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Higher virial coefficients in two and three dimensions:
Planck-Larkin structure and Wigner-Kirkwood expansion
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We derive three-particle higher-order sum rules in two dimensions in analogy with similar rules
existing in three dimensions. We employ these rules to study the Planck-Larkin structure of the
third cluster integral in the presence of three-particle processes like rearrangement scattering and
breakup. In particular, in three dimensions we also show the cancellation between bound-state
and continuum contributions at the Efimov point. As a byproduct we obtain a Wigner-
Kirkwood-type expansion for the third virial coeKcient in two and three dimensions.

I. INTRODUCTION

The two-particle Planck-Larkin partition function
(PLPF) has received some new attention recently in the
study of strongly coupled plasmas. ' It is clear by now
that this two-particle effective bound-state sum provides
an analytic way of determining a borderline between
discrete real bound states and discrete quasifree states
near the continuum edge of the plasma. These quasifree
states should be treated like the scattering contributions.
This is known as effective lowering of the plasma contin-
uum. In this way the PLPF has been used, e.g. , to study
the equation of state, ' to determine occupation num-
bers, and to look at astrophysical problems. ' (For ear-
lier work in this direction we refer to the references in
Refs. 1 —6 and to Ref. 7.)

A rigorous explanation for the underlying structure of
the two-particle PLPF has been presented in Ref. 8,
starting from a generalized Beth-Uhlenbeck representa-
tion of the second virial coefficient in terms of bound-
state and scattering contributions. Using higher-order
Levinson theorems a cancellation is shown to exist be-
tween these bound-state and scattering contributions
leading to the PLPF. As a by-product of this study, an
alternative derivation of the well-known Wigner-
Kirkwood expansion is obtained.

Since there exists some growing interest in the third
virial coefficient in two and three dimensions, both from
a theoretical and an experimental point of view (for a re-
cent review and references, see Ref. 10), the question
whether a similar Planck-Larkin (PL) formula and
Wigner-Kirkwood expansion can be derived for the third
and higher virial coefficients is certainly worthwhile. In
this respect, the existence of a multielectron PL hydro-
genic partition function has been considered by Rogers"
in a semiclassical approach. Hoogeveen and Tjon'
showed in a model calculation of a binary gas mixture
that the divergence in the three-particle bound-state con-
tribution to the cluster coefficient due to the Efimov
effect (i.e., condensation of three-particle levels at break-
up threshold due to a zero-energy bound state of some of
the short-range pair interactions) is cancelled by contin-
uum contributions. As these authors remark, their mod-
els are essentially two-particle simulations of real three-

particle systems. One of their conclusions is then that it
would be interesting to know whether the inclusion of
three-particle processes like rearrangement, breakup, etc.
would not change these results.

One of the purposes of this paper is to answer the
foregoing question by studying the PLPF on a fully
quantum-mechanical level starting from the three-
particle sum rules that are derived in Ref. 13. Further-
more, we derive similar sum rules in two dimensions in
order to look at the structure of the two-dimensional
PLPF. Another aim is to obtain Wigner-Kirkwood-type
expansions for the third virial coefficient in two and
three dimensions.

The rest of this paper is then organized as follows. In
Sec. II we review the existing results on sum rules for
three-particle scattering in three dimensions and we
derive their two-dimensional analogues by following a
similar method. Using these rules we study in Sec. III
the Planck-Larkin structure for the third cluster in-
tegral, taking into account three-particle processes like
rearrangement scattering and breakup. We discuss the
cancellation between bound-state and continuum contri-
butions. We find that it is more delicate than the one
for the second cluster integral and that it remains valid
at the Efimov point in three dimensions. In Sec. IV we
obtain Wigner-Kirkwood-type (high-temperature) expan-
sions for the third virial coefficient in two and three di-
mensions.

II. THREE-PARTICLE SUM RULES
IN TWO AND THREE DIMENSIONS

In Ref. 13 we have derived sum rules for three-particle
scattering in three dimensions with pairwise interactions.
Here we extend these results to two dimensions. We
start by brieAy reviewing the results of Ref. 13.

An important quantity to be studied in three-particle
scattering is the connected Green's-function difference,
R, (z), defined by

3

R, (z)=—R(z) —Ro(z) —g [R (z) —Ro(z)] .
a=1

Here Ro(z), R (z), and R (z) are the Green's functions
for, respectively, the free Hamiltonian Ho, the total
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Hamiltonian H, and the channel Hamiltonian H given
by

77I
R (z,p, p')—

(4~q )'

Ro(z) =(H(1 —z) ', H(1 ———6,
3

R (z)=(H —z) ', H =H(1+ g V
a=]

(2.2)

(2.3)

P„(p,p ) (z q
' s/2)"1

)(H(1) (
1/2 —1/2

)2 Z q S (2.9)

R (z) =(H —z) ', H =H(1+ V (2.4)

with z the complex three-particle energy, b the six-
dimensional Laplacian, and V the local short-range (not
necessarily spherically symmetric) potential acting be-
tween the particles P and y.

We are interested in the analytic behavior of these
Green's functions, especially for large z. A standard
method to obtain this is the Laplace transform technique
(see, e.g. , Ref. 14). There one starts from

where H " is the Hankel function of the first kind of or-
der m and s—:

~ p —p'
~

. For the connected Green's-
function diff'erence (2. 1) one can derive a similar expan-
sion'

R, (z,p, p')—
(4rrq)

oo l j
X g P„'(p,p'), (z' 'q ' 's/2)"

R (z,p, p')= f dPe' (e )(p,p'),
0

~H (11
(

1/2 —1/2
)n —2 (2.10)

Rez & inf[cr(H) ), (2.5) where P„' now denotes the following "connected"
coefficient function

where o(H) denotes the spectrum of H and p is the fol-
lowing six-dimensional coordinate space vector describ-
ing the position of the three particles

3

p(pp)=p(pp) r p (pp) (2.11)

2 "~ 2p—:(x,y ), p = x + g(z
mo mO

(2.6)

with x the vector separation of particle cz from the
center of mass of the cluster (P, y ) and y the vector sep-
aration of the constituents P and y of that cluster. The
masses n and p are the corresponding reduced masses
and mo ——II m ( g m ) '=n pwith m, the mass of
particle a. We remark that formulas (2.6) are invariant
with respect to the choice of a. One then considers the
asymptotic expansion in 13= 1/kT, T the temperature

(e ~ )(p,p') —(e ')(p, p') g P"P„(p,p')
—pH, ,

"
( —1)"

n=0 n.

as P~O , (2.7)

NF~(z,p):zR (z,p) ——
(4~q)

P„'(p)

3 n (n —1)(n —2) zn

N+3

with P„ the coefficient functions occurring in R . In
(2.10) the fact has been used that the n =0 term of R,
vanishes identically and that the n =1 term is zero be-
cause of the linearity of P] in the potential. The last re-
sult is a consequence of having pairwise potentials. If
there is a three-particle force (depending on both x and
y ), then P;&0. We finally remark that the n =2 term
in (2.10) is singular for p~p', i.e., s~0.

The sum rules are then derived on the basis of
Cauchy's theorem and the analyticity properties of R, in
the complex energy plane. We start from the analytic
function (N =0, 1,2, . . . )

Ho(e ' )(p,p') = (4~qP) ' exp[ —(4((3q ) '(p —p')'],

q =A /2mO, (2.8)

where the free heat kernel [ exp( f3HO)](p, p') ha—s the
standard form

(2. 12)

where P„'(p)=P„'(p,p) and where R(z, p) is the diagonal
value of the connected resolvent diA'erence, viz. ,

0

R (z,p)—:lim R, (z,p, p') — p2(p, p')
2(4~q )

and where the coefficient functions P„(p,p') are com-
pletely determined in terms of the potential V = g V .

These functions P„have been studied in detail in the
literature (see the references in Ref. 9). They satisfy
known recursion relations' and the first few have been
written down explicitly (see, e.g. , Ref. 14).

Combining (2.5) —(2.8) one arrives at the expansion'

X H() '(z q
' 's ) . (2 1 3)

The subtraction terms n =3,4, . . . , N + 3 are the diago-
nal values of the corresponding terms in (2.10). We then
integrate Fz(z, p) along a contour in the z plane encir-
cling the spectrum of the Hamiltonian H. In this way,
we arrive at, after integrating with respect to p (Ref. 13)
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, dE E 2ImTrR, E+i0 — dp P2 p
(4~q }

N3

27r —g (E, )

j=i (4~q)'(N+1)(N+2)(N+3)
(2.14)

with N =0, 1,2, . . . and where —7 is the lowest two-
particle threshold, N3 the number of three-particle
bound states with respective positions E;, and the first
P„' are given explicitly by

Cr ——[I exp(iO)
~

OE [arcsin(rj/I ), 2' —arcsin(g/I )],
and finally encircling all bound-state energy positions Ej
clockwise by

P2 ——2gg V Vp,
a P)a

(2.15)
CJ =[@/ exp(iOJ )

~
OJ &[0,2w], e/ suKciently small],

1&j&N, .

P3=6V VpV~+3g g V Vp —q g g V b, Vp Employing Cauchy's theorem,

—qg g VpV VpVp.
a P)a

(2.16)

R, (z,p, p )-
(4n.q )

Following a similar procedure, we now present a
derivation, as far as we know for the first time, of a set
of sum rules for three-particle scattering in two dimen-

sions.
First, it is straightforward to check that the equivalent

of the series (2.10) for the connected Green's function
now reads

cdz f dp F~(z,p) =0,
C=C„UCqUCr U g CJ

(2.19)

N3

(EI~~ P'+
(4~q) (N +1)(N +2)

we get, after some calculations (N =0, 1,2, . . . )

f, dE E 2 Im Tr R,"'(E+i0)

X g, P„'(p,p') „,(z' 'q ' '~/2)" dp PN+2 p (2.20)

~H(1) (
I/2 —I/2

)n —i~ 9' (2.17)

(2.18)

where the subtraction terms are the diagonal values of
the corresponding terms in (2.17). With this function,
we then perform a contour integration in the complex
energy plane around the spectrum of the Hamiltonian,
i.e., along the following path which is the same as for
three dimensions C„around the real axis from I —ig
to I +i q, I & 0, avoiding the deepest two-particle
threshold, —7~, by a circle

C& —[g exp(&8)
~

0&(3'/2, vr/2)],

along the circle

where p, p' are the corresponding four-dimensional coor-
dinate vectors and the P„' are still given by (2.11), (2.15),
and (2.16) but with the 7 operator now acting in four-
dimensional space. Comparing with (2.10) we see that
the first term, i.e., the n =2 term, is not singular as
s~0. This will have some consequences for the struc-
ture of the sum rules.

Indeed, we can now consider directly the analytic
function [compare (2.12) and (2.13)]

%+2 P (p)
F~(z,p) —=z R, (z,p,p)+

(4~q)2 „z n n —1 z"

where we have added the superscript (2) to indicate two
dimensions. The first term on the right-hand side of
(2.20) stems from the bound-state singularities in R, (C,
integrals), the second term results from the Cz UC& in-

tegration of the subtraction terms in FN. Hereby we
have assumed that —7 is not a three-particle bound-
state accumulation point. The left-hand side of (2.20}
represents the C„U C& integration of the Careen's-

function part of FN using its reflection property. We re-
mark that, because of our construction of FN, the Cz
contour gives no contribution.

These sum rules constitute higher-order three-particle
Levinson theorems in two dimensions. For fixed N, they
require the potential and an N-dependent number of its
derivatives to be smooth enough in order to ensure the
existence of the p integral over PN+3. Compared with
the three-dimensional results (2.14), there is no correc-
tion term in the integral on the left-hand side of (2.20)
and the surface correction on the right-hand side con-
tains PN+2 instead of PN+3. This difference in structure
is less outspoken than the one between the two-particle
sum rules in two and three dimensions (see Ref. 9). The
reason is that both cases here concern an even number
of degrees of freedom, which is not true in the two-
particle scattering cases. We finally remark that these
sum rules can be extended to complex N but this is out-
side the scope of the present study.
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III. THE PLANCK-LARKIN FORM
OF THE THIRD CLUSTER INTEGRAL

In this section we study the application of these sum
rules to statistical mechanics, in the context of the S-
matrix approach which formulates the statistical behav-
ior of a system in terms of the collision processes of the
constituent particles. '

As is well known, ' the grand-canonical partition
function for a system of X particles having mass I can
be expanded in a series in the fugacity with as
coefficients the cluster integrals. Assuming the latter ex-
ist in the thermodynamic limit, they read in d dimen-
sions, d =2, 3 (in order to avoid a heavy notation, we do
not indicate explicitly, if there is no confusion possible,
the dimensional dependence of our quantities)

pp= g a„p",
n =1

(3.5)

with P the pressure and where the coefficients a„, which
are the virial coefficients, can be completely written
down in terms of the cluster coefficients, viz. ,

2
———b2b i, a3 ——4a 2

—2b3b i

—2 = 2 —3 (3.6)

Boltzmann statistics. We remark that exchange eft'ects
do not introduce anything fundamentally new here but
working out their details may be highly nontrivial.

Once we have an explicit form for the b„, then the
grand-canonical participation function and all other
thermodynamic properties of the system are determined.
The equation of state, e.g. , can be obtained as a series in
the density of particles p. The result is'

bi ——A,

2d/2
b, = Tr(e —e ),Ph

—Ph ()

2!Ad

(3.1)

(3.2)

The standard method to write the cluster integrals b„ in
terms of scattering quantities is to use the Watson trans-
form, which connects the statistical operator,
exp( PH), w—ith the Green's function R (z), viz. ,

3d /2

b3 ——

3k

3
p~ i3~o — —&~. —~~0

e ~ = — fcdz e ~'R (z),1

277l
(3.7)

(3.3)

Here k is the thermal wavelength

k=(2~% P jm)' (3.4)

and h, hp are the total and free two-particle Hamiltoni-
ans; H, H, Hp are the three-particle Hamiltonians as
defined before. The factors in front of the trace come
from the center-of-mass motion. We have assumed

where C is again a contour in the complex energy plane
around the spectrum of the Hamiltonian. For three-
particle scattering, this contour has been specified al-
ready in Sec. II. For two-particle scattering, formally
the same contour can be taken but the point —7 has to
be replaced by the origin and the contour lies, of course,
in the two-particle energy plane. From (3.2) we then get
for d =2, 3, taking into account explicitly the possibility
of zero-energy resonances and/or zero-energy bound
states of the two-particle Hamiltonian,

b2(p)=2 'I, " g e '+D' '+(2n) ' f dEe ~ 2ImTr[r(E+iO) —ro(E+iO)]
j=1 (3.8)

where the ( —Xi ),J = 1, 2, . . . , &q, are the two-particle d =2 or d =3 bound-state positions, r(E) and ro(E) the total
and free d =2 or d =3 Green's functions, and D'"' the contribution from the zero-energy eigenstates. If there are Xp
of these states, D' ' can have the values —,', Xo, and (Xo —1)+—,

' for, respectively, the s-wave-type zero-energy reso-
nance case, the zero-energy bound-state case, and a combination of the latter two (for more details, see Ref. 18). In
two dimensions, D' ' can take the values 0, Xp, 2Vp —j. and Np for, respectively, the s-wave-type zero-energy reso-
nance case, the p-wave-type zero-energy resonance case, a combination of the latter two, and the zero-energy bound-
state case (for more details, see Ref. 19).

Using the relation between the Green s function difFerence in (3.8) and the two-particle on-energy-shell S-matrix,
S(E), (see, e.g. , Ref. 9), the second cluster integral can be written as

N2

bp(P) =2" 'A, g e '+D' '+(2') ' dE e ~ Tr iS*(E) S(E)—
p dE (3.9)

Equation (3.9) is a generalization of the Beth-Uhlenbeck result' to include zero-energy eigenstates and nonspherically
symmetric interactions. Indeed, in the case of spherical symmetry we know that the logarithmic derivative of the S
matrix is given by the sum of the energy derivatives of the partial-wave phase shifts.

In the same way it is straightforward to derive from (3.3) the following expression for b3(p):

3d/2
b3(p)= d g e '+(2~) ' f, dEe ~ 2Im TrR, (E+iO)

3!k.
CX

(3.10)
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where we have assumed that the three-particle bound
states do not accumulate at the threshold —7 . We do
not write down the analogue of Eq. (3.9) in this case
since there still exists some controversy about the pres-
ence of counterterms originating, e.g. , from rescattering
singularities in the 3 —3 S matrix. For more details we
refer to Ref. 20.

In Ref. 8 we have shown for d =3 by using higher-
order two-particle Levinson theorems, that there is a
cancellation in bz(p) [Eq. (3.8)] between the bound-state
and scattering contributions. This compensation is
rigorously valid on a fully quantum-mechanical level.
We refer to Refs. 8 and 11 and the references therein for
earlier treatments of this problem. Using this cancella-
tion we have then explained the structure of the two-

I

P„—:(4mq) f dpP„'(p), d =2, 3

we can write the continuum part of b3 as

(3.1 1)

particle PLPF. As a byproduct we have derived the
well-known Wigner-Kirkwood expansion in a novel way.

It is straightforward to generalize these results to two
dimensions and furthermore to show that the extra
zero-energy contributions D' ' in (3.8) also cancel. We
omit all formulas at this point.

As explained in the Introduction the question arises
whether a similar program can be carried out for the
third (and higher) cluster integral.

Let us look first at d =3. Starting from Eq. (3.10) and
introducing the notation

2
33/2 px

b3(p)= (2~) ' f, dE e ~ [2Im TrR, (E+iO) vrPz]+—
3

P z .
3!A. x 3!k

(3.12)

Here the second term cancels the term we have added in the integrand of the first term. We now rewrite the latter as
a total differential in the following way:

3/2
(2m) ' f, e ~ d f dE, [2Im TrR, (E&+iO) —~Pz]

3!A, —X F.
(3.13)

Partial integration with respect to E and use of the first three-dimensional three-particle sum rule [Eq. (2.14) for
N =0] to evaluate the surface term gives, then,

= 3'" px
apx

b 3 (P) = (2m ) 'e [—2rrN3 —(2m /6)P3 ]+ Pz
3!A, 2P

—(2m. ) 'p f, dE e ~ f dE, [2Im TrR, (E&+iO) vrPz]——x.' E
(3.14)

3/2 px
3 (2m) 'pe X f, dE[2 Im TrR, {E+iO)—mPz]+ f, dE E[2Im TrR, {E+iO) ~Pz]—

3!A, x -x'.
3/2

+ (2m) 'P f, dE e ~ f dEz f dE~[2Im TrR, (E&+iO) mPz] . —(3.15)

The last term in (3.14) can again be written as a complete differential. Partial integration and some further algebraic
manipulations lead to the following expression for this term:

We now employ the three-particle sum rules (2.14) for N =0 and N = 1 to arrive at the following formula for b3

3/2 N3
PX

px

b3(p) = g e '+e '( 1 —pX )( —N3 P3 l6)+e g pE—+pP4/24 + Pz
3Q,

J 2P

+(2m) P f,dE e ~ f dEz f dE&[2Im TrR, (E&+iO) mPz]—
Xa E E

(3.16)

px px'+e (1 pX + ,'p X )( N—3 P3/—6)+e (1—pX—) —g pE, +pP 4/24

px
px

+e ——,
' gP E& PP5/120 + —Pz

J

I

—(2m ) 'p f, dE e ~ f dE3 f dEz f dE~[2Im TrR, (E~+iO) vrPz]—
a

It is clear that this process may again be repeated. We write down the result after one more step,

3/2 N3

b (3)(P)
3!k j J

(3.17)
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where the superscript (3) now indicates explicitly that we are working in d =3 and wherep „ is given by (3.11) with
d =3.

Before discussing these formulas we write down the equivalent of (3.17) for d =2, obtained by the same procedure
starting from (3.10) and using now the sum rules (2.20)

2

bi" (p)=, y e '+e (I —pX'+ —,'p'7')( —Ni+P2/2)+e (1 —pX') y pE, —pPi I6
j=1 J

PI'
+e ——,

' gP E, +P P4/24

—(2ir) 'p f,dEe ~ f dE, f dE2 f dE, [21m TrR, (E i+i0)] (3.18)

where P„ is again given by (3.11) but with d =2.
We clearly see the pattern of cancellation between

bound-state and scattering contributions in (3.17) and
(3.18). It is more complicated than the one for the
second cluster integral b2(/3) (see, e.g. , Refs. 8 and 9).
This is due to the presence of the threshold factor
exp(PX ), which is there because we have included
three-particle processes such as rearrangement and
breakup. If this factor is absent (X =0), then the can-
cellation is like in the case of b2(p).

These cancellations make the existence of an effective
bound-state sum or Planck-Larkin structure apparent.
If we consider the first three terms of (3.17) or (3.18),
and keep all contributions up to order P coming from
the bound states, we get

(3.19)

In the case of a multi-electron hydrogen partition func-
tion, the existence of such a structure has been discussed
by Rogers" in a semiclassical context. Here we have
used the full quantum-mechanical higher-order sum
rules [e.g. , (2.14) for N =-0, 1 in d =3], valid for poten-
tials that are smooth enough to ensure the existence of
P2 to P„(n =4 in d =3), to obtain (3.19).

It is clear that this compensation is not affected by let-
ting ( —X ) become very small, meaning the system has
very low-energy bound states. If, in d =3, we take
( —Y )~0 such that a two-particle bound state exists
at zero energy, then the number of three-particle bound
states N& will become infinite (i.e., the Efimov effect,
which does not exist for d =2). Even in this limiting
point, the sum rule (2.14) stays valid formally —both
sides are infinite —and the manipulations leading to
(3.17)—(3.19) go through. So there will be a cancellation
between bound-state and scattering contributions at the
Efimov point, implying that the third cluster integral
stays finite also there. This has been shown first in a
model calculation by Hoogeveen and Tjon. '

Another nice feature of (3.17)—(3.19) is that these for-
mulas show explicitly, on the basis of Levinson's
theorem, that the third cluster integral does not change
discontinuously when a new three-particle bound state is
formed by changing potential strength. This is necessary
on physical grounds: any discontinuity would be

reflected in the thermodynamic properties of the system
[cf., e.g. , Eqs. (3.5) and (3.6)]. In the case of the second
cluster integral it has been shown recently ' that this
continuity in the coupling constant can be used reversely
to infer the form of Levinson's theorem. For the present
situation of three-particle scattering this behavior in the
(two-particle) coupling constant is much more difficult to
analyze. Nevertheless, it would be interesting to study
whether a three-particle Levinson theorem can be ob-
tained in an analogous way from the third cluster in-

tegral.
It is clear that, in principle, the methods used in this

section can be applied to look at the structure of the
higher cluster coe%cients. The practical realization of
this study, however (four-particle sum rules, etc.) will be
more complicated.

Finally, comparing (3.17) and (3.18) we see already
that in three dimensions the term [(2P) ' exp(PX )P, ]
will not be compensated for by repeating the procedure
outlined before to obtain these formulas. This will be
discussed further in Sec. IV.

IV. WIGNER-KIRK WOOD- TYPE-EXPANSION
FOR THE THIRD VIRIAI. COEFFICIENT

If one keeps repeating the procedure used in Sec. III
to derive (3.17) and (3.18), one finally arrives at the fol-
lowing expansions for the third cluster integral in three
and two dimensions:

123' 1 e",b(/3I)=, , f d'pP2(p)
3!A, (4irq )

P" f d pP„'(p)
E7 =3

(4. 1)

b(2)(P) y Pn —2 f d4 Pc( )
2A, (4 )

(4.2)

As remarked already before, the three-dimensional re-
sult contains a term with factor exp(PX ). This gives an
explicit dependence of b& '(P) on X, the two-particle
threshold, originating from the correction term in the
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sum rules (2.14). For g'=0 this term can be simply ab-
sorbed in the sum over n in (4.1).

At this point we recall that in Ref. 8 we have obtained
in an analogous but simpler way, as a byproduct of our
study of the two-particle PLPF, the well-known
Wigner-Kirkwood expansion for the second virial
coefficient. The method used there can be generalized in
a straightforward way to two dimensions by using the
corresponding sum rules derived in Ref. 9. We only
mention the final result here

d

P2(x) = V (x)—

P3(x) = V (x)—
t' 2

2p

$2
—,'b V(x),

2p

$2
I V(x)b V(x)+ —,'[V'V(x)] ]2p

(4 4)

—,', b, V(x),

pleteness we present the first few,

Pi(x) = V(x),

oo
( 1)n P" d f d xP„(x)

n =1

/3" f ddt P„(x), d =2, 3,
n =1

(4.3)

with p the two-particle reduced mass and V the d-
dimensional nabla operator. The potential and a number
of its derivatives, the number depending on n, are sup-
posed to be smooth enough such that the x-integrals in
(4.3) exist.

We now have all the necessary information to derive a
Wigner-Kirkwood expansion for the third virial
coefficient starting from Eq. (3.6), i.e.,

where the P„(x) are polynomials in the potential and its
derivatives, that can be found, e.g. , in Ref. 14. For com-

a3 ——4a 2
—2b3b1

For d =3 we obtain, using (4.1) and (4.3),

oo n —1

a3 ——g ( —I)"p" g f d ~ P„ I(x) f d'x'p, („)
n =2 I =1

—,'p e f d p P2(p)+ g, /3" f d pP„'(p)
n =3

(4.5)

where the P„' are given by (2.11), (2.15), and (2.16). It is now straightforward to check that after expanding exp(PP )
in p and using the expressions for P1 and P2, the terms of order /3 in (4.5) cancel. So the final result for the third
virial coefficient in three dimensions reads

oo n —1

a3 '(/3)= g ( —1)"/3"g, , f d'x P„,(x) f d x'PI(x')
n =3 I =1

(7')"—
—,
' g /3" f d'pp2(p)+ f d'pp„'(p)

n =3
(4.6)

This is the Wigner-Kirkwood (i.e. , high-temperature) expansion for the third virial coefficient of a Boltzmann gas of
particles of mass m. No approximations have been made and all three-particle processes such as rearrangement
scattering and breakup have been taken into account. As far as we know, this result is new. We remark that in the
case X =0 there may be further cancellation of terms in (4.6) depending on the specific model discussed. E.g.,
Hoogeveen and Tjon' find in their model calculation of a gas mixture of light and heavy particles, assuming the in-
teraction between the heavy and light particles to be local, that a 3 '(P) vanishes in the classical limit and that the
leading order in the quantum correction becomes P .

For d =2 a similar discussion using (4.2) and (4.3) leads to the following Wigner-Kirkwood expansion:
oo n —1

( —1)"a3 '(P)= g ( —1)"/3" g f d x P„ I(x) f d x'P ( I) x——,
' g /3" f d pP„'(p) .

n =3 I =1 n =—3
(4.7)

Both the expansions (4.6) and (4.7) have as leading order P . Both the second virial coefficients (4.3) start already
with order /3, but the first quantum correction arises in the term P .
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