. As a
consequence of this study, we explain in detail the collisional mechanisms involved and point out
several new features that may explain the discrepancies between the available experimental data
and all previous theoretical calculations, and among the latter. Preliminary results for the cross
sections are also presented to show the influence of the form chosen for the common translation
factor.

I. INTRODUCTION

Since the hydrogen-hydrogen excitation collisions

H( ls)+ H( ls)~H(2s)+H( ls)

~H(2p)+H( ls)

are two of the most simple conceivable nonadiabatic pro-
cesses, they have received a great deal of attention from
the theoretical point of view in the last fifteen years. '

In spite of this apparent simplicity there is a strong
discrepancy between the available theoretical calcula-
tions for the cross sections of these two processes.

In 1954 Bates and Griping' performed for the first
time a calculation of the 1s-2s and 1s-2p excitation cross
sections [reactions (1) and (2)] using a first-order Born
approximation. Considerably later, Flannery ' and
Bottcher and Flannery reported in a series of papers the
most extensive and systematic study of processes (1) and
(2), using the impact-parameter approximation with an
atomic expansion of the electronic wave function at
different levels of accuracy. The most complete one in-
cluded all possible exit channels (Is,2s,2p&,2p+, ), elec-
tron exchange, and nuclear symmetry, although it did
not take into account the momentum transfer of the
electrons. According to the authors' arguments, this
latter effect should be small, since their results tended to-
ward those of the Born approximation for reaction (1).
For the particular case of reaction (1), the momentum-
transfer problem was explicitly considered in a two-state
impact-parameter calculation including electron ex-
change by Ritchie and by McLaughlin and Bell. While
the former author chose the relative velocity vector
along the internuclear axis (since this greatly simplifies
the exchange matrix elements), the latter ones removed
this approximation. Surprisingly, all reported calculated
cross sections differ from each other, by up to two or-
ders of magnitude in some cases. Furthermore, the ori-
gin of these discrepancies cannot be easily understood,
since at present there is a complete lack of information
on the mechanism responsible for processes (1) and (2).

Unfortunately, the experimental results do not help to

settle the controversy. The cross section for reaction (1)
has been measured independently by Hill et al. and
Morgan et al. ; ' their results differ typically by a factor
of 2 and none of the theoretical calculations are clearly
privileged by any of these two sets of experimental data.
Reaction (2) has only been studied experimentally by
Morgan et a1. and again there is a noticeable disagree-
ment with the theoretical results.

The aim of this paper is to present, for the first time, a
molecular treatment of the excitation processes (1) and
(2), which will permit us to propose and explain the
mechanisms involved in these two reactions. The lack of
such a molecular treatment in the literature is due to
several reasons. In first place, it implies the calculation
of three quantitative correlation diagrams, namely, ener-
gies and couplings for the 'X+, X+, and H„electronic
states of the H2 quasimolecule. In this respect, it should
be noticed that, although the 'X~+ subsystem has been
extensively studied and very accurate energies for the
1 X+ and 1 H„states have been reported in the litera-
ture, ' '" the energies for the excited X„+ states and their
couplings have only been published very recently, ' and
those for the H„one are not available in the literature.
Secondly, the primary mechanisms of processes (1) and
(2) involve, as we shall discuss later, transitions that take
place at very short internuclear distances, where model
potential techniques cannot be used to obtain the corre-
lation diagram, and the only sensible alternative is per-
forming ab initio calculations. Finally, the existence of
constant radial couplings at infinite internuclear separa-
tion between the entrance and some exit channels re-
quires the use of a translation factor. The choice of the
functional form of this factor will be shown in Sec. IV to
be a crucial problem in the study of this kind of process.

The organization of the paper is as follows. In Sec. II
we brieAy discuss the molecular method when a common
translation factor (CTF) is included. In Sec. III we
present the energies and couplings of the 'X~+, X+, and
H„states of the H2 molecule that are needed in our

study. Finally, in Sec. IV we analyze the transition
probabilities of processes (1) and (2) and extract the
mechanisms responsible for both; we also present prelim-
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inary values for the corresponding cross sections.
Atomic units will be used unless otherwise stated.

We have chosen for U(r, t) the form proposed by
Errea et al.

II. METHOD

In the collision energy range considered in this paper
the cross sections of reactions (1) and (2) can be obtained
by solving the impact-parameter equation

(3)

where H, 1 is the electronic Born-Oppenheimer Hamil-
tonian of the colliding system and P(r, t) is the corre-
sponding electronic wave function. As we have indicat-
ed in the Introduction, we use a molecular expansion of
P(r, t):

i[U(r), t)+U(r , 2)]1r, , rzt =e

X g aj(t}X~(rl, r2', R)exp i —Ejdt'
J

0

where X~ are the eigenfunctions of H, 1, EJ- their electron-
ic energies, and expIi[U(r„t)+ U(r2, t)]j is a common
translation factor (CTF) ' which accounts for the
momentum-transfer problem. The reason for choosing a
translation factor common to all 7 is twofold. '

U (r, , t) =f (r, ,R )v.rj ,' f—2—(r,R )v zt

with

Rf (rJ, R ) = ri".R,R'+P' '

where the origin of the electronic coordinates is placed
in the middle of the internuclear axis. This particular
CTF has been thoroughly tested in many one- and two-
electron molecular systems. ' We shall remark that U,
as chosen in Eqs. (5} and (6), depends parametrically on
p, which defines the extent of a cutoff' factor in tlute

switching function f (r, ,R). '

When the expansion (4) is substituted in (3), assuming
straight-line trajectories (R=bx+utz, with b the impact
parameter), one gets the following system of coupled
linear differential equations:

daI
i = Q M&kakexp —i (Ek Ei)dt'—

dt 0

where the coupling matrix elements are given (in the
molecule-fixed reference frame) by

(i) This form has been proved to preserve the formal
convergence of the molecular expansion in the limit of a
complete set of electronic wave functions, gj, which is
not the case for all other proposed methods.

(ii) The computational effort is comparable to that re-
quired for the usual perturbed-stationary-state (PSS)
method, even for many-electron systems. where

Ik I z k I y k

2

+ XI A j Xk
j=1

(8)

2

A (j)=u, —',g +g
2

2g R +—g'(1 —gR) z +u, —+ x +v, u, g —Rg +g'+ —x z

a c}—x'g j~ + j~Zj Xj
+iv, [(—2g+g'R )zj —g~ , +ki,'g'Rbk, t j— (9)

and

R
R '+P'

and a modified rotational coupling

EU

Xi iL —g Rg x +zj rk), () 2)

The first and second terms in Eq. (8) are, respectively,
the usual radial and rotational couplings of the PSS
method and the third contains the corrections to the en-
ergies and couplings introduced by the CTF.

For reasons that will become apparent in the next sec-
tions, it is useful to define a modified radial coupling

which play the same role as the corresponding radial
and rotational ones in the PSS method.

Since the entrance channel of both processes (1) and
(2) is a statistical mixture of singlet and triplet states, the
corresponding total cross sections will be given by

0(= 40I + 40I(S) 3 (T) (13)

—iu, X, + g (2g —gR)z,
j=1 J

r
)

111) If one neglects the spin-orbit coupling, 0.
&

' and ~&
' can

be obtained by integration, over all impact parameters,
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of the corresrresponding trans't' robabilities:

(S T) 2 (S T

on p

m J bPi' ' '(b)db ) (14)
SAUA State

TABLE I.
ofh fi tfo ' +

United-atom
o„r Xg+ of H

separate-atom (SAse - ) limits

where

p(S, Tj ~(b)= lim a&' ' r (15)

whichh is obtained b in g
(7) f

su systems.
or the singlet

g
'ng et and trip-

1s~

1s2s
1s3s
1s3d

1'r+
2'r+
3'r+
4'r, +

H(ls) + H(ls)
H(1s) + H(2s)
H(1s) + H(2 )

H +H (ls )
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two extreme values of /3 are presented in Fig. 2(b). The
main features of this figure relevant to our study can be
summarized as follows.

(i) The entrance channel only has a significant cou-
pling with the 2'X+ state, which presents a peak at
R =4 a.u.

(ii) The exit channel 2 'X+ presents a Nikitin-
Demkov-type' coupling with the 4'Xg+ at R —11 a.u. ,

due to the exponential interaction between the corre-
sponding "ionic" and "covalent" diabatic states.

(iii) There is a coupling between the two exit channels,
2'Xg+ and 3 'Xg+, of area ~/4 due to the Stark mixture
of the 2s and 2p atomic orbitals, induced by the ex-
ponentially decreasing electric field of the H( ls )

atom. ' '

UA

1s2p
1s3p
1s4p
ls4f

State

1'X+
y+

3 'X+
4'r. +

SA

H(1s) + H(1s)
H(1s) + H(2s)
H(1s) + H(2p)
H(1s) + H(3s)

0.2
d/dR
(a.u.}

1-2

TABLE II. United-atom (UA) and separate-atom (SA) limits
of the first four 'X+ of H2.

B. Triplet subsystem

In a previous paper, ' we have calculated the potential
energy curves of the X+ states of Hz and their radial
couplings, which are needed in the present molecular
study of reactions (1) and (2), and analyzed in detail the
relevant features of the correlation diagram. We show
these energies and couplings in Figs. 3 and 4(a), respec-
tively. The electronic states presented in Fig. 3 correlate
in the UA and SA limits as indicated in Table II. The
entrance channel is represented asymptotically by the
first state, and the exit ones by the second and the third.

As in the singlet subsystem, we can see in Fig. 4(a)
that the 1-3 radial coupling tends to a constant value as
R goes to infinity. Consequently, we have calculated the
modified radial couplings [Eq. (11)] using the same CTF
as in the previous case for values of /3 in the range
1.0—3.0 and the same basis set of Ref. 12. Our results
for the extreme values of P are shown in Fig. 4(b). The
most significant features of this figure are as follows.

(i) All radial couplings involving the entrance channel,
1 X+, are practically cancelled by the CTF for inter-

0.0
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FICs. 3. Potential-energy curves for the first four X+
( ) and the first 'H„( ———) state of the H~ molecule.

FIG. 4. (a) Radial couplings between the first four 'X+
states of the H2 molecule. (b) Modified radial couplings [Eq.
(11)] between the first four Xr+ states of the Hi molecule for
P=3.0 ( ) and P=1.0 ( ———). For clarity, the 3-4 radi-
al coupling has been drawn in a different scale.



3634 F. BORONDO, F. MARTIN, AND M. YANEZ 36

UA State SA

TABLE III. United-atom (UA) and separate-atom (SA) lim-
its of 1'X„+ and 1'H„of H2.

TABLE IV. Exponents of the Gaussian orbitals used in the
molecular calculations of the 'H„states for (a) R g 5.0 a.u. and
(b) R ) 5.0 a.u.

1s2p
1s2p

H(ls) + H(1s)
H(1s) + H(2p)

mediate and long internuclear distances, being only im-
portant for R =1 a.u. This holds for all values of P in
the range considered here.

(ii) There exists a strong coupling at R —12 a.u. be-
tween the two exit channels, 2 X+ and 3 X+, which is
the result of the competition between the 2s-2p Stark
mixing eff'ect (also present in the singlet case) and the
promotion effect of the inner orbital. '

In addition to the radial couplings mentioned in (i),
the entrance channel can also be coupled rotationally
with states of H„symmetry. In fact, in this case, the
1 H„becomes degenerate with the entrance channel in
the UA limit (see Table III), indicating that one can ex-
pect an effective coupling between them.

To calculate the energies and couplings of the H„
subsystem we have used a configuration-interaction (CI)
method with the basis set of Gaussian-type orbitals
(GTO's) presented in Table IV. The main conclusions of
this calculation is that the radial couplings involving the
1 H„state are smaller than 10 a.u. in the whole range
of internuclear distances. On the other hand, the
inhuence of rotational couplings between higher H „
states and the lowest X+ state should be completely
negligible since all these couplings tend to zero in the vi-
cinity of the UA limit, where the remaining ones are
relevant. Similarly, the rotational couplings between ex-
cited H „and X+ states should be inefficient since the
excited X+ become populated only at the exit of the

0.17
0.65
2.3
8.0

(a)
0.02
0.1

0.5

0.004
0.02
0.1

0.5

0.092
0.45
2.0
8so

(b)
0.02
0.1

0.5

0.004
0.02
0. 1

0.5

collision. Accordingly, one needs to include only the
first II„state in the molecular study of reactions (1) and
(2). Its energy curve is shown (dashed line) in Fig. 3.
With respect to the accuracy of our calculation of the
13H„state, it should be noticed that (i) our energies
compare quite well with the very accurate values report-
ed by Kolos and Rychlewski, " the difference being al-
ways smaller than 10 a.u. , (ii) the energy diff'erences
between our 1 X+ and 1 H„states coincide within an
error of 10 a.u. , with those obtained from Refs. 10 and
11, and (iii) the energy curves of the 2 X+, 3 X+, and
1 H„states are completely degenerate at R = ao

(b,E ( 10 ' a.u. ).

The rotational couplings between the 1 H„state and
the four X+ states of Fig. 3 are presented in Fig. 5(a).
It can be observed that all these couplings tend to zero
in the UA limit, except the (1 2+ ~iL»

~

1 II„) that
goes to unity:

(I 2+
~

iL
~

1 H„) — —(ls2p —2p is) il (1)+il (2) (is2p, —2p, ls)8~0 2

(16)

in an obvious notation. A rather conspicuous feature of this coupling is that it increases linearly in the asymptotic re-
gion. This behavior is easily understood when one considers the asymptotic expression of the corresponding wave
functions:

(I'2„~12.„~ I 11„2 — —(Is„ls„—Iss Is„ I il (I)+il 121 —ils„2p„s+Iss2p, „—2p,sls„—2p, „lss1)R~m 2

1—«„E„)(2p-
I

"—
I

» &R .
2

(17)

By similar arguments it can also be shown that the
(3 X+ ~iL»

~

1 H„) coupling tends to one as R ~oo.
On the other hand, the ( 3 X+

~
iL»

~

1 II„) and
(4 X+

~
iL»

~

1 H„) present a steplike behavior at R =5

a.u. due to the exchange of character of the wave func-
tions of the corresponding X states at the avoided cross-
ing between their energy curves.

In Fig. 5(b) we show the rotational couplings correct-
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radial coupling explains why our bPJ(b) curves extend to
impact parameters greater than those reported by other
authors.

B. Triplet subsystem

10 I I I I I I IIi I I I I I I
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(b)

I I I I eal II

E(keV) 10

FIG. 9. Cross sections for the reactions (a)
H(ls) + H(ls)~H(ls) + H(2s); ( ), our reuslts for P=1.0,
1.5, and 3.0; ( ———), Bates and Griffing ( ———), Bottcher
and Flannery, ( ———.), Ritchie, '

( . -), McLaughlin and
Bell; (- -), McLaughlin and Bell; II, Hill et al. ;7 $, Morgan
et aI. ; and (b) H(1s) + H(1s)~H(1s) + H(2p); ( ), our re-
sults for P=1.0, 1.5, and 3.0; ( ———), Bates and Griffing
( ———), Bottcher and Flannery; ( ~ . . ), McLaughlin and
Bell; $, Morgan et al. '

The mechanism for the triplet subsystem is quite
different. Figure 8(b) shows that the 1 H„state becomes
significantly populated at z=0, through the rotational
interaction with the entrance channel [see Fig. 5(b)];
afterwards, its coupling with the 2 X+ state reduces its
final occupation. Then, the population so reached by the
2 X+ state is shared with the 3 X+ at z =10 a.u. due to
the ( 2 X+

~

d /dR
~

3 X+ ) coupling. The previous
sketched mechanism does not change significantly with
the value of P. The above discussion indicates that the
excitation mechanism for the triplet subsystem is mainly
determined by two facts: the crucial role played by the
1 II„state, which accounts for the primary mechanism,
and the strong (2 X+

~

d/dR
~

3 X+ ) coupling, which
is responsible for the final relative population of the two
exit channels. The latter implies that, as in the singlet
subsystem, the two excitation reactions must be studied
simultaneously.

We conclude this section by presenting in Fig. 9(a)

and 9(b) preliminary calculated cross sections for the ex-
citation processes (1) and (2) obtained with different
values of the parameter P with the CTF of Eqs. (5) and
(6). Our results are compared with the experimental
values of Hill et al. and Morgan et al. for the 1s-2s ex-
citation, and of Morgan et al. for the 1s-2p excitation;
we have also included in this figure other theoretical cal-
culations. This figure shows that our cross sections de-
pend considerably on P, although the mechanism does
not. At this point some remarks regarding this depen-
dence may be appropriate. Usually, the modified
dynamical couplings depend on P in the vicinity of the
UA limit. This is a consequence of the di6'erent exten-
sion of the region (given by the values of P) in which the
standard PSS expansion is preserved [see Eqs. (4) —(6)].
When the primary transitions take place outside this re-
gion, this dependence does not necessarily result in a
similar one of the total cross section. This is, for in-
stance, the case in the ion pair formation reaction in
H+ H collisions. ' However, as indicated above, the
primary transitions for the excitation reactions (1) and
(2) occur in the region of very small internuclear dis-
tances, where the It3 dependence is notorious. More
specifically, this dependence comes almost entirely from
the triplet subsystem, where the parameter P controls
basically the order of magnitude of the corresponding
cross section. In particular, it arises from the
(1 X+

~

iL
~

1 II„) rotational coupling that, although
it is not strongly 13 dependent, it is very effective since
the 1 X+ and 1 H„are nearly degenerate in the vicinity
of the UA. Clearly, in this case, an optimization pro-
cedure of P, i.e., an optimization of the form of the CTF,
is needed. However, as this is not the case for most col-
lisional processes, very few attempts of this kind have
been carried out. Among all proposed methods, the
one based on the use of a ponderated Euclidean norm of
Riera has the advantage that it can be easily imple-
mented (as compared, for example, to variational optimi-
zation of transition probabilities) in our case. Never-
theless, this is not a trivial extension of the present
work, and it will be considered in a future publication.
On the other hand, for a wide range of values of P, our
results behave as the experimental ones, especially for
the 1s-2s excitation; this can be taken as an additional
indication of the feasibility of the mechanisms proposed
in this paper.

V. CONCLUDING REMARKS

In this paper we have proposed molecular mechanisms
for the 1s-2s and 1s-2p excitation processes in hydrogen-
hydrogen collisions [reactions (1) and (2)]. The most
relevant features can be summarized as follows. First,
the two excitation reactions cannot be studied separately
because of the strong interaction of the two exit chan-
nels, both for singlet and triplet subsystems at large in-
ternuclear distances. Second, the primary transitions
occur at short internuclear distances due to a radial cou-
pling at R =4 a.u. in the singlet case and to a rotational
one at R =1 a.u. for the triplet subsystem. As a conse-
quence of the partial ionic character of the 2 'Xg+ state at
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R & 10 a.u. , we have found that these primary transi-
tions in the singlet case take place at larger impact pa-
rameters than those reported previously, and that this
exit channel interacts with the 4 'X+ state, which has an
asymptotic ionic character. Finally, our conclusions
show that the main contribution to the 1s-2p excitation
comes from the triplet subsystem, and that this is so for
the 1s-2s excitation at low impact energies, while at high
energies the singlet and triplet contributions are similar.

Our preliminary results for the cross sections show an
important dependence on the form of the CTF chosen in
the expansion of the wave function, indicating that an
optimization of this form —such as that proposed by
Riera —is unavoidable. Of course, an alternative pro-
cedure would be to increase the molecular expansion (4)
until Galilean invariance of the cross sections were
achieved. However, this type of calculation would be

much more expensive and would not provide further in-
sight on the physics of the problem.

It is clear that new experimental measurements, spe-
cially for the 1s-2p excitation process, are needed in or-
der to clarify the controversy in the different theoretical
results, including ours. To be more concrete, our results
for the ls-2p excitation at low impact energies disagree
with the experimental ones for all values of the parame-
ters P, showing that this disagreement cannot be due to
the specific form chosen for the CTF.
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