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Eft'ects of configuration mixing on computed dielectronic-recombination rates
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We investigate qualitatively and semiquantitatively the effects on computed dielectronic-
recombination rate coefficients of including mixing between basis states of two or more
configurations, as opposed to the single-configuration approximation. We have made model-
parameter studies for two-electron systems, and have also considered physically realistic three- and
four-electron systems. We have attempted to categorize the various circumstances under which
configuration-interaction effects are significant, but overall effects appear to be generally small—
usually no more than 10—20%.

I. INTRODUCTION
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where ao is the Bohr radius, gj 2Jj + 1 is the statistical
weight of the level j, G = g g is the total statistical
weight of the ground configuration of the ion, and kT and

Dielectronic recombination (DR) is an ion-electron res-
onant collision process which, in the isolated-resonance
approximation, can be considered to occur in two steps.
First, the ion (in a level m) is excited sufficiently that the
free electron can be captured into a pseudobound (doubly
excited) level j; this is followed by radiative decay into a
singly excited level k that is stable against autoionization.
By the principle of detailed balance, the capture rate into
the level j is proportional to the inverse (autoionization)
rate Ag (summed over all possible states of the ion-
electron system for the ion state m). The probability of a
stabilizing decay via a radiative transition to some level k,
with probability rate coefficient Ajk, is given by a branch-
ing ratio with numerator Ajk and a denominator consist-
ing of the sum of the rates for all possible autoionization
and radiative-decay paths. The recombination rate for a
given level j is proportional to the product of these two
factors, summed over all possible transitions j~k.

In a low-density plasma, only low-lying levels—
normally those in the ground configuration —are popu-
lated appreciably. If we average over all levels rn of the
ground configuration of the ion (assumed to be populated
in proportion to their statistical weights g ) and sum over
all autoionizing levels j, the DR rate coefficient for a
Maxwell-Boltzmann free-electron gas at temperature T is
given by'
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k'

(2)

The question we wish to answer is how different are the
values of I' if we compute A ' and 3 " using single-
configuration wave functions versus the use of
multiconfiguration wave functions that include the mixing
introduced by configuration interaction (CI). This ques-
tion has been considered by others in the past, ' with in-
dications that terms of Eq. (2) for individual levels j may
be drastically altered, but that effects on the sum I' are
comparatively small. However, those results were ob-
tained only by numerical calculations for a very limited
set of specific cases. In this study we wish to investigate
qualitative aspects of the problem, which hopefully wi11

provide more general guidelines as to the types of cases in
which CI effects might be most important, as well as esti-
mates of the probable magnitude of these effects.

the kinetic energy E~ of the electron being captured are
in rydbergs. The summation on m is over all levels of the
ground configuration of the ion, and that on m' includes
reionization paths to all energetically accessible levels of
the ion. The summation on k is over all radiatively acces-
sible levels of the atom that are stable against autoioniza-
tion, and that on k' includes in addition any energetically
accessible autoionizing levels (where it is assumed that
these autoionize with unit probability, rather than decay-
ing radiatively).

We shall consider the contribution to a of a set of levels

j belonging to only two or three configurations of the
recombined "atom" (which, of course, is not necessarily a
neutral system). We assume that this set of levels covers
an energy range small compared with kT. For given tem-
perature, the contribution of these levels to a is then pro-
portional to
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II. SUM RULES

There are well-known sum rules on A ' and A" that are
applicable to limiting cases in which the values of A' are
much greater than those of A', or vice versa. To illus-
trate these, let us consider a simple case of two
configurations such that, in the single-configuration ap-
proximation, each can capture starting from the ground
configuration of the ion and reionize only thereto, and
such that each can decay radiatively to (and only to) levels
of stable (singly excited) configurations; thus in Eq. (2) the
summations over m and m' are identical, as are those
over k and O'. An example is

Be+ 2s + e~~Be 2pns~Be 2sns,

Be+ 2s + e~~Be 2pnd ~Be 2snd,
(3)

if we neglect radiative decay of the outer electron. As a
function of n, A" is essentially constant whereas A' de-
creases approximately as n . Since A' is much greater
than A" at small n, it is physically appropriate to consider
the two cases mentioned above.

(a) A'« 3" (large n). In this case, the summations
over k and k' having been assumed identical, Eq. (2)
reduces to

F= g g, g Ag = g (2J + 1) g g Ag (4)
J m j' m

where the summation over j' is over all levels of the two
configurations that have a given value J of the total angu-
lar momentum. Now, each value of A~' in the usual
perturbation method of calculation is proportional to the
square of the corresponding (bound-continuum) element
of the Hamiltonian matrix. It is well known that the
sum of the squares of all elements of a given J matrix is
invariant under an orthogonal transformation; it is easily
seen as a special case that the sum of the squares of the
bound-continuum elements is invariant under an orthogo-
nal transformation that mixes bound states together but
not bound states with continua. It follows from Eq. (4)
that F is invariant with respect to the degree of bound-
bound CI mixing (and also with respect to the degree of
departure from pure LS coupling within the bound states).

(b) A'» A" (small n). In this case, the summations
over m and m' having been assumed identical, Eq. (2)
reduces to

ation in which the ratio of radiative to autoionization de-
cay rates is independent of the doubly excited level j,

g Ajk =c g Ajm
k m

(6)

Then Eq. (2) becomes

c gAg
F= Yg' (1+c)

m'

XgJ Xm J'm
C

where we have again assumed that the summations over
m and m' (and over k and k') are identical. Assuming c
to be unaffected by CI, this is again invariant, from Eq.
(4). Thus we might anticipate that in physical cases,
where Eq. (6) is only very roughly satisfied, the value of F
would nonetheless be rather insensitive to CI and
intermediate-coupling effects. The most serious depar-
tures from (6) occur in the case of levels for which radia-
tive selection rules make c=0, or for which autoionization
selection rules make c ' =0. Even very small
intermediate-coupling or CI mixings may then open up
new decay channels, making c or c ' nonzero, respective-
ly, and thus make F unusually sensitive to the effects we
are considering.

Of course, the summation over k' in Eq. (2) may [in
cases more highly excited than the example (3)] include
terms representing radiative decay to doubly excited levels
that quickly autoionize, and hence are not to be included
in the summation over k; the summations over k and k'
then do not cancel to produce the result (4). The sum
rule will, however, still indicate F to be insensitive to the
degree of CI mixing to the extent that the ratio of the
summations over k and k is independent of j and in-
dependent of the degree of mixing. Similarly, the summa-
tion over m' in (2) may include terms representing au-
toionization to excited ion-core configurations, so that the
summations over m and m' do not cancel in the case of
Eq. (5). Effects will be particularly large if the alternative
decay channels are opened only as a result of
configuration mixings. These types of sensitive cases will
be considered in more detail later on.

F=- g (2J + 1) g g Aq"i,
J j'

~ g (2J + 1) g g (E,'i, ) S) i, ,
j' k

where Sj& is the line strength for the radiative transition

j ~k and E~'& is the energy of this transition. If all tran-
sitions have nearly the same energy, then (EJ'i, ) can be
factored out of the double summation, and the well-
known sum rule for line strengths indicates that F is again
invariant (or nearly so) under CI (and intermediate-
coupling) mixings.

(c) A'= A" (intermediate n). When neither the A' nor
the A" clearly dominate, the above sum rules do not ap-
ply. However, it is worth considering a hypothetical situ-

III. MODEL CALCULATION I

To verify some of the above considerations, we have
performed a number of model calculations in which the
strength of configuration mixing is varied for each of' the
three cases (a), (b), (c) above. All numerical calculations
were made using the computer program RcG (Mod 9),
which contains a built-in facility for the calculation of F
and an easy means of varying the CI strength. The cal-
culations were done in intermediate coupling, spin-orbit as
well as Coulomb interactions being included.

To obtain a physically realistic starting point for the
case A '= A ", we considered CI between

Pe + 1s23p5s and Pe ~+ 1s 3pSd;
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except for 3p5s 2sE-f, these configurations capture from
and autoionize to

ls 2s Ep and ls 2s Ef

(where the kinetic energy e of the free electron is about 64
Ry), and decay radiatively to

1s 2s5s and 1s 2s5d,
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respectively. In this model calculation we ignored radia-
tive decay to ls 3s5s and ls 3s5d (which have much
smaller decay rates) so as to satisfy the assumptions of
Sec. II. For the present, we ignore also the decay of 5s
and 5d to 2p, as well as to higher np.

Starting from Hartree-Fock (HF) results for this case,
we scaled the single-configuration Coulomb and spin-orbit
radial integrals F", G, and g down by a factor 0.3 to
reduce the energy spread in each configuration (to about
15 kK—= 15000 cm '). The center-of-gravity energy of
the 3p5s configuration was rounded from the calculated
value of 9396 to 10000 kK, and the calculated value of
9449 for 3p5d was changed to 8000, 9900, 10100, and
12 000 kK for the four model calculations of this study.

The HF values of the bound-bound configuration-
interaction integrals R "(3p5s, 3p5d) were increased by a
factor 10 for E,„(3p5d) =9900 and 10 100 kK, and by an
additional factor of 20 for E,„(3p5d) =8000 and 12000
kK. Calculations were then made for a series of R
values, scaled from zero up to these modified values.
(Since the energy separations of 3p 5d from 3p 5s have
been modified to about 2 and 40 times the HF separation
of 53 kK, the use of the true HF separations and
configuration-mixing strengths would correspond to the
use of a scale factor of about 0.2 in these model calcula-
tions. ) The 'Pi and Pi levels of the two configurations
showed CI mixings of 2%, 7%%uo, and 21% at scale factors
of 0.2, 0.4, and 1.0, respectively.

Calculations of this type were made using the HF
values for the bound-free CI integrals that determine the
capture and autoionization rates, and for the radial dipole
integrals that determine the radiative-decay rates. Decay
branching ratios (for zero bound-bound CI) ranged from
0.39 to 0.63 for the four levels of 3p5s, and from 0.49 to
0.96 (averaging 0.80) for the eight autoionizing (P and F)
levels of 3p5d; these ratios are suSciently close to the
desired case A '= A" (Branching ratios of one-half). To
investigate the cases 3'»A" and 3'« 3", we made
identical sets of calculations, except with the bound-free
CI integrals multiplied by factors of 10 and 10 relative
to the HF values (A' values multiplied by 10 and 10
respectively).

Computed results as a function of the degree of 3p5s-
3p5d mixing are shown in Fig. 1. As expected from the
discussion of sum rules, the efT'ects of CI mixings are prac-
tically nil in the two extreme cases, and over the range
considered are less than 10% even in the case 3'= 3 .
The strong variation of F with the center-of-gravity energy
of 3p 5d in the case 3 ' » 3 " is, of course, a consequence
of the factor (E~'k) in Eq. (5). The effect of the factor
(EJ'k) is, of course, smaller for the case A'= A", and

disappears completely in the case 3'« A" where F de-
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FIG. 1. Model-calculation dependence of F on bound-
bound configuration-interaction strength for 2s Ss +2s Sd
—3p Ss +3p Sd +2scl, for three different autoionization strengths
and for E„(3pSd)=8, 9.9, 10.1, and 12 (in units of 10 cm ').
The bound-bound CI strength for recombination of Fe ' to
Fe + corresponds to an R scale factor of about 0.2.

pends only on 3'.
The extreme fatness of the curves for the case3'» 3" is actually the result of the near equality of the

two values of the radial dipole integral (2s11r113p ) for the
two transition arrays. We have neglected radiative decay
of the outer 5s and 5d electrons (to 2p), which is impor-
tant for highly ionized systems, and the dipole integrals
for these two decays are not equal. To simulate this, we
made calculations for various values of the 2s5d-3p 5d di-
pole integral. When this value was doubled, then with in-
creasing CI, F increased for E3p5d 8000 kK and de-
creased for E3p5d 12 000 kK. The opposite behavior was
seen when this dipole integral was halved, but when cut
another factor of 2, F increased in both instances; the
reason for this behavior will be seen in Sec. IV. In all
cases, the variation in F from zero to full CI was less than

IV. MODEL CALCULATION II

In Sec. V we shall encounter a case in which one of the
interacting configurations can (in the single-configuration
approximation) decay radiatively only to autoionizing lev-

els, and therefore contribute little or not at all to DR. It
is instructive to mock up this case in the model of Sec. III
by deleting the configuration 2s5d; computed results are
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shown in ig. . g
'F . 2 A ain variation of F with CI mixings

over the range considered was less than 10%%uo, except or
11 values of thethe lowest set of curves, where at very sma. . va ue

R scale factor the condition A'(( 3" is not fulfilled or
1 f 3 5d. (Violation of this condition for some

of the levels even at large scale factor accounts or t e
computed small variation of F with both scale factor and

3p 56.
An interesting feature of the results1 for the case

th t CI mixings increase F for E3p5d ——8000
kK, whereas transfer of line strength from the 2s s- p s
array (b,E = 10000 kK) to the 2s5s-3p 5d array

cted to de-(b,E=8000 kK) would from Eq. (5) be expected to e-
crease F. It turns out that the CI-induced upward pertur-
bations of the 3p5s levels increase the 2s5s-3p5s transition
energies enoug oh to more than offset this effect. On the
other hand, downward perturbation of the 3p5s leve s in

E =12000 kK is insufficient to offset line-
se of thestrength transfer to the 2s5s-3p5d array, bemuse o t e

larger value of (AE) for the latter array in this case (12,
versus only 8 in the first case).

These results can be seen analytically from a perturba-
tion calculation for the mixing of two levels at unper-

and

I E, —(E)+E~)x =Ei+(x +2x )(E, E))—2

(1 —2x)

I Ez —(Ei +Ez )x z=E~ —(x +2x )(E& —Ez) .
(1—2x)

If the ine streng o1
4

th of the unperturbed transition array is

S, and g A" therefore proportional to SE
&

(the energy o
2s5s being chosen as zero), then with CI

turbed energies E~ and Ez (corresponding to 3p5s and
3P5d, respectively). If the configuration mixing is a frac-
tion x (0 & x (0.5), then the line-strength transfer is also a
fraction x. e peThe erturbed energies E' can be foun y
eliminating t e o - ' '

eenh off-diagonal matrix element EI2 between
the two eigenvalue equations E~c~+EI2c2 ——E'ci an

E =E' and by then using the normalizationE12c 1 + 2c2 = c2, an
2condition c ~ c 2

——= 1 and setting first x =c2 and next
x =c &. In order to be able to see more clearly the depen-

series, and find to second order that

'E —(E +E )x] + [E~ —(Ei+E~)x]xS 3

(1—2x)(1—2x)

=(1—x)S[E)+(x +2x )(E) E~)] +xS—[E~ —x (E) Ep j—
=SE)+S[(x+3x )(2E~ —3E)Eq)+3x E)Eq]+S[ x+3x )Ep —3x EiEz

=SE, +(x+3x )S[(2E,—3E,E~)+(E~)] .

(8)

(9)

(10)

13
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As a function of Ez, both (8) and (10) are easily seen to
have positive curvature, with minimum 2

——E, . Fat E =E. For
Ez up to somewhat greater than 2E|/3 (depending on the
value of x), the first term of (9) in brackets is positive, so
that the upward perturbation of 3p 5s is alone sufficient to
offset the line strength lost to 3p5d; for larger E2 includ-

E ) the line strength acquired by 3p 5d
strepresented by the final bracketed term of (8) or (9)] mus

be included to obtain an increase over the x=0 value.

V. A THREE-ELECTRON EXAMPLE
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FIG. 2. Same as Fig. 1, except with 2ssd-3p5d radiative de-
cay deleted.

We next consider two physically realistic examples that
are more complex than the model calculations discussed

The first is depicted in Fig. 3. We consider basi-
cally the configuration Ar + 3s3p12s, produce y e
tron capture from the continua 3s cp ased on the roundg
configuration s o r3 of Ar + and then either autoionizing

12 I tr t-b k t 3s cp or decaying radiatively to 3s 12s. Interact-
ing with 3s3p12s, we consider the configuration p s,
which in the absence of CI can neither capture from s cp
(since the Coulomb interaction is only a two-electron
operator) nor decay radiatively in one step to states stable
against autoioniza iont' (because electric-dipole transitions
involve only a one-electron operator).

With CI included, 3p3d12s acquires some 3s3p12s na-
ture [though only 3.8%% for the 3p3d ('P)12s P levels, and
much less for the others], and to that extent is able to
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3p3d12s had not been present; we would then have had
F'/F =0.753+0.038 & 26. 5 = 1.76.

(d) Finally, the result (11) is pertinent to DR only for
an electron gas of infinite temperature. If, for example,
kT were equal to the energy difference E'z —E'i, then the
Boltzmann factor in (1) would make the second term of
Eq. (8) or (11) less important in DR by a factor e

VI. A FOUR-ELECTRON EXAMPLE

Our final example is shown in Fig. 4 for DR from Si+
to neutral Si. The configurations 3s3p 12s, 3s 3d12s, and
3s 4d12s can all capture from the continua 3s 3pc, l based
on the ground configuration of Si+, and can all decay ra-
diatively to 3s 3pl2s. Coulomb interactions among the
electrons 3s3p produce the very large energy splittings
shown in the figure. (The much smaller splittings arising
from the interaction of 12s with 3s3p are not shown. )

In Si+, 3s (3p 'D) D interacts very strongly with
3s 3d D, and more weakly with higher members of the
3s nd D Rydberg series. Correspondingly, the
3s(3p 'D)( D)12s ' D levels mix strongly (25%) with the
3s 3d12s ' D levels, and less strongly (3%) with the
3s 4d 12s ' D levels; CI mixings for other levels of
3s3p 12s are negligible (because of the close approxima-
tion to pure LS coupling and the LS selection rule for CI).
Even for the levels that decay radiatively most strongly,
A" values are less than 1% of A ', so that we are again
dealing with the case A'&& A'.

Computed values of F as a function of the degree of CI
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FIG. 4. Schematic energy-level diagram for Si I 3s 2p 12s
—3s 3p 12s + 3s 3d 12s + 3s 4d 12s + continua based on
Si+ 3s'3p, 3s'4s, 3s 3d, and 3s 4p. The energies drawn are for
configuration centers of gravity, except for the indicated
Coulomb splittings of 3s3p in Si I 3s3p 12s; the parenthetical la-
bels represent the terms of 3s 3p '. Even in the single-
configuration approximation, 3s3p 12s, 3s'3d 12s, and 3s'4d 12s
can all decay radiatively to 3s 3p12s, and can all capture from
and autoionize to continuum states based on the ion-core
configuration 3s 3p.

mixing (scaled from zero up to the full HF values just
mentioned) are shown in Table I for three cases. (Limita-
tions of the computer program —which originally was
written to handle DR calculations only for configurations
with small energy spreads —prevented proper inclusion of
all configurations simultaneously. ) Comparison of
columns (b) and (c) of the table shows that inclusion of
the 3s 4d 12s configuration is relatively unimportant, as
one would expect from the small degree of mixing. Com-
parison of column (a) with column (b) shows the some-
what more important effect of including the alternative
autoionization channel from 3s 3d12s into 3s 4sc.l; even
so, this effect is only 25 —30% because the 3d12s levels
provide a relatively small portion of the total DR rate.
The increase of F with CI results from the fact that phase
relations are such as to produce a strong transfer of line
strength from the 3s 3p12s —3s3p ( D)12s hnes to the
3s 3p12s —3s 3d( D)12s lines, the latter having greater
transition energies than the former. The magnitude of the
CI effect in the best calculation [case (a)] is only 16%.

VII. SUMMARY

The examples considered above are rather limited in
scope, but point to the following tentative conclusions.

The case A'« A' shows the least variation of F with
CI mixing [because radiative transition energies are not
involved —in contrast to the case A '

&& A ", Eq. (5)].
However, the case A'« A" is usually a minor contribu-
tor to total DR rates, and so is of minimal physical in-
terest.

The case A ' » A" provides the dominant contribution
to DR rates for weakly ionized systems. The effects of CI
mixing tend to be largest when the mixing configurations
have appreciably different energies, because of the conser-
vation of line strength together with the cubic dependence
of 3" on the radiative decay energy, Eq. (5). Effects will
also be largest if CI causes line strength to be transferred
to levels having alternate autoionization channels (result-
ing in a decrease of DR rate). In highly ionized systems,
CI is significant mainly among levels of the same complex
(configurations having not only the same parity, but also
the same set of principal quantum numbers). Also, the
dominant contributions to DR rates usually come from
An&0 excitations. A11 energies then are much the same,
so that the effects just described are minimized.

The case A'= A" is dificult to analyze in quantitative
fashion, but contributes predominantly to DR only for
very highly ionized systems, where A" values are compa-
rable with A' values even for the lowest energetically per-
tinent n of the outer electron. We would expect no large
effects of CI mixings; no significant energy effects nor
opening of new autoionization channels would be expect-
ed because of the reasons given in the preceding para-
graph. Likewise, opening of new radiative decay channels
is unlikely, because of the presence of large spin-orbit
mixings. (Indeed, it is in general probably more impor-
tant to take into account intermediate-coupling departures
from pure-LS-couping conditions than it is to include CI
effects. )

On a more quantitative note, CI mixings between two
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configurations are necessarily less than 50%. In most
cases they are unlikely to exceed 25% percent, and then
for only a few of the levels of each configuration. Since
the line strength that is transferred is seldom lost to DR
(and sometimes adds to it rather than subtracting from it),
we would expect the large majority of cases to show CI
effects on DR rates of no more than 10—20%. This is
especially true of total DR rates, obtained by summing
over all possible contributing configurations, because
many of these configurations will show only minor effects,
and some pairs will show an increase with CI whereas
others will show a decrease. Furthermore, the effects
should be especially small for highly ionized systems,
which are precisely those for which no experimental data

exist, and for which one must depend completely on
theoretical values. This conclusion is consistent with the
2—3% effect computed by Roszman and Weiss for the
DR of Fe + to Fe +, and with the 5% effect computed
by McLaughlin and Hahn for dielectronic recombination
of other lithiumlike ions.
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