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%'e present the results of a theoretical investigation on the configuration interaction between
doubly excited (n &ll, n&l2)"L and singly excited (3snl) "L bound states helot' the first ionization
threshold of atomic ions which are isoelectronic to the magnesium atom. The eftect of
configuration interaction is studied in terms of (i) the term values correction and (ii) the change in
oscillator strengths for transitions involving the neighboring singly excited states due to the pres-
ence of an individual doubly excited perturber. The range and strength of each bound doubly ex-
cited state in Al II and Si III ' 5-' F series are examined in detail.

I. INTRODUCTION

One of the most interesting features in the spectra of
atomic systems with two electrons outside a closed '5
core (e.g. , alkaline-earth atoms) is the strongly-energy-
dependent autoionization structure dominated by a
series of doubly excited states which are degenerate in
energy with the one-electron ionization background
channel above the ionization threshold. Physical inter-
pretation of the doubly excited autoionization spectra in
terms of the configuration interaction has been the sub-
ject of many quantitative and qualitative studies follow-
ing the theoretical approach developed by Fano. ' For
the doubly excited state with energy below the ionization
threshold of the neutral "two-electron" systems such as
the heavier alkaline-earth atoms, strong configuration in-
teraction is known to have "diluted" the isolated doubly
excited bound state into a series of singly excited bound
states. One of the best-known examples is the mixture
of the (3d4p)'P doubly excited state with the (4snp)'P
series in Ca. For lighter alkaline-earth atoms (e.g. , Mg
and Be), the configuration interaction between the dou-
bly excited states near or above the ionization threshold
and the series of singly excited states below the threshold
is still strong enough to have led to a substantial energy
correction for many singly excited states. One such ex-
ample is the strong inAuence of the 3pnp configuration
series to the term values of the (3snd)'D singly excited
series. ' In addition, the oscillator strengths for transi-
tions between states of larger total orbital angular
momentum are also strongly affected by the
configuration interaction such as the large oscillator
strength shift seen among the (3snd)'D —(3smf)'F transi-
tions in the neutral Mg atom.

The presence of doubly excited states below the first
ionization threshold can also be found along the isoelect-

ronic sequence of lighter two-electron systems. This is
due to the increase of nuclear attraction for the two
outer electrons in the doubly excited state where the mu-
tual screening between the two excited electrons is less
complete when compared with the screening experienced
by the outer electron in the singly excited state as Z in-
creases. As the doubly excited states in the continuum
for neutral atoms "plunge" into the discrete spectrum
of ionic systems, the interaction between doubly and
singly excited states may lead to a significant shift in
term values and at the same time a noticeable redistribu-
tion of the oscillator strengths for transitions between
excited states. One such example is the interaction be-
tween the 3p3d perturber and the (3snf) F series in
Al II. Other earlier theoretical studies' ' were also
carried out to assess qualitatively the effect of such in-
teraction with a limited numbers of configurations
represented by approximate orbital wave functions for
the Mg isoelectronic sequence. As for the term values, a
highly elaborate multiconfiguration Hartree-Pock
(MCHF) calculation has been performed for selected
members of the Mg isoelectronic sequence. ' '

In a recent attempt ' to develop an effective theoreti-
cal procedure which is capable of dealing with the high-
ly excited states in a two-electron system, we have
demonstrated that a straightforward superposition of
configuration —wave-functions method could be a simple
yet very effective calculational approach in the study of
configuration interaction for the alkaline-earth atoms.
The relatively modest computational requirement and
the simplicity of the numerical procedure in this ap-
proach has made it possible to carry out a step-by-step
quantitative study of the individual physical effect at
each stage of approximation. In this paper we will re-
port the application of this procedure to a detailed quan-
titative investigation of the interaction between isolated
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doubly excited states and the series of singly excited
states below ionization threshold. In particular, we will
examine the shift in term values and the redistribution of
oscillator strengths in length and velocity approxima-
tions for transitions between excited states of Alan? and
Sit?I. We will also discuss the "effective range" of the
interaction due to the doubly excited state by examining
its inhuence on the term values of the neighboring singly
excited states and the oscillator strengths for transitions
between these states.

II. CALCULATIONAL PROCEDURE

A detailed description of the theoretical procedure is
outlined in our earlier papers. ' ' In this section we
will only briefly summarize some of the important ele-
ments of the calculational procedure.

Each energy eigenstate of given total spin S and total
orbital angular momentum L is represented by a
multiconftguration state -wave function N. The state
function N is constructed by a simple superposition of
conftguration wave functions 4„ l „ l corresponding to a

l t1 J J
two-electron configuration (n; I;,n, l~) outside a closed 'S
core of N —2 electrons, i.e.,

4(SLY

M�)

C (n;I;, n, l, )+„t „ l (r&, . . . , r~) .

u~(r„)=X„ l (r„)Yt m (Q„)cr(m, ) .

In the present calculation, the radial part of the one-
particle orbital wave function is calculated by solving
the one-particle eigenequation

h,""(r )X„((r) =e„lX„((r), (3)

where h~
" is the one-electron radial Hartree-Fock Ham-

iltonian constructed with the Ne-like 'S frozen Hartree-
Fock core of X —2 electrons. [The detailed expression
of h&

" is given by Eq. (7) in Ref. 14.]
The energy eigenvalue of each energy eigenstate and

its corresponding expansion coefficients C in Eq. (1) is
calculated by diagonalizing the Hamiltonian matrix con-
structed with the configuration wave functions 4 from
all configurations included in the multiconfiguration ex-
pansion. With the one-particle radia1 wave function g
defined by Eq. (3), the Hamiltonian matrix takes the
form'

The configuration wave function 4 is given in terms of a
linear combination of Slater determinant wave functions
in the LS coupling. Each of the Slater determinant wave
functions is in turn constructed with N one-particle or-
bital wave functions u (r) which is the product of its
spatial and spin part, i.e.,

i i ii j J JJ J l J l

T

I lJ' L l lJ L
+( 1)~J ' g ( 1)L '

l l k
'(n / nj'1J'll V lln;1; n&lj ) + Z ( —1)'

l l k
'& n l n,'l,'ll "llnj J

J k
l J

(4)

where E„„is the total Hartree-Fock energy for the
N —2 core electrons. Since the value of E„„is a con-
stant for all states in the frozen-core approximation,
E„„can be conveniently excluded from the term value
calculation. A factor of 2 ' should be included in the
Hamiltonian matrix element for configurations with two
equivalent electrons. The detailed expression for the
Coulomb interactions in Eq. (4) are given elsewhere. ' '

With the state wave function 4 constructed following
the procedure outlined above, the oscillator strengths f~;
for a transition from an initial state i to a final state j in
the dipole length and dipole velocity approximation are
given by

fi'; = 2 b,E);5s s (2LJ. + 1)
l F&, l

all configurations

X C ' '(n I,n;l; )D~; (7)

where the dipole transition matrix DJ; between
configuration (n~'l~', njli) and (n l, n;l;) can be expressed
by

DJ; =d(j j', i'i;L L; )+( —1) 'd(j j', ii', L L; )

+d(jj ', ii';LzL; )+( —1) d(jj ', i'i;L L; ) .

respectively. For transitions limited to the two electrons
outside the frozen core, the transition amplitude FJ; is

given by

and

f~'; = ', bE~; '5s s (2LJ+ 1)
l
F;

l

2, —

A factor of 2 ' should be included in D; for
configurations with two equivalent electrons. The dipole
matrix d is given by the product of the angular factor p
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and the one-particle radial integral, i.e.,

d (j j',i'i;L L; ) =5„„5)) p(IJ'l&l 1;;L&L;)

x(x„, ~

& ~&„, ~

where the angular factor p is given by

p(l (l21314 L'L)

l) 1 l3:( 1 ) [(2li + 1)(213+1)]
O O O

I. 1 I. '

&I, I4 ~

The operator t in the one-particle radial integral
(X„&

~

t
~
X„l ) represents the radial part of the position

and gradient operators in the length and velocity ap-
proximation, respectively. The oscillator strength fj; is
positive for the absorption when the energy difference
bE~; (a.u.)=EJ E; is posit—ive and it is negative for the
induced emission when AE»; is negative.

The energy corrections due to the core dipole polar-
ization and the dielectronic potential introduced by
Bottcher and Dalgarno' are also included in the Hamil-
tonian matrix following the procedure outlined in Ref.
14. In the present calculation, the values for the core di-
pole polarizabilities a are 0.265 and 0.165 a.u. for AlII
and Si III respectively. The fitted cutoff radius ro equals
0.799 81ao for Al II and 0.683 88ao for Si III.

III. RESULTS AND DISCUSSION

Following the procedure described in Sec. II, we have
carried out numerical calculations for series of states
pertaining to ' S, ' P, ' D, and ' F symmetries for

Al II and Si III. For each symmetry (i.e. , for a given pair
of S and L values), we have diagonalized the Hamiltoni-
an matrix by including a specific set of selected
configurations at each stage of approximation. Some of
the configuration sets included in the present calculation
are listed in Table I.

The calculated term values for all ' S—' F states of
Al II and Si III are shown in Figs. 1-4. The energy spec-
tra shown are all relative with respect to the first ioniza-
tion threshold given at the extreme right and the lowest
energy state of each symmetry in rydberg units given at
the extreme left. A tall vertical bar in energy spectra
represents either a doubly excited state or a state which
is strongly mixed with a doubly excited configuration
with a probability density [i.e.,

~

C
~

in Eq. (1)] over
25%. The eftect due to the interaction between doubly
excited states and a series of singly excited states is
clearly illustrated by the change in the calculated energy
spectra as more configurations are included in each step
of the calculation. More quantitative assessment on the
efFect of individual interaction will be presented in our
subsequent discussion.

With the exception of a few states, our converged
theoretical term values are in excellent agreement with
the experimental data' for all symmetries included in
the present study. Our calculated term values are also in
close agreement with the MCHF results for the F
series' and some limited states of 'P and 'F symmetries
for SiIII. The present results are generally in closer
agreement with the experimental data than other avail-
able theoretical term values from earlier calcula-
tions.

An agreement of better than 1 —5 % is found between
our "converged" theoretical length and velocity oscilla-
tor strengths for most of the ' S-' P, ' P-' D, and' D-' F transitions included in the present study. The

TABLE I. Configurations included in the diagonalization of the Hamiltonian matrix at dift'erent

stages of approximation for ' S-' F states.

's
(SS1) 3s (3—14)s
(SS2) SS1+3p (3—14)p
(SS3) SS2+ 3d (3—14)d

+4s (4—14)s
(SS4) SS3 + 113 other

configurations

'S
(ST1) 3s (4-14}s
(ST2) ST1+3p (4—14)p
(ST3) ST2+ 3d (4—14)d

(ST4) ST3 + 104 other
configurations

1,3p

(P1) 3s (3—14)p
{P2) P1+3p(4—14)s
(P3) P1+3p (3—13)d

(P4) P2+3p(3-13)d

(P5) P4 + 126 other
configurations

ID

(DS1) 3s (3-14)d
(DS2) DS1+3p
{DS3) DS1+3p {3—14)p
(DS4) DS3+3p(4—12)f

+ 3d (3—13)d
(DS5) DS4+4s (3—13)d

+4p {4—13)p
+4d {4—12)d
+4p (4-11)f

(DS6) DS5+ 78 other
configurations

D
(DTI) 3$ (3-14)d
(DT2) DTI+3p4p
(DT3) DT1+3p (4—14)p
{DT4) DT3+ 132 other

configurations

1,3F
(F1) 3s (4-14)f
(F2} F1+3p (3—14)d
(F3) F2+3p (5—14)g
(F4) F3+3d(4—14)p

+3d (4—14)f
(F5) F4 + 110 other

configurations
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FICx. 1. The ' 5 energy spectra of Al II and Si III. The ener-

gy in rydberg units is relative to the first ionization threshold

at extreme right at zero energy and the lowest energy state of
each symmetry on the left at energy shown. Configurations in-

cluded in each theoretical spectrum are given in Table I, The

experimental data are taken from Ref. 17.

convergence of the length and velocity results is careful-
ly monitored as we increase the configurations included
in the initial and final states of the specific transition.
As the main objective of this paper is to examine the
eff'ect of the configuration interaction between the
discrete doubly and singly excited states below ionization
threshold, only limited numerical data on oscillator
strengths of few selected transitions involving doubly ex-
cited perturber are explicitly listed in Tables II and III.
Detailed numerical data will be made available on re-
quest.

FIG. 2. The ' P energy spectra of Alar and Si III. The ener-

gy in rydberg units is relative to the first ionization threshold
at extreme right at zero energy and the lowest energy state of
each symmetry on the left at energy shown. Configurations in-

cluded in each theoretical spectrum are given in Table I. The
experimental data are taken from Ref. 17. The states of strong
configuration mixing are (a) 3p4s 'P, (b) 3p3d 'P, (c) 3s6p 'P,
(d) 3p4s 'P, (e) 3s5p 'P, (f) 3p3d 'P, and (g) 3p4s 'P.

The interaction between the "plunging" doubly excit-
ed states and the series of singly excited states of the
same symmetry has been referred to as "strong short-
range interaction" by Froese Fischer and Godefroid.
The presence of these type of interactions often leads to
"local" irregularities in oscillator strengths as Z varies
along the isoelectronic sequence. ' In this section we will

concentrate our discussion on a related but difjerent as-

pect of this interaction, i.e., the "range" and "strength"

TABLE II. Oscillator strengths for selected transitions in Al II involving doubly excited bound

states. The top entry represents the length result and the bottom entry represents the velocity result.

(3p )'D (,3snf)'F-
0.348(L )

0.350( V)
0.122
0.123
0.060
0.061
0.035
0.036
0.023
0.023
0.016
0.016

(3p )'D-(3snp)'P

0.116
0.117
0.025
0.025
0.015
0.015
0.012
0.012
0.012
0.012
0.013
0.013

(3sns) S-(3p4s) P

0.857
0.841
0.001
0.001
0.003
0.003
0.007
0.007
0.020
0.021
0.121
0.123
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FIG. 3. The ' D energy spectra of A1II and Silat. The ener-
gy in rydberg units is relative to the first ionization threshold
at extreme right at zero energy and the lowest energy state of
each symmetry on the left at energy shown. Configurations in-
cluded in each theoretical spectrum are given in Table I. The
experimental data are taken from Ref. 17.

of the interaction of an isolated doubly excited perturber
embedded in a series of singly excited states of the same
symmetry in the same atomic ion. More specifically, we
will examine (i) energy correction of the neighboring
singly excited states and (ii) the change of oscillator
strengths for transitions involving the neighboring singly
excited states due to the presence of the doubly excited
perturber. We will consider the strength of the interac-
tion "strong" if a substantial reduction or increase in os-
cillator strength is experienced by the neighboring singly
excited states. The range of the interaction will be mea-
sured by the numbers of neighboring states which are
afFected significantly by the perturber. For example, we
will consider the interaction "short-range" if the
influence of the perturber is extended only to its immedi-
ate neighbors.

A. 3p in (3sns)'S series

Figure 1 shows that the (3p )'S state is located be-
tween 3s4s and 3s5s states in Al II and between ground
3s and 3s4s states in Si III. The influence of higher dou-
bly excited 3dnd and 4sns configuration series above ion-
ization threshold to the term value of the (3p )'S state is
evident as the (3p )'S state is pushed away from the 3s5s
state in A1II and pushed across the 3s4s state in Si III.
Whereas the term value of the ground 3s state is clearly

l4f 'F 15f I« I7f 1«l I

I I I I I

I F1

I F2

3p3d 3s4f
l 1

Si III
F5
Expt

—0.6490 Ry

affected by the (3p )'S state, the term values for higher
ns states are virtually unchanged. This is partly due to
the small interaction between 3p and 3sn ( ) 5 )s
configurations and partly due to the cancellation be-
tween corrections from the 3p and 3pn ( )4)p
configurations.

From the efFect on the term values alone, 3p in 'S
series could easily be classified as a "short-range weak
perturber. " However, a more detailed examination on
the transitions involving (3sns)'S states will lead us to
conclude that the range of the 3p perturber is not as
short as it appears in the term values calculation. Fig-
ures 5 and 6 summarize the variation of calculated oscil-
lator strengths in length (dark circle) and velocity
(square) approximation for a selected numbers of initial
and final state configuration combinations listed in Table
I for the 'S-'P transitions in Al II and Si III, respectively.
Comparison between (SSl,P2) and (SS2,P2) calculations
in Fig. 5 for Al tt and between (SS1,P1) and (SS2,P1) cal-
culations in Fig. 6 for Si III indicate that the efFect of the
3p perturber on the oscillator strengths for the (ns)'S-
(np)'P transitions is generally small but noticeable and
does not diminish significantly as n increases. In fact,
the probability density contributions from the 3pnp
configuration series to 6s and 7s states for A1II are less
than 1% yet the oscillator strength corrections are ap-
proximately 10—15 % as shown in Fig. 5.

Interesting variation in oscillator strength is also ob-
served when only some of the configuration series are in-
cluded in the calculation. One such example is the large
increase in oscillator strength from (SS2,P4) to (SS3,P4)

FIG. 4. The "Fenergy spectra of Al rI and Si III. The ener-
gy in rydberg units is relative to the first ionization threshold
at extreme right at zero energy and the lowest energy state of
each symmetry on the left at energy shown. Configurations in-
cluded in each theoretical spectrum are given in Table I. The
experimental data are taken from Ref. 17.



3540 T. N. CHANG AND RONG-QI WANG 36

TABLE III. Oscillator strengths for selected transitions in SiIII involving doubly excited bound
states. Both length (first entry) and velocity (second entry) are listed for each transition. The positive
oscillator strength represents an absorption and the negative oscillator strength represents an induced
emission.

3p'~3s4f
3p'~3s5f
3p ~3p 3d

3$3d ~3p3d
3$4d ~3p3d
3$5d ~3p3d
3$6d ~3p 3d

'D-'F
0.456(L )

0.263
0.077
0.799
0.038
0.955

—0.459

0.461( V)
0.267
0.078
0.802
0.040
0.931

—0.436

3$6d ~3p3d
3p4p ~3p 3d
3p4p ~3s4f
3p4p~3s5f
3p4p ~3s6f
3p4p ~3s7f
3p 4p ~3s 8f

D- F
—0.021(L )
—0.140
—0.027
—0.004
—0.182

0.400
0.035

—0.022( V)
—0.144
—0.027
—0.004
—0.173

0.393
0.034

3$5p ~3p
3p4$ ~3p
3p3d ~3p
3$6p ~3p

3$5p ~3p4p
3p4$ —+ 3p4p
3p 3d —+ 3p4p
3$6p —+ 3p 4p

1P 1D
—0.072
—0.149
—0.006
—0.008

0.002
0.202
0.006
0.250

—0.072
—0.147
—0.006
—0.008

0.002
0.191
0.006
0.235

3$4p ~3p4p
3$5p ~3p4p
3p 3d ~3p 4p
3p4$ ~3p4p
3$6p ~3p4p

P- D
0.451
0.013
0.009
0.448
0.216

0.440
0.013
0.008
0.439
0.206

for the 5s-5p transition in AlII shown in Fig. 5. The
reason for this large difference is due to the "artificially"
large mixing between 3p and 3s5s states in the SS2 cal-
culation (see Fig. 1, AlII SS2) when the interaction be-
tween 3p and higher doubly excited configuration series
are excluded. As we include the 3dnd and 4sns

configuration series in the SS3 calculation, the 3p
configuration is correctly mixed with the (3s5s)'S state,
and the nearly converged value for the oscillator
strength is reached.

For the ground state of SiIII, the probability density
contribution from 3p configuration is approximately

1.4- 4s —4p

2.4
3s —3p

1.8—

0.6

1 7—

1.2

1.4— 4s —4p

1.0—

0.5
5s —Sp 0.6

5s —5p

1.8—

1.0

2.2—

Gs —6p

1.4—

0.8
2.4

1 ~ 8—

6s — 6p

1.6—

1.0
SS1

P1

SS1 SS ~

P2 P2

7s —7p

SSZ SS3 SS4
P4 p4 P5

1 ~ 2

SS1 SS2 SS3 SS3
P1 pi p& PZ Pe P5

FIG. 5. The calculated oscillator strengths f in length (dark
circles) and velocity (squares) approximation for Al II

3$n$ 'S-3$np 'P transitions. The configuration combinations
are given in Table I.

FIG. 6. The calculated oscillator strengths f in length (dark
circles) and velocity (squares) approximation for Si III
3$n$ 'S —3$np 'P transitions. The configuration combinations
are given in Table I.
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4.2% and its effect on the oscillator strength is reffected
by the large reduction of the difference between the
length and velocity results for the (3s )'S-(3s3p)'P tran-
sition shown in Fig. 6 between the (SS1,Pl) and (SS2,P1)
calculations. Similar corrections are also seen in the
(3s )'S-(3s3p)'P transition in Alii (not shown) and Mg.
Based on the small but noticeable nondiminishing effect
of the (3p )'S state on the oscillator strength for transi-
tions involving many of the (3sns)'S states, we would
classify 3p in 'S series as a "medium-range" perturber
with "moderate" strength.

B. 3p4p in (3sns) S series

As shown in Fig. 1, the (3p4p) S state in Si?ii is the
only doubly excited state located in the midst of the
(3sns) S series with energy slightly below but very close
to the (3s8s) S state. Our calculation has found very lit-
tle mixing between 3p4p and 3sns configurations except
for the (3s8s) S state which has an approximate 10%
probability density contribution from 3p4p. With the
exception of the two lowest states in the S series, the
term values of all other (3sns) S states, including 3s8s of
Si III, are not affected by the presence of the 3p 4p
configuration. Nor has our calculation found any
significant effect on the oscillator strengths for transi-
tions involving states in S series due to the presence of
the (3p4p) S state. The only noticeable effect is found in
the approximate 10% reduction in oscillator strength in
the (3s8s)'S-(3s7p) P and (3s8p)'P transitions. We con-
clude that the (3p4p)'S state in the (3sns) S series is a
"highly localized weak perturber. "

C. 3p4s in (3snp)'P series

The eff'ects on the term values of the (3snp)'P states
due to the 3p4s and its higher members in the 3pn ( & 5)s
series are mostly noticeable for 3sn ( &4)p states. This is
clearly demonstrated by the difference between the cal-
culated P1 and P2 spectra of A1II shown in Fig. 2. For
Si iii, the (3p4s)'P state is located between the 3s5p and
3s 6p states. Our calculation has shown that the
influence due to this perturber and its corresponding
configuration series 3pn ( & 5)s on the term values is ac-
tually limited only to the 3sn (4—6)p states. For
3sn ( )7)p states, the inffuence from the 3pn ( )4)s
configuration series is negligible due to the cancellation
between opposite corrections from 3p4s and 3pn ( ) 5)s
configurations. The term value correction for the lowest
(3s3p)'P state is primarily due to the 3p3d perturber
which we will discuss later.

The minimal mixing between the 3p4s and 3s3p states
is also illustrated by the near-zero correction to the os-
cillator strength for the 3s ('S)-3s3p('P) transition in
Si iii when comparing the (SS3,P1) and (SS3,P2) calcula-
tions shown in Fig. 6. Similar negligible effect is also
found in Al ii. For n ( & 4)p states, the oscillator
strengths for (3sns ) 'S-(3snp ) 'P transitions are reduced
significantly by the presence of the 3p4s perturber as
shown by the diff'erence between (SS1,P1) and (SSl,P2)
calculations for Al ii in Fig 5and bet.ween (SS3,P1) and
(SS3,P2) calculations for Sir?i in Fig. 6. Interestingly

but not unexpectedly, this large reduction in oscillator
strengths is abruptly diminished as we examine the tran-
sitions from the n =6 to n =7 (not shown) states in
Si III. This is expected as we have discussed earlier that
the eff'ect due to the 3p4s perturber below 3sn( &7)p
states is canceled by the effect due to higher members in
the 3pn ( & 5)s series which are above all 3sn ( ) 7)p
states. This "short-range" effect is not observed for
transitions in Alii where the entire 3pn ( &4)s series is
located above all 3snp states included in our calculation.

Similar to what we have observed in the (3sns)'S-
(3snp ) 'P transitions, the effect of the 3p 4s perturber and
the 3pn ( & 5)s series is of "medium" to "long" range for
Al II and "short" to "medium" range for Si III in the 'P-
D transitions. This is illustrated by the change in oscil-

lator strength reduction seen between (P 1,DS6) and
(P2,DS6) in Fig. 7 and between (Pl, DS5) and (P2,DS5)
in Fig. 8. In spite of the small effect of 3pns series to the
(3s )'S-(3s3p)'P and (3s3p)'P-(3s3d)'D transitions, a
30% to over 50% reduction in oscillator strength in
many other transitions involving 3snp states would make
3p4s a moderate to strong perturber for higher (3snp)'P
states.

D. 3p4s in (3snp)'P series

As shown in Fig. 2, the (3p4s) P state is located at en-
ergy slightly above the (3s9p) P state in Al ii spectra and
between (3s5p) P and (3s6p) P states in Siiii spectra.
Our calculation has shown that the term values for all
(3snp) P series are not affected by the presence of the
3p4s perturber with the exception of a small correction
for the (3s9p) P state in Al ii which is located very close
to the perturber. The small to negligible difference in
the oscillator strength values between (ST1,P3) and
(ST1,P4) calculations in Fig. 9 for the S- P transitions
and between (P3,DT4) and (P4,DT4) calculations in Fig.
10 for the P- D transitions in Si III indicate that 3p4s is
a "highly localized weak perturber" in (3snp) P series.

E. 3p3d in (3snp)'P series

A quick examination of our calculated data will im-
mediately lead us to conclude that the (3p 3d) 'P state is a
localized weak perturber in (3snp)'P series. For Alii,
the 3p3d perturber is located above all the (3snp)'P
states included in the present calculation. For Si III, our
nonrelativistic calculation has shown that the 3p3d per-
turber is located above the (3p4s)'P state but nearly de-
generate with the (3s 6p )'P state. The noticeable
disagreement between the theoretical term value and the
observed data can be attributed to the exclusion of the
relativistic interaction in the present nonrelativistic IS
coupling calculation. A more detailed discussion on the
effect of the relativistic interaction will be given in Sec.
IV. Our calculation has shown that the effect of the
3p3d perturber to the term values of the 3snp series is
mainly limited to the (3s3p)'P and (3s4p)'P states. As
for higher members in the (3snp)'P series, the correction
to term value comes primarily from the 3p4s perturber
as we have discussed earlier.

The influence of the 3p3d perturber on transitions in-
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FIG. 9. The calculated oscillator strengths f in length (dark
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volving (3snp)'P states is generally small as shown by the
comparison between (i) (SS2,P2) and (SS2,P4) for 'S 'P-

transitions in Alit in Fig. 5, (ii) (SS3, P2) and (SS3,P4)
for 'S 'P -transitions in Sittt in Fig. 6, and (iii) (P2,DS6)
and (P4,DS6) for 'P 'D t-ransitions in Al tt in Fig. 7. The
only exception is found in the (3s ) 'S-(3s 3p ) 'P and
(3s3p)'P-(3s3d)'D transitions where the localized 3p3d
influence to the (3s3p)'P state is responsible for the
reduction of the difference between length and velocity
results as we have shown in Mg (Ref. 7) and also seen in
Fig. 6.

F. 3p 3d in (3snp)'P series

The 3p3d configuration in the (3snp) P series could be
identified as a highly localized perturber with medium to
strong interaction strength. Our calculation has shown
that the (3p3d) P state of Sittt is located slightly above
and nearly degenerate with the (3sSp) P state. In fact,
the probability density contributions to the state labeled
as "3s5p" are approximately 60% from the 3s 5p
configuration and 39% from the 3p 3d configuration.
For the state labeled as "3p3d," the probability density
contributions are reversed at approximately 59% from
the 3p 3d configuration, 39% from the 3s 5p
configuration, and 1% from the 3p4s configuration. In
spite of the strong mixing between 3p 3d and 3s 5p
configurations in SiIII, the term values of the entire
(3snp) P series are not affected by the 3p3d perturber
even for the near degenerate "3s5p" state as shown in
Fig. 2. Similarly, the effect on term values from the
3pnd configuration series to the (3snp) P series in Al tt is
also negligible.

Interestingly, our calculation has also shown that the
probability density contribution from 3p 3d to the
"(3s5p)'P" state in Sittt is only about 5% when the
configurations included in the calculation are limited to
the 3snp, 3pns, and 3pnd configuration series (i.e., P4 in
Table I). This relatively small mixing is the main reason
that only a small change in the oscillator strengths is
seen for transitions either started from or ended with the
"(3s5p) P" state. This is shown in Fig. 9 between the
(ST1,P1) and (ST1,P3) calculations for the 3sSs-3s5p and
3s 5p-3s 6s transitions and in Fig. 10 between the
(Pl,DT4) and (P3,DT4) calculations for the P Dtransi--
tions. As more higher doubly excited configuration
series are included in our calculation, the mixing of the
3p3d configuration in the "(3sSp) P" state is increased
to 39% as we pointed out earlier; as a result, the oscilla-
tor strengths in transitions involving the "(3sSp) P"
state are greatly reduced and at the same time shifted to
transitions involving the "(3p3d) P" state. This is illus-
trated by the large shift of oscillator strengths between
the (ST3,P4) and (ST3,PS) calculations for Sittt SP-
transitions shown in Fig. 9. Similarly, a large reduction
of oscillator strengths is experienced in the (3s4d) D
(3sSp) P and (3s5p) P-(3s5d) D transitions as shown in

Fig. 10 when we compare the (P4,DT4) and (PS,DT4)
calculations. The fact that this shift in oscillator
strength is attributed to the short-range interaction due
to the 3p3d perturber is further confirmed by the nearly

constant oscillator strengths between the (P4,DT4) and
(PS,DT4) calculations for the neighboring (3s Sd ) D
( 3s 6p ) P and ( 3s 6p ) P-( 3s 6d ) D transitions.

G. 3p and 3p4p in (3snd)'D series

In neutral Mg the (3p )'D state is known to be the
lowest doubly excited state which is located near the first
ionization threshold. Therefore, it is not unexpected
that it should become the lowest state in the 'D symme-
try for both Al II and Si III as shown in Fig. 3. Our cal-
culation has shown that the mixing between 3p and
3s3d is very strong. In Al lr the probability density con-
tribution to the lowest "(3p )'D" state is approximately
54% from 3p and 46% from 3s3d. The contribution to
the next higher "(3s3d)'D" state from the 3p
configuration is approximately 30%. In Si III the contri-
bution to the lowest "(3p )'D" is about 67% from 3p
and 32% from 3s 3d and for the "(3s 3d ) 'D" state is
about 70%%uo from 3s3d and 29% from 3p . One of the
noticeable differences between A1II and SiIII is that the
mixing from 3p configuration to other 3snd states di-
minishes rapidly in SiIII but not in A1II. In fact, the
dominant perturber for the (3sn ( )4)d )'D series in Si ttt
is quickly replaced by the (3p4p) D state which is a "di-
luted state" with a maximum probability density about
40% from the 3p4p configuration and located between
the (3s7d)'D and (3s8d)'D states. The probability den-
sity contributions from 3p4p to these two neighboring
states are approximately 20% and 15%, respectively.
This diferent assignment for the (3p4p)'D state from
Ref. 17 is partly suggested by its maximum probability
density derived from our calculation and partly support-
ed by the observation that this state is the only state
whose energy is corrected significantly when more
higher doubly excited configuration series are included
as shown by the difference between DS4 and DS6 spec-
tra in Fig. 3. The percentage contribution for all lower
states from the present calculation is consistent with oth-
er earlier calculations. ' '

Similarly to what we have concluded in the case of the
neutral Mg atom, the interaction range of the 3p per-
turber in Alit (3snd)'D series is longer than all other
perturbers we have examined so far. This is first seen by
the noticeable energy difference between calculated Al II
energy spectra DS1 and DS2 shown in Fig. 3. From
Alit DS3 spectra, we find that for 3sn ( &9)d states, this
energy correction is almost completely canceled by
correction due to the higher 3pn ( )4)p configuration
series. For SiIII, the difference between the DS1 and
DS2 spectra in Fig. 3 suggests that the energy increase
of the 3snd states due to 3p configuration is extended
only to the (3s5d)'D state. On the other hand, a nega-
tive energy correction is added to all 3sn ( &7)d states
below the 3p4p state due to the presence of the 3p4p
perturber and other higher configuration series as shown
by the Si III DS3 and DS4 spectra in Fig. 3.

In spite of the large mixing ( —30%) from the 3p per-
turber to the ( 3s 3d ) 'D state, only a moderate increase of
approximately 15—20% in oscillator strength is seen in
the (3s3p)'P-(3s3d)'D transition in Alit. In contrast, a
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relatively small mixing of 3p perturber in higher
(3snd)'D states in A111 has led to a substantial reduction
of the oscillator strengths in the (3snp)'P (3s-nd)'D tran-
sitions as shown by the difference between (Pl, DS1) and
(Pl,DS2) calculations in Fig. 7. For higher (3snd)'D
states, this reduction is first partially canceled by a
moderate but still significant increase in oscillator
strengths due to higher members in the 3pn ( )4)p
configuration series and then almost completely canceled
by increase due to other higher configuration series as
shown in the (Pl,DS3) and (Pl,DS6) calculations in Fig.
7.

The inAuence of the 3p perturber in SiIII is quite
different. The fact that 3p is a short-range perturber in
the Si 111 (3snd) D series is also illustrated in the oscilla-
tor strength corrections shown by (Pl,DSl) and
(Pl, DS2) calculations for the (3snp)'P-(3snd)'D transi-
tions in Fig. 8. As expected, the only noticeable correc-
tion due to the 3p perturber is limited to the 3s3p-3s3d
transition. The change of oscillator strengths due to
higher 3pn ()4)p configurations is generally small for
the (3snp)'P (3snd-)'D transitions except for the n =7
transition in that the final (3s7d)'D state is strongly
mixed with the (3p4p)'D perturber. The only other ex-
ception is found in the 3s 4p-3s 4d transition. The
(Pl,DS3) calculation in Fig. 8 shows that the oscillator
strengths for these two transitions are reduced
significantly. For the (3s4p)'P (3s4d)'D tran-sition, this
large reduction results primarily from the large correc-
tion to the dipole matrix element DJ; from the matrix

element (3p
~

t 3s ) (4p
~
4p ) between the dominant

3s 4p configuration in the initial state and the non-
negligible 3p4p component (i.e., C -0.17) in the final
state.

We will now turn our attention to the 'D-'F transi-
tions in Alan?. With F3 configurations included in the
final 'F state calculation, the effects of the
3p, 3pn ( )4)p configuration series, and other higher
configuration series to the 3snd ( 'D) 3s (n-+ 1)f ( 'F)
transitions are illustrated in Fig. 11 by varying the
configurations included in the initial 'D states from DS1,
DS2, DS3, to DS4. Similar to what we have learned in
the 'P-'D transitions in A1II, the inhuence of the 3p
perturber alone to the 'D-'F transitions is significant
even for transitions involving higher n states which are
only nominally mixed with 3p . This large increase in
oscillator strengths for higher n states is mostly canceled
by the correction due to the 3pn ()4)p configuration
series. When more higher configuration series are in-
cluded in DS4 calculation, the increase in oscillator
strengths due to the 3p perturber is almost completely
canceled. The only transition with a significant net
change in oscillator strength is the (3s3d)'D-(3s4f)'F
transition.

The presence of two doubly excited perturbers, i.e.,
3p and 3p4p, in the Si 111 (3snd)'D series has made a de-
tailed analysis of oscillator strength variation in 'D-'F
transitions more complicated. In Figs. 12—14 we
present the calculated oscillator strengths for the 3snd-
3snf, 3snd 3s(n+1-)f, and 3snd 3s(n-+2)f transitions.

0.8—

0.4
1.4

1.0—

0.6

1.5-

3d —4f

4d —Sf

0.5
0.2 5—

0
—0.2 5—

—0.5

1.2—
0.9—
0.6—

f
0.3

1.5—

5d-5f

Sd-sf

1.0—

0.5
sd —Sf

0.9—

0.3
7d —7f

1.5— 1.7—

1.0—

0.5
OSl OSl p$1 O $2

F2 F3 F3

sd —&f

OS3 OS4 OSt'

F3 F3 F5

0.5
sd —sf

OSl OSl OSl DS2 OS3 D$4 P$4
Fl F2 F4 F4 F4 F4 F5

FIG. 11. The calculated oscillator strengths f in length
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3snd 'D —3s (n + 1)f 'F transitions. The configuration com-
binations are given in Table I.

FIG. 12. The calculated oscillator strengths f in length
(dark circles) and velocity (squares) approximation for Si iii
3snd 'D 3snf 'F transitions. T—he configuration combinations
are given in Table I.
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FIG. 14. The calculated oscillator strengths f in length
(dark circles) and velocity (squares) approximation for Si III
3snd 'D -3s (n +2)f 'F transitions. The configuration com-
binations are given in Table I.

The effect due to the configuration interaction in the 'D
states of Si III is represented by the variation from
(DS1,F4), (DS2,F4), (DS3,F4), to (DS4,F4) calculations.
Consistent with what we have learned earlier, the change
in oscillator strengths for transitions involving lower
3snd states is mostly dominated by the 3p perturber.
The correction due to the 3pn ( )4)p configurations for
transitions of these lower n states is small. On the other
hand, for transitions involving higher 3snd states, the
effect due to the 3p perturber is generally small and the
change in oscillator strengths comes primarily from the
effect due to the 3p4p perturber. The cancellation be-
tween corrections due to different configuration series
has made the net change in oscillator strengths fairly
modest except in the (3s3d)'D (3snf)'F transi-tions.

transitions shown in Figs. 15 and 16 between (DT1,F1)
and (DT3,F1) calculations. ] In Si 111 our calculation
shows that the only transitions that are subject to the
inhuence of the 3p4p perturber are those involving either
the (3s6p) D or the (3s7d) D state which are located
next to the (3p4p) D states. For example, in the P- D
transition, the comparison between (Pl,DTl) and
(Pl,DT3) calculations in Fig. 10 shows that only in the
3s6p-3s6d transition is the oscillator strength noticeably
changed by the 3pnp series. The effect due to the short-
range 3p4p perturber alone could be as drastic as the
large reduction in oscillator strength in the ( 3s 7d ) D
(3sgf) F transition shown by the (DT1,F5) and
(DT2,F5) calculations in Fig. 17. The influence due to
higher 3pn() 5)p configurations are also illustrated by
the (DT3,F5) calculation in Fig. 17.

H. 3p4p in (3snd) D series

In AID the (3p4p) D state is located above all the
(3snd) D states included in the present calculation. In
Si III the (3p4p) D perturber, with a probability density
of approximately 75% from the 3p4p configuration, is
located between the (3s6d) D and (3s7d) D states. Fig-
ure 3 shows that these two irnrnediate neighboring states
are the only states whose term value is noticeably
affected by the 3p4p and higher 3pn ( & 5)p configuration
series. As for the oscillator strength, very little change
is seen for transitions in AlII due to the effect from the
3pnp configuration series. [See, e.g. , some of the DF-

I. 3p 3d in ( 3snf ) 'F series

Our calculation shows that in Si 111 the (3p3d)'F per-
turber is a highly "diluted state" with a maximum prob-
ability density contribution of approximately 32% from
the 3p3d configuration located between the "(3s5f)'F"
and "(3s6f)'F" states as shown in Fig. 4. In fact, the
probability density contribution from 3p3d for the lower
neighboring "(3s5f)'F" is almost as large at approxi-
mately 30% which is in agreement with the earlier calcu-
lation. ' For the higher neighboring "(3s6f)'F" state,
the contribution from 3p 3d is smaller at about 11%.
For Al 11 our calculation shows that the (3p3d)'F state is
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FIG. 17. The calculated oscillator strengths f in length
(dark circles) and velocity (squares) approximation for Si III

3snd ~D 3smf F transiti—ons. The configuration combinations
are given in Table I.

located above all the (3snf)'F states included in the
present study.

Although the term value correction for the Al II
(3snf)'F series due to the 3pnd configuration series is
generally small, Fig. 4 shows that the correction is no-
ticeable to states at least up to n =10. In contrast, the
term value correction for the Si ttt (3snf )'F series is gen-
erally larger but its range is extended only to about the
n =8 state due to the cancellation effect between 3p3d
and higher 3pnd configurations.

Similar to the influence of the 3pn ( & 4)s configuration
series to the (3snp)'P series in Altt discussed in Sec.
IIIC, our calculation shows that the range of the in-
teraction between the 3pnd doubly excited configuration
series and the (3snf)'F series in Altt is relatively long
and its strength varies from weak to moderate. This is
supported by the moderate but persistent oscillator
strength increase from (DS1,F1) to (DS1,F2) shown in
Fig. 11 for the Al tt 3snd('D) 3s(n +1)f('F) t-ransi-
tions. In addition, the (DS1,F3) calculation in Fig. 11
shows that the effect due to the higher 3png
configuration series is practically zero.

For Si ttt the large mixing of 3p3d in the "(3s5f)'F"
state has pushed the "(3s5f)'F" state from above to
below the (3s5d)'D state; consequently, the (3s5d)'D to
(3s5f)'F absorption is changed into (3s5d)'D to
(3s5f) F emission. This is illustrated in Fig. 12 between
(DS1,F1) and (DS1,F2) calculations where the oscillator
strength value changes from positive to negative. In-
terestingly, we also note that at the same time a substan-
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TABLE IV. Oscillator strengths for the absorption between (3snd)'D and (3snf)'F states in Al tt.
The length (first entry) and velocity (second entry) values are both listed for each transition. The os-
cillator strengths for (3s3d) D-(3snf) F transition from Weiss (Ref. 9) are also given (last entry for
3d nf -transitions) for comparison.

4f

5f

6f

3p 3d

7f

9f

3d

0.633(L )

0.634( V)
0.637(Ref. 9)
0.043
0.043
0.037
0.0425
0.0414
0.046
0.257
0.254
0.251
0.161
0.160
0.242
0.0777
0.0776
0.166
0.044
0.044

4d

0.204
0.212

0.617
0.614

0.088
0.088

0.008
0.008

0.045
0.045

0.034
0.034

0.023
0.023
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0.023
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0.056
0.056

0.039
0.039

7d

0.001
0.001

0.005
0.006

0.005
0.006

0.351
0.353

1.537
1.541

0.078
0.077

0.059
0.058

8d

0.0004
0.0005

0.002
0.002

0.001
0.001

0.019
0.019

0.388
0.393

1.630
1.632

0.096
0.095

tial increase in oscillator strength is seen for other 3snd-
3snf transitions between higher n states. In fact, a simi-
lar oscillator strength redistribution due to the presence
of the 3pnd perturbers can also be found between
(DS1,F1) and (DS1,F2) calculations in Figs. 13 and 14
for 3snd ( 'D)-3s (n + 1)f ('F) and 3snd ('D)
3s(n +2)f ('F) transitions. The effect due to other
higher configuration series is also illustrated by the
(DS1,F4) calculations in Figs. 12—14. This large oscilla-
tor strength shift seen in 'D-'F transitions leads us to
conclude that 3p3d is a strong perturber of medium
range. We also note that from Figs. 13 and 14 our cal-
culation has concluded that the combined effect resulted
from the 3p in the (3s3d)'D state and the 3p3d in the
(3snf)'F series has made (3s 3d )'D (3s 5 f )'F a m-ore

probable transition than (3s3d)'D (3s4f)'F. -

J. 3p 3d in (3snf )'F series

Similar to 3p3d in the 'F series of Situ, the (3p3d) F
perturber is a "diluted state" in the Alit (3snf) F series
with a maximum probability density contribution of ap-
proximately 36% from the 3p3d configuration located
between the (3s6f)'F and (3s7f) F states as shown in
Fig. 4. Our calculation has found that the probability
density contributions of these two neighboring states
from 3p3d are about 28% and 12%, respectively. The
mixing percentages from the present calculation are in
close agreement with the MCHF calculation' but some-
what different from the referred values in Ref. 17 from
earlier calculation. Our calculated nonrelativistic term
values excluding the J splitting for the A1II F series are
generally in very close agreement with the experimental

TABLE V. The range and interaction strength of the doubly excited perturber to singly excited
(3snl)' L series in Al II and Si III.

Perturber

(3p )S
(3p4p)'S
(3p4s)'P

(3p4s) P
(3p 3d)'P
(3p 3d) P
(3p )D

(3p4p) D
(3p 3d)'F

(3p3d) F

Range

medium
short
medium —long (Al II)
short —medium (Si III)
short
short
short
long (Al II)
short (Si III)
short (Si III)
long (A1II)
medium (Si III)
medium —long (Al II)
short (Si III)

Interaction strength

moderate
weak
moderate —strong

weak
weak
moderate —strong
moderate (Al II)
weak —moderate (Si III)
weak —moderate (Si III )

weak —moderate (Al II )

strong (Si III)
strong (Al II)
weak (Si III)
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data as shown in Fig. 4.
Our calculation has also shown that 3p3d is a more lo-

calized perturber in the Si III F series with a probability
density contribution of about 77% from 3p 3d
configuration. In fact, it is located below all singly excit-
ed (3snf) F states. The only other states in the 'F series
with non-negligible mixing are the (3s4f) F and
(3s5f) F states with 20% and 1.2% probability density
contribution from 3p 3d, respectively. Our calculated
mixing percentages are also in close agreement with ear-
lier calculation' ' and Fig. 4 shows that the term values
for all Silly F states included in the present calculation
are in very good agreement with the experimental data. '

The redistribution of oscillator strengths due to the
mixing of 3p3d in the (3snf) F series in AlII D Ftran--
sitions was first investigated quantitatively by Weiss.
Our present calculation shows that the redistribution of
oscillator strength is not just limited to the (3s3d) D
(3snf) F transitions. In Figs. 15 and 16 we present some
of the transitions involving higher n states which are
strongly affected by the 3p3d perturber. We will first
concentrate on the unusually large shift in oscillator
strength between (DT3,F1) and (DT3,F2) calculations.
In particular, we note in Fig. 16 that this large change
in oscillator strength is clearly associated with the
(3s7f) F state which is the immediate neighbor on the
higher energy side of the (3p3d) F perturber. As we
move away from the (3p3d) F perturber, the change in
oscillator strength becomes less dramatic and gradually
reduces to a more modest increase such as the one seen
in the 3s4d 3s5f transit-ion in Fig. 15. The influence due
to other higher configuration series is much smaller as
shown by the (DT3,F3) and (DT3,F5) calculations in
Figs. 15 and 16. Our calculated oscillator strength dis-
tribution for the D- F transitions in Al II is qualitatively
in agreement with the earlier estimation of Weiss with
larger disagreement for transitions involving higher n

states as shown in Table IV.
In contrast, in SiIII, our calculation shows that the

change of oscillator strengths for the D- F transitions is
generally very small even for transitions involving the
lowest (3s4f) F state which is strongly mixed with the
3p3d perturber. This is partly due to the localized na-
ture of the 3p3d perturber and partly due to the cancel-
lation between corrections due to 3p 3d and higher
members in the 3pnd configuration series. This minimal
effect due to the 3pnd series in the Sisal D- F transitions
can be seen from the (DTl,F1), (DT1,F2), and (DT1,F5)
calculations shown in Fig. 17.

IV. CONCLUDING REMARKS
Following our discussion in Sec. III, we summarize in

Table V the strength and range of the interaction due to
individual doubly excited perturber to series of singly ex-
cited (3snl)' L states in A1II and Si III. Similar to what
we have learned in the neutral Mg atom studies, ' the
current work also shows that for transitions between
singly excited states of higher total orbital angular
momentum, the interaction due to strong doubly excited
perturber and in some cases even a moderate perturber
could lead to an extensive oscillator strength redistribu-
tion. This is illustrated by many of the examples given
in Sec. III including (i) 'P 'D tra-nsitions in A1II (Fig. 7)
and Si III (Fig. 8), (ii) Si III S- P transitions (Fig. 9), (iii)
'D 'F tra-nsitions in Al II (Fig. 11) and Si III (Figs.
12—14), and (iv) D Ftrans-itions in Al II (Fig. 15) and
Si III (Figs. 16 and 17). For doubly excited perturbers lo-
cated below all or most of the singly excited states of the
same symmetry, the interaction range is often shorter
than those located in the midst of or above most of the
singly excited states except for the 3p perturber in the
Al II (3snd)'D series. Similar to what was pointed out by
Luken and Sinanoglu, ' we have also found that when
there are several singly excited states of the same sym-
metry located below the doubly excited perturber, spe-
cial care is needed in the theoretical calculation to deter-
mine the interaction strength and its range of inAuence
for that particular symmetry.

Finally, we turn our attention to the question of rela-
tivistic interaction. The variation of the J splitting along
the Alit F series as illustrated by Weiss clearly sug-
gests that any realistic estimation of the fine-structure
splittings will have to include explicitly the configuration
mixing in the wave-function calculation. A lowest-order
perturbation calculation for the spin-orbit interaction
with the multiconfiguration-state wave function em-
ployed in the present calculation has shown a correct
qualitative feature for the J splittings. Our lowest-order
estimation has also shown that contribution from the
spin-spin and spin-other-orbit interactions is at least one
order of magnitude smaller than the spin-orbit interac-
tion. However, a more reliable calculation will have to
include the complete 3p3d multiplex (i.e., all ' P, ' D,
and ' F terms) and their neighboring configurations
which are strongly mixed with the 3p3d configuration.
The result of such a calculation will be reported else-
where.
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