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The -large principal-quantum-number limit is investigated. Several concrete examples are
worked out and the correspondence principle is reexamined under the light shed by these calcula-

tions.

In particular, it is shown that a simple linear combination of three one-dimensional

harmonic-oscillator eigenstates leads to results at variance with classical physics, in the high
quantum-number limit. The possibility of actually observing these phenomena is also briefly dis-

cussed.

L. INTRODUCTION

The first statement of the correspondence principle can
be traced to Max Planck.! In 1906, he inferred, from his
radiation law, that in the A— O limit classical physics is
rederived. In fact, in this limit Planck’s result reduces to
the Rayleigh-Jeans Law.

The connection between classical and quantum physics
is precisely the objective of the correspondence principle.
However, intriguing problems remain unsettled in connec-
tion with it, in spite of the elapsed time and the interest
and attention attracted by the subject. Moreover, the as-
sertation that quantum mechanics reduces to classical
mechanics in the large quantum-number limit, which is
found in most textbooks, does not hold in general.

The degree of acceptance of the correspondence princi-
ple is well illustrated by the evolution of popular
quantum-mechanics textbooks. Schiff? in 1955, when ex-
amining the probability density associated with the har-
monic oscillator (HO), concludes that, “The agreement
between classical and quantum probability densities im-
proves rapidly with increasing n.” In 1977, Cohen-
Tannoudji, Diu, and Laloe? commenting on the same evi-
dence say, “In a stationary state | n), the behavior of a
harmonic oscillator is totally different from that predicted
by classical mechanics, even if n is very large.” More re-
cently, Segre,* in 1980, states that the correspondence
principle,*. . . is most useful as a guide to intuition, but it
cannot be formulated rigorously... . Rather, it may be
described, with some exaggeration, as a way of saying:
Bohr would have proceeded in this way.”

Close examination of the correspondence principle has
attracted renewed interest during the last few years.
Home and Sengupta® constructed a superposition of odd-
and even-parity eigenfunctions of a one-dimensional
modified Coulomb potential which leads to inconsistency
with classical mechanics. Liboff® probed in depth the re-
lation between the 2— 0 and n— oo limits, showing that
they are not universally equivalent. More recently, Bohm
and Hiley,” in a profound study of the connection between
quantum realism and macroscopic levels, emphasized that
“high quantum numbers are not a universally valid cri-
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terion for the classical limit.” In spite of this evolution,
we can find, in as recent a publication® as a 1987 Letter,
the following opening statement: ‘“Bohr’s correspondence
principle indicates that the classical description of a physi-
cal system is adequate in the limit of large quantum num-
ber.” We will show below that this is not always the case.

In this contribution we show that it is not necessary to
look for elaborate special cases to illustrate the statements
mentioned above. We construct a simple superposition of
a few eigenstates of the ordinary one-dimensional har-
monic oscillator (HO) and employ it to investigate the
large quantum-number limit. This way we obtain, in a
very direct and transparent fashion, an insight into how
quantum effects persist for arbitrarily large values of the
principal quantum number. These results are contrasted
with classically expected values.

This contribution is organized as follows: after the In-
troduction, Sec. II contains the explicit presentation of
calculations and results. In Sec. III these results are ana-
lyzed in the light of their possible experimental observa-
tion. Conclusions are drawn to close this paper.

II. CALCULATIONS AND RESULTS

We now carry out explicit calculations to evaluate a few
representative physical objects: the probability density
p(x,t), the spatial correlation function, and the density
matrix. Since our main concern is the large quantum-
number limit we do compare our results with their classi-
cal analogs, whenever feasible.

A. Probability density

In classical mechanics the probability density is given
by p(x) =N/v(x), where v is the speed and N a normali-
zation constant. For the HO it yields p(x)=1/[z(4?
—x2)12] where A =QE/m?)'2 is the amplitude, E is
the total energy, m the mass, and w the angular frequency
of the classical HO.

In quantum mechanics, p is directly related to the wave
function w(x,?), by p(x,t) =|w(x,t) |2 The particular
wave function one does consider is thus of paramount im-
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portance. If a semiclassical coherent? state w(x,t)
=(x | a(z)) is chosen, where

| a)) =exp(— | a| %/2) i o

n=0 vVn!

|n), )

with |n) denoting an eigenstate of the one-dimensional
HO and

a(t) =(mo/2h) 2 Aexpl—i(wr — )] ,
]

pn(x) = _2n
" (42—x2)17?
for | x| < A,, where B=mw/h and 42=0Qn+1)/p. The
quantity A, becomes the classical amplitude for n— oo,
For large but finite n, p,(x) is not infinite at x =A4,, and it
is not zero for |x| > A4,. Nodes are always present for
arbitrarily large quantum numbers, and recovering of the
classical result implies an average process in formula (2).
We can justify this latter process arguing that macroscop-
ic probes are insensitive over length scales of the order of
several de Broglie wavelengths.

Nodes can be eliminated if we consider a linear super-
position of eigenfunctions which are close in energy, as we
show in our example below. But now results which are at
variance with classical mechanics are obtained in the
n— oo limit, due to nonvanishing quantum coherence in
the large quantum-number regime.

If we adopt a superposition of HO eigenstates with suc-
cessive quantum numbers, {|n—1),|n),|n+1)}, and
form the following orthonormal basis set to span the per-
tinent three-dimensional Hilbert space:

|m)=71_3—(|n—1)+|n)+|n+1>) , (3a)

|n2)=ff13[(l+i\/§)|n—l>—2|n)
+(1—iv3)|n+D], (3b)

|n3>=2—_JL§[(1—iJ§)|n—1>—2|n>
+(1+V3)|n+D], 3¢)

then several interesting consequences do result. First, we
notice the HO Hamiltonian H =hw(ata+ L) has the
diagonal matrix elements

m | Hn) =2 H|n2
=(m|H|n)=E,=(n+ $)ho . 4)

Next, we observe that if at time =0 the system is
prepared in state | y(0))=|7,), then

v mT+i:—‘T]>=|n,-> , ()

where m=0,+1,%+2, £3,... and T=2n/w is the clas-
sical period of the HO. Thus, the system is found every
one-third of a period in one of the orthonormal states
{I7;}, no matter how large the value of the principal
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then the classical result is rederived for the center of the
wave packet. This comes as no surprise when one recalls
the motivation for constructing the quasiclassical coherent
states.?

On the other hand, if pure eigenstates are used to evalu-
ate the probability density for large quantum numbers, we
obtain strong oscillations and many nodes displaying a
highly nonclassical behavior.® For n>>1, the probability
density can be approximated by the expression”®

X

Anp

_n_n] @)
2

[
quantum-number n. The associated time evolution of the
probability density p(x,#) is displayed in Fig. 1. The per-
sistency of quantum coherence, which originates in the
equal spacing of the HO energy eigenstates, is completely
independent of the quantum-number » and holds even in
the n—> oo limit.

We note that the center of the wave packet for the
time-dependent state

| y(0)) = —L (¢ TEn /P | — 1) ¢ THER/R

V3
X |n)+e_iE”""/h|n+1>) 6)

performs harmonic oscillations with frequency w, given by
the formula

1/2
<x>w(l)=—2_["”ﬁ"“'] (Vn+Vn+1)coswt , (7)

3 | 2mo

and the n— oo limit yields (x)= % A coswt, i.e., the am-
plitude of the oscillation for large quantum numbers is 2

of the classical value.

B. Spatial correlations

Now we focus our attention on the spatial autocorrela-
tion function {x(¢)x(0)). Actually, in order to compare
with classical physics we have to evaluate the sym-
metrized form

@)= {x(@)x(0)+x0)x())

which is easily obtained and reads

2
<x(z)x(o)>c,=42—coswt - cost . (8)

me

This expression is derived either using the classical
probability density, or through an average procedure over
the ensemble of classical HO with the same energy and
different phases.

As before, we also evaluate the correlation function us-
ing the coherent states of Eq. (1). After some algebra one
obtains

2

e (0)x(0)), = —Z2
maow

h
coswt +——
mo

xRe(a?e ~iot) — _th_ sinwt , )
meo
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0.80 : | and for the symmetric form
1
! 2= $ (x()x(0) +x(0)x (1))
oot ! (a) | E, .
! i =—=coswt + 2 Re(a2e ~ior) | (10)
8 1 | maow maow
]
n 040 ' The fact that in Eq. (9) we obtained a complex expres-
x | sion for {(x (£)x(0)), underscores the need to symmetrize,
= ' that is to introduce X(¢), in order to evaluate physically
\\ meaningful quantities. In expressions (9) and (10) the
0.20 \ energy E, of the coherent state is
AN
—/\\ E,~(a|H|d)=ho(|a|?*+ 7). (11)
0.096 0 23,00 0.00 3 bO 6.00 The classical result of Eq. (8) is recovered by means of
. . . . ' a two-step process: (i) writing a=|a|e™, and averaging
X the phase ¢ over the total angle 2x; (ii) taking the limit
|a| > 1. If the pure HO eigenstates | n) are used, one ob-
0.80 i tains a result formally equal to the classical one for any #;
. : ! of course the classical correlation is obtained in the large
: I quantum-number limit.
| ! We now compute with the states introduced in Egs. (3).
0.60 \ (b) ! A straightforward calculation yields
~— |
~t |
~ | ! 2 (@)=L tn+ L + L nGi+ DI cosorr | (12a)
ST Y| S : Lome
I . | X
X l. ! Z,,2=X,,3(t)=—fl—{n+%+é—[n(n+l)]‘/2}cosa)t . (12b)
\-Qi 1‘ ) mao
0.20 \ / Once more, only the symmetrized form x(z) yields real
N ~ expressions.
- VARV, We do observe that in the high-quantum-number limit
0.00 n— oo the square root on the right-hand side of Egs. (12)
~6.00 -3.00 0.00 3.00 6.00 yields a nonvanishing contribution over and above the
X classical result. In fact, for n>> 1, one obtains
X0, (1) =5 (x@)x(0))c , (13a)
0.80 i | _ _
! | X, (8) =2, (1) = 5 {x () x(0))¢y . (13b)
1
: : Since all the results given by formulas (13) are over-
0.60 ' (c) ! correlated, not even the average can yield the classical ex-
- ' I pression; in fact, one obtains 4 of it. Furthermore, be-
~ I : cause of the properties that are inferred from Eq. (5), it is
’|_| 0.40 ' ! clearly the case that time and ensemble averages are iden-
S ' I tical for our example.
< I
QU 1
0.20 ' / C. Density matrix
/
- M\ A-A The density matrix for the states of Eq. (3) is readily
0.00 obtained and reads
6.0 -3.00 0.00 3.00 6.00 (n—1) ) (1+1)
X (n—1) L 1 giot L g2iwt
FIG. 1. (a) Probability density p(x,t =0) for n=10. xisin  [p(s)]= (n) Lo —iat 1 1 eter , (14)
units of (A/mw) 2. The dashed line is the classical result. The L mmier 1 —i .
mirror image of p(x,t =0) applies to p(x,z =7/2). (b) Same as (n+1) Te Ao e 3
(a), but for p(x,t =T/4) and p(x,t =3T/4). (c) Same as (a),

but for p(x,t=T/3), which turns out to be identical with
p(x,t =2T/3); the former is associated with |72) and the latter
with |7n3). Inspection of these plots shows that the center of
gravity of p(x,t) just bounces back and forth with period T,
without loss of coherence.

with all remaining matrix elements being identically zero.
The process of taking the limit of n— oo only slides the
(3x3) nonzero block ‘“down” the diagonal, without
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modification of the matrix elements. Thus, the classical
limit, given by a matrix identical to (14), except that all
off-diagonal elements are equal to zero, is never attained.

Having provided all these pieces of evidence we turn to
the discussion of their significance and physical implica-
tions.

I1I1. DISCUSSION AND CONCLUSION

Since as simple a state as a superposition of a few HO
eigenstates retains quantum effects, even for arbitrarily
high quantum numbers, we have to carefully examine the
possibility of actually observing such phenomena.

The first question that naturally emerges is this: Can
these states, i.e.,, the ones of Eq. (3) for example, be
prepared in a laboratory? Next, one has to address the is-
sue of how to observe the macroscopic quantum effects de-
rived in Sec. II. As far as the preparation of arbitrary
quantum states is concerned Lamb!® has provided a gen-
eral procedure in principle. The difficulty that comes up
right away is that the potential for which the states £l n,->}
of Eq. (3) are eigenstates, is highly singular. However,
Lamb'® manages to circumvent this problem through a
simple, idealized three-step scheme which unfortunately
seems extremely improbable to implement in a laboratory.

In spite of these hard facts, let us pursue our argument
even further. Having somehow succeeded in the prepara-
tion of state |7,), for example, presumably the best way
to observe the macroscopic quantum effects derived above
would be to allow the state to tunnel in and out of a HO
potential well. This way one could determine if quantum
coherence is retained or not. However, at this stage we
would be faced with the subtle difficulties pointed out by
Leggett.!! He showed that only a selected class of states
are likely candidates for the observation of these macro-
scopic quantum phenomena.
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Consequently, the main conclusion of our work is that
simple examples of states which exhibit macroscopic
effects in the large quantum-number limit, can be con-
structed analytically in a straightforward way. In particu-
lar, a simple linear combination of three HO eigenstates
suffices to illustrate our argument. Of course, experi-
ments to observe these phenomena are much more difficult
to carry out. However, the very recent work by Cary,
Ruso, and Skodje? allows for some hope that the observa-
tion of the predicted macroscopic quantum effects may be
implemented in a Penning trap.

Many other examples with similar properties can be en-
visaged. However, what is relevant in ours is that macro-
scopic quantum coherence is ascribed to a one-particle
state, not to a condensate of a many-particle system. So
we are referring to a system of high energy (E > hw), but
with few degrees of freedom (as in the case of wave pack-
ets constructed in neutron interferometry, which may
have sizes of the order of 1 cm, with coherence '? length as
long as 0.1 mm). Those are systems which are likely can-
didates to visualize Schriodinger’s cat experiment.

In conclusion, if quantum mechanics is the correct
theory to describe physical reality, the correspondence
principle has only heuristic value: Quantum and classical
mechanics only partially overlap in the macroscopic
domain.
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