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Transport theory of a random planar wavegnide with a fixed scatterer: Mode theory
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Based on the unified theory of random medium and random boundaries introduced in a previous
paper [Furutsu, I. Opt. Soc. Am. A2, 913 11985)], an exact version of the (normal) mode theory of
both the coherent wave and the mutual coherence function is given without assuming a particular
model. A mode equation for the second-order Green function is obtained from the governing
(Bethe-Salpeter) equation based on a Maclaurin expansion at the set of poles of the first-order (re-
norma1ized) Green function, and is eventually given in the form of an equation of radiative
transfer. The expansion would not be possible with the "bare" Green function. The overall uni-

tarity of the Bethe-Salpeter equation is investigated in particular detail, and the involved optical
relations are shown, not only of the entire system but also of the medium and each of the boun-
daries (of intrinsically dispersive property) separately. An exact theory of a fixed scatterer embed-
ded in the waveguide is given with several expressions of the solution, including that with the con-
ventional form in scattering theory of a coherent wave, in terms of an effective cross section hav-

ing negative values in the shadow direction and its neighborhood. A detailed structure of the
power equations, constructed by both coherent and incoherent waves in a complex way, is shown
in terms of two optical relations for the scatterer's two basic quantities that change the original
Bethe-Salpeter equation. Whenever possible, the equations are so written in a general form that
they hold true for a wide class of random systems with a fixed scatterer. Specific examples are
given.

I. INTRODUCTION

Transport equations have been investigated using cou-
pled power equations, not only for an unbounded space
with a few interfaces of different media, ' but also for
waveguides with either random walls or a random medi-
um. The coupled power equations are a simplified ver-
sion of the transport equations that neglect all interfer-
ence effects. A basic equation to derive the transport
equations is an equation for the mutual coherence func-
tion, and its exact version is given by an integral equation
of the form of Bethe-Salpeter (BS) equation, independent
of the characteristics of the random system involved. ''
A unified theory of random media and random boundaries
was recently given, typically for three random layers with
two rough boundaries of interface, based on an unpertur-
bative theory of the BS equation for the second-order
Green function, in such a way that the medium and the
boundaries are involved on exactly the same footing. "
Here the solution is given by several expressions in terms
of scattering matrices defined for the medium and each of
the boundaries separately, by introducing addition formu-
las for two kinds of scattering matrices with coherent and
incoherent characteristics, respectively. Each expression
of the solution contains both the coherent and the in-
coherent waves at the right place, and provides an exact
version of the boundary-value solution that could be ob-
tained by solving a transport equation, subjected to the
conventional boundary condition which so far has been
heuristically given and is really not valid when used in the
case of two or more boundaries with separations of small
distance. A solution was also obtained for the case of a

fixed scatterer embedded in a random medium, and was
given by an expression with the same form as in the con-
ventional scattering theory of a coherent wave, in terms of
an effective scattering matrix of the scatterer, as affected
by the medium Auctuation.

These results can be applied to a random planar
waveguide by regarding the two outside spaces of the mid-
dle layer as definite media constructing the random walls.
In this paper, basic equations of the second-order Green
function are first summarized in a compact form, with
particular emphasis on the detailed structure of power
equations in terms of optical relations ensuring local
power conservation at every point (Sec. II). An exact ver-
sion of the conventional mode theory (for the coherent
wave) is then investigated (Sec. III), and is followed by a
mode transformation of the BS equation; an exact equa-
tion of radiative transfer is derived therefrom as an alter-
native means of obtaining the Green function, together
with the mode expressions of physical quantities and opti-
cal relations (Sec. IV). Finally, in Sec. V (and Appendix
E), a detailed theory of a fixed scatterer embedded in the
waveguide is developed, including related optical rela-
tions, in a general form applicable to a wide class of ran-
dom systems with fixed scatterer whenever possible. As
an illustration, specific expressions of statistical parame-
ters are obtained to the ladder approximation in detail for
the random boundaries (Sec. VI).

II. PRELIMINARIES AND BASIC EQUATIONS

We employ the following notations: The space coordi-
nate vector is denoted by x=(x, , x2,x3)=(p, z) in terms
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of the two-dimensional coordinate vector p = (x „xz ) and
z =x 3. The scalar product of two space vectors a = (a, a, )

and b=(b, b, ) is denoted by a b=a b+a, b, with
a.b =a

&
b ] +a z b 2. A planar waveguide is considered, and

the two rough boundaries are assumed to be described by
z = —g, (p) and z =dz+$2(p), where gi(p) & 0,j=1,2, are
surface displacements from two reference boundary
planes, say S& and Sz, chosen at z =0 and d2, respectively
(Fig. 1). A scalar wave function of the form )tj(x)e' '

(where ro &0 and t is time) is considered, with the wave
equation

W(x) =iI'j*(x)ag(x),

with an operator vector a = (a,a, ), defined by

(2.6a)

a =(2i)
BX BX

(2.6b)

-~.~, (p)= f, &p'B"'(p
I
p')~, (p ), (2.5)

J

in terms of the notation 1tl(p) for p(x) bounded on Si.
Within the waveguide, the power-Aux vector

W = ( W, W, ) of the wave may be given by

ko =co/c

[L —q(x)]p(x) =j(x),
a 2—k0

BX

(2.1a)

(2. lb)

where the arrows ~ and ~ mean the operation on the
left- and right-hand sides, respectively. The power equa-
tion is

The medium is assumed to be nondissipative for the time
being, and q(x) =q*(x) is the random part; j(x) provides
a source term.

The boundary conditions on the rough boundaries can
be transferred onto the reference boundary planes S& and
52, and can be given by an equivalent boundary equation
of the form

.W=(2i) '(i('j —1(tj*) .
BX

(2.7)

Here, using the boundary Eq. (2.5), the power component
normal to S~, W,'"'(p ), can be given by

~,'"'(p) =(2 ) 'P*(()„—()„)|i

—B„g=B(~)f, , j=1,2 .
J

(2.2)
= —.f &p'[O,*(p» "(pl p)~, (p)

2L

(i„=n.B/Kx=+(1/()z, where n is the unit vector (inward
normally directed) of S~, and B'1' is a p operator depend-
ing on both p and 0/Bp and will be referred to as the sur-
face impedance. If we write B' '=Bo+b' ' with an im-
pedance Bo when g (p) =0 (which is presently assumed toJ

[ )be a numerical constant, including 0 and oo), an exact B J'

is obtained [Eq. (75) of Ref. 12]; to the first order in g, ,

b "= g, (p) +(&0+Bo)g,(p), (2.3)

which is exactly a Hermitian operator [Eq. (2.9a)] when
Bo is real. Generally, any p operator, B(p, ()!()p), can be
regarded as a p matrix having the matrix elements
B(p

I
p'), defined according to

B(p
I
p')=(2') f dA. B exp[ —iA, .(p —p')], (2.4)

0, (p)B"—'*(p
I
p')4g (p')] (2.8)

in terms of the surface impedance B' '. Hence, when the
boundary is perfectly nondissipative, the condition that
the total vertical power component integrated over SJ be
zero leads to a constraint that

B""(p
I

p') =B"*(s'
I
p—) =B"'(p

I

p'» (2.9a)

.s' (p I p, ;p )=—[B'1' (p I p, )5(p —p )
Bp 2l

i.e., that the p matrix B ' must be Hermitian. Hereafter,
the dagger will be attached to mean the Hermitian conju-
gation.

The Hermitian condition for B' ' enables us to intro-
duce a relation of the form [cf. Eq. (242) in Ref. 12]

where B a6'ects only p and not p'. An explicit expression
of Eq. (2.2) can be written as

—B"'(p
I p2»(p —pi)] (2.9b)

d 2

k0+ q2= 2

d2 g~((')

r
52

S)

which reproduces the condition (2.9a) by the p integra-
tion, because there is no contribution from the left-hand-
side space divergence. Hence the right-hand side of Eq.
(2.8) can be written as a two-dimensional space diver-
gence:

(p) = ' ~p)~p2s (p I p»p2)J gp

X g,*(pi)(t', (p2) . (2.10)
* =- &)(e)

FIG. 1. Cxeometry and notations of the waveguide for Eqs
(2.1) and (2.2). The medium is assumed to be homogeneou,
(q =0) in each boundary space between S, and the real bound
ary. ~,'-"'(p)= — .[gj(p)(f;a@, )(p)],

Bp
(2. 1 1)

This is really the case of expression (2.3) for b (~', and the
substitution into Eq. (2.8) directly leads to the divergence
expression
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where a is the p operator defined by Eq. (2.6b).
The power equation (2.7) does not hold on Si and S2, al-

though it does everywhere inside the waveguide, but the
power-flux vector can be redefined such that a new power
equation holds everywhere including S& and S2,' that is, if
the vertical component W3 is understood to change to
zero after crossing S

&
and S2, the term BW3/Bz in power

equation (2.7) yields an additional term 5j (z ) 8'j'"'(p) with
the factor

a„q=o (2.17)

in the regions outside of S] and S2. The proof is given by
integrating both sides of Eq. (2.15) with respect to z over
an infinitesimal range enclosing SJ, i.e., dj+0) z )dj —0;
hence, the boundary Eq. (2.2) is reproduced.

In the same way, it *(x) is the solution of

and q(x
I

x') =q(x)5(x —x'); the solution p(x) is subject to
a new boundary condition that

5, (z) =5(z —dk ), di ——0 (2.12) qs(L q
8(lj 8(2)) J* (2. 18)

owing to the discontinuity at Sj. Therefore, the continui-
ty of power flux is ensured everywhere including S&+S2
by subtracting this additional term from Eq. (2.7) yielding,
with Eq. (2.10), a new power equation, given by

2

~(x)+ g f dpidp2s"'(xIpi, p2) 0j Pi itj(P2)
BX Bp

when the medium and the boundaries are both nondissipa-
tive [Eq. (2.9a)]. It may be remarked that the power equa-
tion (2.13) is reproduced directly by Eqs. (2.15) and (2.18)
with the relation (2.9b).

A deterministic Green function of the new wave Eq.
(2.15), g(x

I

x'), is defined by

=(») '[ifj*j(x)—gj*(x)], (2.13)

in terms of the notation

(L —q 8"'——8' ')g(x
I

x')=5(x —x'),
or in matrix form by

(L, —u )g =1, u =q+8"'+8"',

(2. 19a)

(2.19b)

s"'(x
I
p(ip2)=5j(z) "'(p

I p»p (2.14a)

The equation shows that the continuity of power flux can
be ensured only with an additional flux, given by
s'j'i)'j*p(x), meaning a contribution from a surface wave.

So far the medium has been assumed to be nondisper-
sive, and given in the form k (x)=ko+q(x). However, it
is now straightforward to rewrite the equations to meet
with the more general case of a dispersive anisotropic
medium, in which k is an x operator with the matrix ele-
ments k (x

I

x'):

k tt)(x)= f dx'k (x
I

x')i)'j(x') . (2.14b)

The same relation as Eq. (2.9b) holds true also for the
medium with the replacement of B ' '~k, i.e.,

(q)(w
I

P, P
)

BX

=—[k" (x
I
xi)5(x —x2) —k (x

I
x2)5(x —xi)],

2l

(2.14c)

where s q'=(s' ', s,'q)) with the vertical component s,'
This results in changing the power Eq. (2.13) by an addi-
tional divergence term of s '~' and adjusts the power flux to
meet with the dispersive effect (Sec. IV).

The wave equations (2.1) and the boundary equation
(2.2) can be unified to be written by one equation of the
form

wherein v may be regarded as an eA'ective medium
representing both the medium and the boundaries on an
equal basis.

By virtue of the boundary condition, it holds the sym-
metry

g (x
I
x')=g(x'

I
x)=g(x

I

x'), (2.20a)

i.e., g =g, as may be directly shown by applying the
Green theorem over the whole space enclosed by the real
boundaries (with the impedance of a constant 80). It fol-
lows from Eq. (2.19b) that v =v; hence, also B(j) =B(j),
i.e.,

8 "(s 'ls»=B "(p Is')=8" '(s' Is» (2.20b)

where the last equality is from Eq. (2.9a) and is valid only
when the boundaries are nondissipative.

A. Statistical Green functions

MG=(ug ), (2.21a)

which can be divided into three equations of M'~', M"',
and M' ', defined in the same fashion by

M 'G=(qg), M 'G=(8 'g), j=1 2 . (2 21b)

Equation (2.19b) has the same form as that equation in
an inhomogeneous random medium v and this enables the
statistical Green functions also to be obtained in exactly
the same form without making any distinction between
the medium and the boundaries. To obtain the Green
function of first order, G = (g ), we first introduce an
eA'ective matrix M of v, defined according to

(L —q 8'"—8' ))itt(x)= j(x) . — (2.15) By averaging Eq. (2.19b), we obtain

8( '(x
I

x')=5j(z)8( '(p
I
p')5, (z') (2.16)

Here both B' ' and q are now regarded as x coordinate
matrices, having the elements

(L —M)G=1, M=M'q'+M'"+M' '. (2.22)

Since G =G from Eq. (2.20a), Eq. (2.22) shows that
M =M or
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M [~]T+M[']T+M'"~=M'~'+M' "+M"', (2.23)

=(q(x)q(x'))G(x
l

x )

M"'(p
l

p')=(b"'Gb" )(p
l

p'),
(q&=(b ')=0,

(2.24a)

(2.24b)

~here, in the last equation, G is to be regarded as a p ma-
trix bounded on the plane S~. Also it may be remarked
that some of the higher-order terms of M'~' explicitly
dependent on the boundary characteristic [as contrasted
to the implicit dependence through G in Eq. (2.24a)] are
appreciable in neighborhood of the boundaries, within a
separation of the order of the medium correlation dis-
tance. The same is also for the M' 's, whose higher-order
terms also have an explicit dependence on the medium. In
Sec. III, however, related statistical equations are formu-
lated quite generally independent of the detailed structure
of the medium and the boundaries.

Also for the Green function of second order, defined by

although this is generally not true for each term, i.e.,
M' ' ~M'~' and M'j' ~M'j', when taking into account
the high-order terms. "

To the first order of q and $1 [Eq. (2.3)],

M'"'(x
l

x') = (qGq )(x
l

x')

To the perturbative approximation of Eqs. (2.24),

K i'(1;2)= (q*(1)q(2)),
K' '(1;2)=(b' "(l)b' (2)), j=1,2

(2.32a)

(2.32b)

5(1;2)G (2)K (1;2)=5(1;2)M(2),
as it is shown by using relation

5(1; 2)A*(1)B(2)= 5(l;2)A (2)B(2) .

(2.32c)

where q =q and b'j*=b' ' in the nondissipative case
[Eq. (2.20b)]. When the medium and/or the boundaries
are composed of discrete scatterers and/or embossed sur-
faces, on the other hand, M' ', K' ', and/or M' ', K' ' are
given in terms of the scattering amplitudes of each scatter-
er and/or embossed surface, averaged over all possible
size, shape, orientation, etc. , and of the densities pej unit
volume and/or per unit area. ' '

Here it may be remarked that Eqs. (2.24) for M'~' and
M'j' involve the still unknown G; however, together with
Eq. (2.22) for G, they provide a set of equations which
determine M self-consistently. Also with this M, K' ' and
KI" given by (2.32) to the ladder approximation strictly
fulfill the optical relation (2.48) necessary for power con-
servation of the entire system, by virtue of the relation

I(xl~x2
l
xi x2)

or in matrix form by

I(1;2)=(g*(1)g(2)&

(2.25)

(2.26)

8. Incoherent scattering matrix and physical
quantities

The solution of the BS equation (2.29) can be written,
with a coherent propagator U '(1;2), defined by

where

aq =q —M'&', ab'j'=a'j' —M"' .

We obtain an expression of the deterministic g, as

(2.27b)

(here and also hereafter, the subscript 1 is attached to the
coordinates of quantities of the complex-conjugate wave
function, and the subscript 2 is attached to those of quan-
tities of the original wave function), the medium and the
boundaries can be treated on exactly the same footing, by
introduction of a quantity AU, defined by

5U =U —M=hq+hb"'+~b' ',

U' (1;2)=G*(1)G(2),
in the form

I(1;2)= U' '(1;2)+ U( '(1;2)S(l;2)UI )(1;2) .

(2.33)

(2.34)

The second term gives the incoherent part in terms of an
incoherent scattering matrix S(1;2),defined by

S (1;2)=K(1;2)[1+U' '(1;2)S(1;2)] (2.35)

(similar to the Lippmann-Schwinger equation for a
coherent wave), and given in matrix form by

S=(1—KU' ') 'K

g =G(1+bvg ), (bug ) =0, (2.28) =K +KO' 'K +KO' 'KO' 'K + (2.36)
and, with the complex-conjugate expression for g*, the
substitution into the right-hand side of Eq. (2.26) yields a
BS equation for I (1;2) of the form

I(1;2)=G*(1)G(2)[1+K(1;2)I(1;2)].
The factor K ( 1;2 ) is defined according to'

(2.29)

K(l;2)I(1;2)=(hu*(1)bu(2)g*(1)g(2)), (2.30)

and can be divided into three major parts K'~'(1; 2) and
K'~'(1;2), j=1,2, that are independently contributed
from the medium and the boundaries, respectively, on
neglect of other cross terms depending on the both quanti-
ties. "Hence,

Basic relations involved in K, O' ', S, and r are

Kr=so' ', rK=o'"s,
S=K+KIK,

(2.37)

(2.38)

(2.39b)

where, in the last equation, S is the same function ofK and
I as I in Eq. (2.34) is of U' ' and S.

The power fluxes of the coherent and the incoherent
wave, W' =[W' ), W( )] and W' '=[W' ' W' )] re-
spectively, can be written, on using Eq. (2.6b), as

W'"(x) =u(x
l

1;2)U'"(1;2) . (2.39a)

W'"(x) =&(x
l

1;2)U'"SU" (1 2)

K(1;2)=KI "(1;2)+K'"(1;2}+K"I(1;2) . (2.31) in terms of a vector matrix u(x
l
1;2), defined by the ma-
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trix elements

a(x
l

x„.x, )=5(x,—x)a5(x —x, ) . (2.40)

which demonstrates that the right-hand side can be ex-
pressed by the space divergence of a two-dimensional vec-
tor

An additional power flux due to the surface waves,
W' ', isgivenby

W' '(x)=P(x
l
1;2)I(1;2),

in terms ofp(x
l
1;2) to be defined by Eq. (2.46).

(2.41)

= A *(x
l

x', )B(x
l
xz) .

For example, Eq. (2.9b) can be written simply by

(2.42)

~ s'J'(x
l
1;2)=5(x

l
1;2)(2i) '[B' '*(1) B~'(2)]-,ap'" '

(2.43)
in terms of the matrix s'J'(x 1;2), defined by the elements
(2.14a); therefore, the sum s"=s' "+s~ ' is

(b).s'~'(x
l

1;2)=5(x
l
1;2)(2i) '[U*(1)—U(2)],

Bp

(2.44)
in terms of the medium-boundary matrix U [Eq. (2.19b)],
wherein the diagonal matrix q makes no contribution. It
may be remarked that even when the medium is originally
dispersive, having off-diagonal matrix elements, q(x

l
x'),

Eq. (2.44) still holds true with an additional divergence
term of s'~'(x

l
1;2) on the left-hand side [Eq. (2.14c)].

The optical relation is obtained by combining the rela-
tion (2.44) with

( U*(1)g*(1)g(2)) = [M*(1)+G(2)K{1;2)]I(1;2),
(2.45a)

(U(2)g*(l)g(2)) =[M(2)+G*(l)K(1;2)]I(1;2),
(2.45b)

which directly follow from Eqs. (2.28) and (2.30). Hence
in terms of the matrix p(x

l
1;2), defined according to

C. Optical relations

The matrices M and K involved in the BS equation
(2.29) are subject to a relation that ensures power conser-
vation in the scattering at every point (optical relation).
Here the relation can be written in a compact form by in-
troduction of a coordinate matrix 6(x

l
1;2), defined by

the elements 5(x—xi)5(x —xz), in such a way that the
product 5(x

l
1;2)A *(1)B(2)represents

I ~xl~ix25(x xl )6(x x2)'4 *{xi
l
xi »(x2

l
x2)

p(x
l
1;2)=(p"'+p' ')(x

l
1;2)

that differs from zero only on the reference boundaries S1
and S2, meaning a contribution from the surface waves.

The relation (2.47) holds true at every point in the space
and on the boundaries, and ensures the BS equation (2.29)
to be consistent with the averaged version of the (local)
power equation (2.13), and will be referred to as the local
optical relation. To ensure merely conservation of the to-
tal power, on the other hand, we only need a relation given
by the x integration of the 1ocal relation, i.e.,

5(1;2)IM*{1)—M(2) —[G*(1)—G(2)]K(1;2)j =0 .

(2.48)

Here no contribution is made by the divergence term and

5(1;2)= j dx5(x
l
1;2), (2.49)

and has the simple matrix elements 6(x, —x2).
It may be remarked that a similar optical relation holds

true also for each of the medium and the boundaries, in-
dependently, as long as that quantity is nondissipative, no
rnatter whether the other quantities are even dissipative.
That is, by replacing U in Eqs. (2.45) with each of q, B"',

and B' ', say 3, we generally obtain an optical relation of
the form'4

.P'"'(x
l

1;2)=(2i) '5(x
l
1;2)

Bx

X IM "'*(1)—M " (2)

—[G*(1)—G(2)]K'"'(1;2)I

(2.50)

(where p'~'(x
l
1;2)=0 in the present case). Here M~"'

and K' ' are defined according to Eqs. (2.21) and (2.30),
respectively, so that to the first order, K IJ'(1;2), j= 1,2, is
given by Eq. (2.32b), for example; wherein the first-order
Green function 6 is the same in all the equations. The
same is also for the integrated optical relation of each, be-

ing given by an equation similar to Eq. (2.48).
To see the detail of power conservation, we first write

the power equation of the coherent wave, on using Eqs.
(2.39a) and (2.22), as

P(x
I
1;2)I(1;2)= (s "'(x

l
1;2)g'(1)g(2) ) (2.46) .a(x

l

1;2)+y'~+ '(x
l
1;2) U '(1;2)

[in the same way as K (1;2) has been defined according to
Eqs. (2.30)], we find the relation

Bp
P(x

l
1;2)

=6(x
l

1;2)(2i) '[G*(1)—G(2)] . (2.51)

=(2i) '6(x
l
1;2)

X IM*(1)—M(2) —[G'(1)—G(2)]K(1;2)I,
(2.47)

y'~+~'(x
l
1;2)=6(x

l
1;2)(2i) '[M*(1)—M(2)]

2

=y''iI(x
l
1;2)+ g y'i'(x

l
1;2),

(2.52)

(2.53)
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and means a dissipation coefBcient of the entire random
system in terms of contributions from each of the medium
and the boundaries, y' ' and y' ', which are defined by Eq.
(2.52) with M~M'~' and MI", respectively. The total
power, (W(x)), is given according to Eqs. (2.39) and
(2.41) by

(W(x) ) =(W' +W' '+W' )(x)

=(a+P)(x
~

1;2}I(1;2), (2.54)

and, as will be proved below, satisfies the equation of con-
tinuity

( W(x) ) =5(x
~

1;2)(2i) '[G "(1)—G(2)] (2.55)
C)X

which is the same as obtained by averaging the original
Eq. (2.13).

A contribution from each kind of the wave to Eq. (2.55)
can be seen in detail by rewriting the optical relation (2.47)
in terms ofS (1;2)as

we first observe that M' '=M' ' is dependent also on the
boundaries [e.g. , through G in Eq. (2.24a)] and can be
written generally in the form

M'~'(x
i
x') =M'q'(z

i p —p'
i

z'), (3.1a)

wherein taken into account is only the translational in-
variance. Equation (3.1a) may be approximated more sim-

ply by

M'&'(x
~

x')=M'q'(p —p', ~z —z
~

} (3.1b)

over a range of the points x and x', when separated
enough from either of the two boundaries, as compared
with the medium correlation distance so that except in the
very vicinity of the boundaries, 6 involved in a short non-
vanishing range of M'~' can be approximated by the
Green function in a homogeneous random medium of q.

The situation is the same also for the boundary counter-
part M' '=M ', j= 1,2, which also is dependent on the
other boundary S;, i &j, as well as the medium; neverthe-
less, the matrix element can be written in the form

[a(x
~

1;2)U' 'S(1;2)+P"(x
~

1;2)]=y'q+ '(x
~

1;2)
X

M"'(p}p') =M"'(p p') . — (3.2)

with

(2.56) The solution of Eq. (2.22) for G(x
~

x') can be written in
an eigenfunction series, by introducing a set of eigenfunc-
tions P, (x), defined by the eigenvalue equation

p (x
i
1;2)=p(x

i
1;2)[1+U' 'S(1;2)], (2.57) (L —M'~')P, (x)=D, P, (x) (3.3a)

which from Eq. (2.41), gives the power fiux of the surface
waves by

W' '(x)=P"'(x
~

1;2)U' '(1;2)

=P(x
~

1;2)I(1;2) .

The proof of Eq. (2.56} is given by use of relation (2.51) as
an expression for the factor

5(x
~

1;2)(2i) '[G*(1)—G(2)]

of eigenvalue D„subjected to the boundary conditions

(3.3b)

Here we can set

P, (x)=P, (A, ,z)exp( —iA, p) (3.4)

and, to the approximation of using Eq. (3.1b), the use of
the Fourier transforms

involved in the right-hand side of Eq. (2.47), followed by
the multiplication to the right with

M'~'(A, ,a~)= f dp f" dz exp[i(Ap+az, ).]

XM"'(p, ~z
~
), (3.5a)

( &,"'(p) ) = — .P"'(p
~

1;2)I(1;2),
Bp

(2.60)

as it follows from Eqs. (2.10) and (2.46), implying that the
power of the surface waves is supplied coherently and not
through the incoherent scattering (see also Sec. VI).

(1—U' 'I~)-'=1+U' 'S . (2.59)

Thus by multiplication of Eq. (2.56) to the right with
U' '(1;2), the left-hand side becomes the space divergence
of W +W and the right-hand side means the dissipa-

[r) [s]

tion of the coherent wave per unit volume; power equation
(2.55) is derived therefrom with the aid of (2.51). The con-
tinuity of the power flux is ensured everywhere, and on the
boundaries,

M'~'(A, )= f dpexp(imp)M" (p,
. ) (3.5b)

(which are both even functions of A, ) enables us to
represent M'~' and M' ' by operators with the matrix ele-
ments

M'&'(x
~

x') =M'"[ia~ap, —(a~az)']5(x —x'),

M'i'(p
~

p') =M'i (i Blip)5(p —p') .

(3.6a)

(3.6b)

Hence in Eq. (3.4), P, (A, ,z ) can be chosen to be the eigen-
function of —(8/Bz ), defined by

2

P, (A, ,z)=a P, (k,z) (3.7a)
az

III. MODE THEORY OF GREEN FUNCTION
FOR THE COHERENT %'AUE

To solve Eq. (2.22) for the Green function

G(x
~

x')=G(z
~ p —p'

(
z'),

subject to the boundary conditions

—B„P,(A, ,z)=M'J'(A, )P, (A, ,z) ~, d, j=1,2 (3.7b)

so that P, (x) is simultaneously an eigenfunction of M'~'
with the eigenvalue M'~'(A, , )a, in consequence of Eq.
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with

~', (A, )=ko+M" (A, ,a') —a' . (3.9)

(3.6a), where a is a function of A, , a(A, ), and
M'J'*(A, l&M'~'(A, ). Hence

D, =A, —lr, (A, )

B to the approximation of Eqs. (2.32)], then the integrand
can be expanded at the set of poles in a Maclaurin series.
To this end, we first introduce a two-dimensional unit vec-
tor Q=(Q, , Qz), Q =1 to change the Fourier variable A,

according to A. = A, Q with the element d A, = A,d Xd 0; then,
for given Q, we denote a complete set of roots of k of
D, (A Q) = 0 by + k, (+ Q). From Eq. (3.8),

Thus with the normalization k, =Ir, (k.Q), 1m[re. ] &0, (3.14)
d~f dz P, (A. ,z)gb(A, z).=5,b,

0

g P, (&,z )P. (&,z') =Biz —z')
(3.10)

and k, (Q) = —k, ( —Q) is another set of roots to make
the set complete.

Also, a normal set of mode wave functions, P, (Q, x), is
defined by

[so chosen that P, =P, in the present case of Eqs. (3.7)),
Eq. (2.22) gives the solution

G(x
I
x')=(2') f dk, +D, '(A, )P, (A, , z)P, (A, , z')

P, (Q, x ) =P, (Q,z) exp( ik, Q—.p }

with

P, (Q,z)=P, (A. ,z) I, ,

(3.15a)

(3.15b)

X exp[ —i A(p —
p,

. ')] . (3.11)

Also in the general case (3.1a) of M'~I, the expression
(3.11) remains unchanged with the replacement of

, P, ~P, , and lr, ~ko —a' (A, ), in terms of a new
set of eigenfunctions P, (A, , z) and P, (A.,z)=P, ( —A, ,z),
defined by the eigenvalue equations

2
d2

P, (A.,z) —f dz"M ~'(z
I

A,
I

z")P, (A, ,z")
az 0

=a' P, (A, ,z), (3.12a)

where I, means setting A, =k, Q. Hence for given Q, we
obtain the Maclaurin expansion of G(z

I

A,
I

z') as
—1

G(z
I

A.
I

z')= g D, (AQ)
a

+a a

~ P. (Q, z )P.{Q,z')[A, —k, (Q)]

(3.16)

Here

P, (A, , z) —f dz "P, (A. , z")M q (z"
I

A,
I
z)

az 0

a
D, (AQ) =2k, (Q)[1—a.', (Q)), (3.17a)

=a' P, (A, ,z), (3.12b) x,'(Q) = 1~, (AQ)
a

(3.17b)

subject to the boundary conditions (3.7b) and the normali-
zation (3.10), where M q'(z

I

A,
I

z') =M ~'(z'
I

—A,
I

z ) is
the Fourier transform of Eq. (3.1a) with respect to p —p'.

G (z
I

A,
I
z'):—g D, '(A, )P, (A, , z )P, (A.,z') (3.13)

tends to zero as
I

A,
I
~ oo [the proof is given in Appendix

A. Normal mode expansion

In the boundary Eq. (3.7b), M'~'(A, ) is an entire function
of A, as long as M'~'(p) is a function of finite range that be-
comes exactly zero for

I p I

of values exceeding some
finite value, as realized when the correlation distance of
the boundary fiuctuation is finite in Eq. (2.24b). By the
same reason, M'~ (A, , a ) is an entire function of A, and a
and therefore, so are lr, and D, [see Eq. (3.9)]. This results
in the eigenvalue equations (3.7) remaining unchanged for
arbitrary contourings in the k complex plane, although
each eigenfunction may have branch cuts in its own plane
so that the contourings may give rise to an interchange of
some eigenfunctions. Hence, the integrands of the series
(3.11), for example, have no branch cuts, as the whole, and
are analytic everywhere except at the set of poles given by
the factors D, '(A, ).

If we presume that in Eq. (3.11)

X [1—~,'(Q)] 'P, (Q, z)P, (Q, z')

&& exp[ ik, (Q)
I p —p—

'
I

in!4],—(3.18)

where

and

Q=(p —p') ~
I p —p'

I

I
k. (p —p')

I
»1 .

An exact version of Eq. (3.18) also can be obtained by us-
ing formula (A4), which is available only when the system
is isotropic in the horizontal direction, however.

Obtaining the Green function in the asymptotic region
of

I
k, (p —p')

I » 1 is straightforward by substituting Eq.
(3.16) into Eq. (3.11) and making the integration with the
aid of formula (A3). Hence the result is obtained, in terms
of the residue values at the poles A, =+k, (Q) which are
distributed on the lower half-plane of k, as

G(x
I

x') = g 2 '[2~k, (Q)
I p —p'

I ]
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B. Miscellaneous relations associated with the normal

mode wave functions

k,b(Q) =(k,*+kb )(Q) /2=kb*, (Q),

y,„(Q)=(k,* kb )—(Q)/i =yb, (Q),
(3.19a)

(3.19b)

To prepare for several relations frequently quoted in the
following sections, we first consider the particular case
(3.1b) of M'~', and introduce a set of quantities, defined in
terms of the notation I, b meaning A, , =k,*Q and
A, z ——kbQ by

N,'b'(Q, z)=N, b(Q, z) =0
in the regions of z & 0 and z & d z. Equation (3.25) is
directly reproduced by the z integration of Eq. (3.26) over
the range ~ &z ~ —~.

Also in the general case (3.1a) of M'~', various previous
equations hold true with minor changes. For example, the
modified version of Eq. (3.26) can be written in the same
form as

'b'(Q z ) [y 'b'(Q) y 'b' (Q z)]No'b'(Q z)
az

y,'$'(Q)= (2ik, b ) 'I M'q'*[A, i, a * (A. ) )]
—M' '[Aq, b (AP)]I I, b

yIq)e( Q )

b(Q) (2ik b ) '[M"'*(~i)—M" (~2))
I ., b

(3.19c)

(3.28)

Here, b (Q, z) represents a z matrix with the elements(q +b)

y, b (Q, z
I
zi, z2) having the medium part(q+b

y, b (Q, z
I
zi, z2)(q)

(3.19d)

which all constitute Hermitian matrices with respect to
the Latin subscripts, and also two functions of 0 and z,
defined by

=(2ikg b ) '[M'~ *(z
I

Ai
I
zi)5(z —z2)

—M (z
I
~2

I
zq)6(z —zi)]

I
a'', b'

and N, b (Q, z) represents

N, b (Q,zi, zz) =P,*(Q,z, )Pb (Q, z~)

(3.29)

(3.30)
N, b(Q, z) =$,*(Q,z)gb(Q, z ),

N,'b'(Q, z)=(2ik, b) 'p,*(Q,z)
az

Here

a
pb(Q, z) .

az

(3.20)

(3.21)

with two z coordinates z1 and z2, so that the convention
employed is

y, b (Q,z )N, b (Q, z )
(q+b)

dZ1dz2ga'b' Qpz Z] jz2 1VQ'b'
(q +b)

d2
b,,b

—= f dz N, b(Q, z)
0

(3.22)

becomes 5,b when the system is free from the Auctuation
so that M"'=Bo is a constant independent of p [Eqs.
(3.7)].

Here the function NIb'(Q, z) satisfies the equation

(3.31)

Hence the z integration of (3.28) yields the relation

y, b (Q)&, b y, b (Q)&a b
——+ g y, b (Q)N, b (Q, d) )

(q)

j=1

(3.32)

N,'b'(Q, z) = [r,b(Q) —r, b (Q) ]N,b(Q, z)
az

with the boundary values

+N,'b'(Q, z)=y,'b(Q)N (Qb») l.=d, j=1,2

(3.23)

(3.24)
y, b (Q)A, b

—— dz y, b (Q, z)Ng b (Q,z)(q) (q) (3.33)

similar to (3.25), where y, b ( Q ) is defined by the integral

2

(y, b y, b )(Q)b, ,b
—= g y,"b(Q)N, b(Q, d ) .

j=1
(3.25)

Alternatively, the two Eqs. (3.23) and (3.24) can be writ-
ten by one equation, as [cf. Eq. (2.15)]

as follows directly from Eqs. (3.7)—(3.9). The z integra-
tion of Eq. (3.23) over the range d2 & z & 0 leads to the re-
lation

with b,, b from N, b (Q, z). In fact, (3.33) is reduced to
y,b(Q)b, ,b in (3.25) when p,*(x) and pb (x) happen to be
eigenfunctions of M '* and M'~I, respectively [(3.9)].

It may be remarked that, in connection with Eq. (3.28),
the vertical power flux is not given by k, b N,' b (Q, z ) and
should be corrected by an additional term from
y, b (Q, z) on the right-hand side the situation is the
same also for Eq. (3.26).

N b (»z)=[r b(Q) —y, b (Q,z))N, b(Q, z), (3.26)
az

IV. MODE THEORY OF THE SECOND-ORDER
GREEN FUNCTION

2

r."b+' «, z) =r."b «)+ g r b'(Q)fi'(z),
j=l

with the new boundary condition

(3.27)

We begin with the integral equation (2.35) for S (1;2)by
substituting the eigenfunction expansions of both G*(1)
and G(2) according to Eq. (3.11). The resulting equation
becomes written in terms of an eigenfunction transform of
K(1;2),defined by
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K ]; d(~] ~2
l

~I'~z)= f dx]dx2 f dxIdxz])I],*(z] )pb(z2 ) exp[i( —X] p, +k, p2)]K("] "2
I
xI'»')

&& ]t',*(z ] )]t]e(z z ) exp[] (~]'p] z'pz) ] (4. 1)

and a similar transform of S(1;2), say
S,b.,~(A, ],A2

~

A.],A, z). In view of the translational invari-
ance of the system in the horizontal direction, it is con-
venient to introduce relative coordinates r and p, defined
by

—~ -p~ + A,2.p2
——u r+ A, p (4.2c)

K(x],'x2
~
x],'x~) =K(r,z],z2

~ p —p'
~

r', ZI, zp ), (4.3)

The matrix elements of K (1;2)can be written in the form

which gives the transform of the form
(4.2a)r=p2 —p, , p=(pz+p])/2, drdp=dp, dp2,

K,b ,q(7]] .Az
~

A»Az)=(2']r) 6(A. —A, )K,b ,q(u
~

A,
~

. u ) .

(4.4)

and the corresponding variables of Fourier transforma-
tion, u and A, , by

u=(~2+1, ])/2, k=A2 —A], dudA, =dA]dk2

with the relation

(4.2b)
The same is also for the transform of S(1;2) say
S,b.,q(u

~

A,
~

u'), and Eq. (2.35) provides its integral equa-
tion by

S,f zy(u
~

A,
~

u")=K,f ,d(u
~

. A,
~

u")

+ g (2~) f duK, f.,b(u
~

A,
~
u)[D,*(u A, /2)Db—(u+A, /2)] 'S,b.,g(u

~

A,
~

u ),
a, b

(4.5)

In this particular case,

f, (ub, A, )=K,f., ( buick, u)S,b.,g(u A,
~

u") (4.7)

(where unnecessary variables and subscripts have been
suppressed on the left-hand side). To perform the u in-

tegration in Eq. (4.6), we first introduce a two-dimensional
unit vector Q = ( Q, , Q2), Q = 1, to change the variable of
integration by u = u Q with the element d u = u du d Q,
and also the two scalar variables u

&

——Q k] and u z ——Q A, z,
so that

in which the variable A. is involved merely as a constant
parameter.

To perform the u integration in Eq. (4.5), we write the
integral F (A, ) in the general form

F(A, ) (2m)
— f dug [D*(g])Db(gz)] 'f,b(u, k) .

a, b

(4.6)

k,*' (Q) =k,*(Q) (Q Q*).g/2
k' (Q)=k (Q)+(Q-Q ) A/2

in terms of the notation

D. (u )
~ ., Q Q. = 1

a a

(4. 11a)

(4.11b)

(4. 12)

as the whole, although each term of the series generally
has branch cuts (cf. Sec. IIIA), and that the integrand
tends to zero as

~

u ] ~, ~

u 2 ~

~ oo (Appendix B). This en-
ables the integrand (for given Q) to be expanded in a Ma-
claurin series at those poles of u] and u2, +k,* '(+Q) and
+kb '(+Q ), given by the roots of

D,*(k,*' 'Q —A, T/2)=0, Db(kb 'Q+A, T/2)=0 . (4.10)

Im(kb ') (0 and the superscript ( T) mean the dependence
on A, T, as A. ~O, the roots are reduced to the k,*(Q) and
kb(Q)'s of Eq. (3.14), respectively. To the first order of
XT

A, ) ——u Q —A, /2=u, Q —gT /2

~2 = u Q +A, /2 = u 2 Q +A, T /2

(4.8a)

(4.8b)
with the mark ~, defined in Eq. (3.15b).

Thus the integral (4.6) is given by a series of the form

where A, T is the component of A. orthogonal to Q, and

u, =u —Q.X/2

u2 =u +Q A, /2

u =(u]+u2)/2 .

(4.9)

~ u](T)f (A)(Q) (4.13)

F(A)= f dQ, f du g (u] k.*'T') —](u, —kb—]r))
2n. 2' 0 a, b

Then we observe that the integrand can be regarded as an
analytic function of u

~
and u 2 everywhere except at the

two sets of poles given by the factor

[D,*(u ] Q —A T /2)Db (u 2Q+ A, r /2)]

H«e g, b denotes the summation over the complete sets
of poles [including —k,*' '( —Q) and —kbT'( —Q), as in
Eq. (3.16)], and with Eqs. (3.17),
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w(T) (8~)—lk(T)(ke(T)k(T)) —1(1 ice'(T)) —1

~ah ~ ab a b a

X(l —a.b( ')

f b (0)=f b(k, b 0 A)

where'

k(T) (k e(T)+k (T))/2

=k,b+(0,*—Qb ).A, /4,

(4.14a)

(4.14b)

(4.15)

8
y,b+n, b U,b(n, p)= w,'b'5(p) . (4.22)

The factor U, b ( 0, l(, ) in Eq. (4.17) has a pole at
in A=. ,y,'b', and we often need an expansion off,b (0) at
this pole, particularly when f,'b'(0)=0 at the pole [e.g.,
(D2)]. To this end, we first observe that f(b'(0) [(4.14b)]
is a function of u&

——k,*' ' and u2 ——kb ', given from Eq.
(4.9), by

and u i and ui are functions of u through Eq. (4.9). Hence,
all the u integrals involved in Eq. (4.13) can be given in
terms of an integral U,b (0,A, ), defined by

U,b(Q, A, )=(2m. )
' f du w,'b)(u —0 A, /2 —k ')

0

k "=—k.(;)—0 Z/2

=k "—i2-'(y(", —in Z)

k,"'—=k.'„"+n Xy2

(4.23a)

X(u +0 X/2. k,'—")-' (4.16) =kb'T'+ i 2- '(y.'b" —i Q.X), (4.23b)

(which evaluation is in Appendix C), yielding

F(Z) = f dn y U.,(Q, Z)f(,')(0) . (4.17)

and therefore it can be expanded to the first order of
yab —i Q.A, by

Here

a, b f.'b'(0)=f, b(0)+i2 '(y.'b' i 0&)f—,'b'(0), (4.24)

U, b ( 0, l(, ) =w,'b'(0, A, )(y', b) —i Q.A, )

where, using Eqs. (4.11),

y(T)(0) (km(T) k(T))/.

=y,b(n)+i (0—Q,b ).A, (4.19)

where, on rewriting f,b(u, A, ) as f,b(A, „A2) [Eqs. (4.8)],

fob(» =fob(l(( l(i)
I

a', b

—=f,b(k '0 —A, T/2, kb( '0+A, T/2), (4.25)

with Q, b ——(Q,*+Qb )/2; Eq. (4.18) can be written also as
4'b«) =0. —

~~
+ ~~ fob(~( ~z)

I
o', b

1 2

(4.26)

U,b(Q, A, ) = ,w(bQ), A, )[y, (b0) —iQ, b A, ] (4.20)

The summation g, b includes not only the terms of the
mode waves a and b propagating in the same direction 0,
but also interference terms made by the mode waves prop-
agating in the opposite direction (Appendix C).

A p function given by the Fourier inversion of
w,'b'(Q, A, ), say ,'w'(Qb, p), is a function of a short range of
the order of the mode wavelengths, and is appreciable also
for the nonpropagative and the interfering mode waves,
giving [Eqs. (C10)—(C13)]

(where I,'b means to set ui ——k,*' 'and u2 kb '), and——are
still dependent on the component A, T.

Now, applying the formula (4.17) to the present case of
Eq. (4.7), Eq. (4.5) is reduced, after setting u' =k,'f '0' and
u" =k,'d '0" to an equation of the form

Sef ~ ~d(Q I
IL

I
0 ) —Kef I,d(Q

I

Q ).
+g f d Q Kef,,b(0'

I
0)U,b(0, A )

a, b

m, b for propagative mode waves

f dp w ob(0 p)= '(iver) ln
I
kb/k

I

w

for nonpropagative mode waves

(4.21a)

Here

xs b; d(0
I
~

I

0") (4 27)

f d(Q
I
Q)Kef ~ gd(kf'0 eI A,

I
k,dn), (

On the other hand, the Fourier inversion of U,b(Q, A, ),
U,b(n, p), is given to the approximation of Q,b =0 by

U.b«p») =w.'b'
I p I

&«xp[ —y.b(0)
I P I

l~'(0 p/ I p I
»—

(4.21b)

where w b'=w b'(Q, iB/Bp) and, from Eq. (4.20), is a solu-
tion of

and S~f .~d ( Q'
I

A,
I

0") also is defined in exactly the same
way. The A, dependence of K,'f.',d is negligible in many
cases, however, because of its slight change as compared
with the change due to the factor U, b (0, l(, ) [implying that
the spatial range of K(1;2) is negligibly small compared
with the coherence distances of the mode waves]. With
the same approximation, the summation g, b can be re-
stricted to include only the propagative mode waves, say

g,' „,and further to g,' „(a=b) whenever
I y, b I »y«,

a&b [Eq. (Cl 1)].
The Fourier inversion of Eq. (4.27) with respect to A,

yields an integral equation of S,f ~ d (O'
I

p' —p"
I

Q" ), as
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~f;.d« I
p' —p"

I
Q")=Kf;.d«'

I

Q" @(p'—p")+& f dQ f dpK, f;.b(Q'
I
Q)U.b(Q p' p—)~.b; cd« Ip p—"

I

Q") .
a, b

(4.29)

The superscript (k) of K,If.',b(Q'
I
Q) has been suppressed, implying the neglect of A, or a possible replacement of

A, ~i c3/cd in it, and the factor U,b(Q, p —p) may be given by Eq. (4.21b). The solution of Eq (4. .29) is important not only
to obtain the mutual coherence function, but also because of being a basic quantity to construct an eA'ective scattering
cross section of a fixed scatterer embedded in the random waveguide [e.g. , Eq. (5.19)], and may be obtained by a direct
iteration method when the scattering volume [where K (1;2)&0] is limited, or by Eq. (2.38) in terms of I(1;2).

A. Power cruxes and equation of radiative transfer

The horizontal power flux at x for the coherent wave from a point source at x ', W' '(x
I

x '), is given according to Eq.
(2.39a) with (3.11)by

W' '(x
I

x')=g (2vr) f dA, e ' '~ ~ '(2m) f du ug,*(A&,z)P b(A 2z)[ D,*(A&) Db(A 2)] 'P,*(A&,z')Pb( jz,z'), (4.30)
a, b

which has the form of integral (4.6) and also fulfills the asymptotic condition required for the factor f,b (u, A, ). With for-
mula (4.17) and the followed Fourier inversion with respect to A, , we obtain

8" '(x
I
x')=g f dQk, 'b'QN, 'b'(Q, z)U, b(Q, p —p')N, b'(Q, z'), (4.31)

a, b

where N,'b '( Q, z ) is the same as N, b ( Q, z) in Eq. (3.20) except the replacement of k,*Q ~k,*' 'Q —A, T /2 and
kb Q~kb 'Q+ A, T /2 [Eqs. (DS) and (D6)].' The same is also for N, b'(Q, z).

In the same way the vertical flux W,' '(x
I

x ') is found to be given by Eq. (4.31) with ON,'& '(Q, z)~N, 'b '(Q, z) [Eq.
(3.21)], where N' ' ' is a short form of N' " '. The incoherent power flux given by Eq. (2.39b), say W' '(x

I
x'), also can

be obtained with the same procedure, and the sum of the two power Auxes is found in the form

(W'"+W"')(xlx')= X f dQ f dQ'kab ONab (Q, z)Iab cd(OIp —p. IQ')NcId(Q, Z ) . (4.32)
a, b, c,d

Here

Iab;cd(Q
I P P I

Q ) Uab(Q~IP P )~ac ~bd~(Q

+ dP "dP'" U, b O,P —P" S,b. ,d 0 P"—P"' O' U,d Q', P'" —P' (4.33)

which is just a mode transformed version of Eq. (2.34); an expression corresponding to the BS equation (2.29) also can be
obtained, as

I.b;,d « I
~

I

Q') = U.b(Q &) &.,»d &(Q —Q')+ r f d Q"K.'."'„(Q
I Q, ")I;,;.d «"

I

~
I

Q')
l, J

(4.34)

with the aid of Eq. (4.27), in terms of the Fourier transforms.
Equation (4.34) can be rewritten by Eq. (D19) (by multiplying the both sides with y, b i Q,b. A, ),—of which Fourier in-

version gives an integro-diff'erential equation for I,b.,d (Q
I p —p'

I

Q') as

) ah+Qab
~

Iab;cd(Q I P P I
Q ) =tL'ab ~ c~bd&a(Q —Q )&(p —p )

Bp

+2 f dQ"w. b'K. b;..« I
Q")I.. .„(Q"

I p p'
I

Q')— (4.35)

»milar to the conventional equation of radiative transfer, with a scattering cross section K,b ;(Q
I

Q') and a term of.
point source.

B. Power conservation and optical relations

Equation (4.3S) is consistent with power conservation at every point in the waveguide and on the boundaries, by virtue
of the local optical relation (D17). The z-integrated version of this aspect can be found more simply by multiplying the
both sides of Eq. (4.35) [or (D19)] with b,,'b 'k,'b' and making the summation g, b f d Q; hence, with the integrated optical
relation (D23), we are led to

.g f dQ Qh, b'kab'+ g p,'b '(Q) I,b ,d(Q
I p —p'

I
Q')=bed'k, d'w. cd'(O', A, )5(p —p'),

~~ ab i=&
(4.36)
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where k,'b is defined by Eq. (D4) and b,,'b'- b,,b -5,„[Eq.(D21)). Here the first term in the large parentheses is obviously
a z-integrated version of Eq. (4.32) for WI '+W' ', and the other terms are those from the surface waves, W' '(x

~

x '),
given from Eq. (2.41), by

2

W '(x
~

x')= g g f dQ f dQ'p'~~ '(Q)5~(z)Iab. ,d(Q
~ p —p'

~

Q )N', d'(Q', z'),
j=1 a, b, c,d

where p,'~b '(Q) is given by Eq. (D13) in terms of a mode transform ofp'~'(x
~
xi, xz).

In the left-hand side of Eq. (4.36) we have, to the approximation of Eq. (D25),
2

Pab (Q)+Q~ab kab —Qab~ab ab ~

j=1

(4.37)

(4.38)

which shows that the total integrated power Aux, including those of the surface waves, is the same as given by the z in-
tegration of Eq. (4.32) with the replacement of k,'b '~k, b' and Q~Q, b, i.e. ,

dz W' '+W' '+W' ' x x' = dQdQ'ka'b'QabhabIab. cd Q p —p' Q' %cd Q', z'
a, b, c,d

(4.39)

Since h, b
—5,b, the nonpropagative mode waves (k,' -0) are actually excluded in the series.

Equation (4.39) holds true also when the medium is intrinsically dispersive [(2.14b)], and indicates that the surface
wave terms supplement an overall change caused by the dispersive property of the original system.

C. General case: Sources distributed over separate places

In this section various equations of I(1;2) have been obtained only for a point source, but this constraint can be re-
moved by using another expression, such as

I (1;2)=[1+I(1;2)K(1;2)]UI '(1;2), (4.40)

(4.41)
Here

&1t|(x) & = f dx'G(x
~

x')I(x'), (4.42)

and is given with the exact G (x
~

x ') also containing the nonpropagative mode waves. In the second term giving the in-
coherent part, the factor IK (x, ; xz

~

x 'i', x z') can be given by a mode series of the form

IK(x„.x,
~
x,';x,")= y f dp' f dQ'N, 'b'(Q, z„zz)I,b.,d(Q

~ p —p' Q')K,d(Q'
~

p' —p"
~

r",zi', zz') (4.43)
a, b, c, d

i.e., the transposed version of the BS equation (2.29). Hence, by multiplication of Eq. (4.40) to the right with the source
factor j*(1)j (2), the mutual coherence function can be given also by

&P*(x,)P(xz)&=&i(*(x,)&&it(xz)&+ f dx', dxz f dxI'dx'z'I(x»xz
~

x i', xz)K(xi', xz
~

x'i', xz')&ll (x'i )&&y(xz)& .

with the same I,b ,d as given by th. e solution of Eq. (4.35);
the factor

K,d(Q'
~

p' —p"
~

r",z'i', zz )

ministic Green function g' '(x
~

x') is governed by the
equation

[L —q(x) —q (x)]g '(x x')=5(x —x'),
=K,'d'(Q'

~

r",z", ,zz' )5(p' —p" ) (4.44) or in matrix form by

is a mode transform of K(x'i, xz™x",;xz') only with
respect to the coordinates x

1 and x 2, according to Eqs.
(4.1), (4.3), and (4.28), and N, PI( Qzi, zz ) =N,'P(Q, Z)
when z1 ——z2 ——z.

Thus with Eq. (4.43), expression (4.41) for the mutual
coherence function is valid even when the source is distri-
buted over separate places with large distances, so that the
interfering waves can be important to excite the in-
coherent wave given by the second term.

V. A FIXED SCATTERER EMBEDDED
IN THE RANDOM WAVEGUIDE

(L —q —q )g' '=1 . (5.2)

A basic assumption implied here is that q (x) and q (x)
can be both nonzero at the same place, with a constraint
that

~ q ~
&&

~ q ~

(or &&
~

M'~' ~, more reasonably; see
Appendix E to overcome this aspect). The procedure of
obtaining the statistical Green functions with this equa-
tion is almost the same as when the medium is unbounded
in space, " although the specific expressions are not quite
the same.

To obtain the first-order Green function G' '= &g'
averaging of Eq. (5.2) yields an equation of the form

When a fixed scatterer, described by q (x) with the
center at x =x, is embedded in the waveguide, the deter- (L —M —q' )G' '=1, q' =q +bq (5.3)
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Here M is the effective matrix of the medium plus the
boundaries when the scatterer is absent, and is the same as
in Eq. (2.22); hq is determined by an effective medium
M'~), defined by

M'.&'G"=&qg" &, M."'=M" +~q. , (5.4)

or, more strictly, from Eqs. (2.21) and (2.22), according to

M.G"={Ug"&, M. =M+aq. , (5.5)

which reproduces Eq. (5.4) to the approximation of
M' '=M' ', implying no effect of the scatterer on the
effective values of the surface impedance 8' '. Hence Aq
can be regarded as an effective change of q due to the
medium-boundary fluctuation, and to the second order of
q [Fig. 2(a)]

U' ' '(1 2)=G' '*(l)G' '(2) (5.9)

[cf. (2.33)], and can be written, on using Eq. (5.7), in the
form

I(C,a) U{C)+U(C) y{a)U(C) (5.10)

is directly connected to a conventional scattering ampli-
tude of the scatterer for the coherent wave and may be a
good experimental observable.

The procedure of deriving the BS equation for the
second-order Green function in this case, I (1;2), is the
same as for the previous I(1;2), just with the replacement
of G~G( ' and M~M in Eqs. (2.27) —(2.30) (and with
M' '~M' ' and M' )~M' ' for each of the medium and
the boundaries). The coherent propagator dependent on
q U( ' '(1;2), is now defined by

bq = (qGT( 'Gq &, (q & =0 (5.6) Here

G(a) G +GT(a)G (5.7)

in terms of the scattering matrix T' ' to be defined by Eq.
(5.8); a corresponding expression was obtained also for a
particulate medium. " The change Aq will generally be
small in actual cases, however.

The solution of Eq. (5.3) can be given in the form

(1;2)= T' '*(1)T '(2)+T( '*(1)G '(2)

+T' '(2)[G '(1)]* . (5.1 1)

Thus the BS equation for I (1;2) is obtained, with the
procedure of leading to Eq. (2.29), in the same form as

in terms of the scattering matrix T' ' of q', defined by
I (1;2)=U( ' '(1;2)[1+IC(l;2)I (1;2)) . (5.12)

T' I=(1—q'G) 'q'

=q' +q' Gq' +q' Gq' Gq' + (5.8)

Strictly speaking, the incoherent factor K(l;2) also should
be replaced by IC (1;2), defined by Eq. (2.30) with
g g", so that

Although evaluating T' ' is generally an involved task, it K.(1;2)=K(1;2)+bK. (1;2) (5.13)

{a)

A+q

with a change AK caused by the scatterer. A part of
AK contributed by the medium, AK'~), is shown in Fig.
2(b) diagrammatically to the first order of T( ', showing
that the nonvanishing elements are of the fourth order in
q. We shall return to this exact case after Eq. (5.27).

The solution of Eq. (5.12) can be given by

I = U(C, a)+ U(C, a)S U(C, a)
a a (5.14)

{b)

~~«&{~. 2) =

A
/

/

/
/

I
I
I

I
I

L

S.=Z(i+ U "S.) . (5.15)

On using Eq. (5.10), the equation can be rewritten in terms
ofSas

in terms of an incoherent scattering matrix S similar to
S, defined by [Eq. (2.35)]

/J
J

/
A &a

S.=S(i+U("V('U( 'S. )

whose formal solution is

S ( 1 SU(c) 1/ (a) U(c) )
—Ig

which directly leads to another expression

(5.16)

(5.17)

FICr. 2. (a) Schematic diagrams of G' ', M'~', and hq, given

by Eqs. (5.7), (2.24a), and (5.6), respectively, are shown. Here 6,
q, and T' ' are represented by a solid line, filled circle, and trian-
gle, respectively, and are connected in the order of their matrix
Inultiplteation; (q q) is represented by a dashed line con-
necting the q's. (b) Non vanishing elements of hK ( 1;2)
=6K'~'(I;2) in Eq. (5.13) are shown to the lowest order, with
the same notations as in (a).

S.=S+SU'"V" 'U'"S

in terms of the notation

y(a, K) (1 y(a)U(c)gU(c)) —I y(~)

(5.18)

(5.19)

meaning an effective V( ' affected by K.
Expression (5.14) for I is convenient particularly when

the coherent part (the first term) is dominant. There exists
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another expression:

I =I +IV[~'sc)I, (5.20)

in which the entire effect of the scatterer is given by the
second term, in terms of V' ' ' meaning an effective
scattering matrix of the scatterer for the whole incident
wave having both the coherent and the incoherent parts.
The proof of Eq. (S.20) is given by substituting the expres-
sion [cf. Eq. (2.38)]

the right-hand side in terms of I, with the aid of relations
(2.38) and (2.37), and finally by dropping the common fac-
tors K from the both sides.

Equation (5.20) also can be written in a mode series and
when x& ——x2 ——x and x ', =x 2

——x ', we obtain [Appendix E]

I (xlx )= & &.b (Q z)Iab;cd(n, p~ Q,p')~,'g(Q', z'),
a, b, c, d

S =K+KI K (5.21) (5.22a)

into the left-hand side of Eq. (5.18), followed by rewriting

I.'; '„(Q,p.
~

n, p ) =I.„„(n.
~ p —p ~

Q )

+ 2 f dn"dn'"I.
b &«Ip —p In")V'1', kl (Q In )Ikl;cd(n

I pa P(n —) .
i,j,k, l

e ~i~& 'I I (Q
I

Q ")is a mode transform of the matrix V' ' I, defined by Eq. (5.19) or by the integral equation
V(+ &) V(+)( 1+ U(c)gU(c)V(a K))

whose mode transformed version is

(5.22b)

(5.23)

V' '(Q'
i

Q")= V~1.ki(Q'
i

Q")+ g f dndn"'V~. )b(Q'
i

Q)U' S,b.,dU' '(Q
i
p=0

i

Q"')V~d ki'(Q'. "'
i

Q") .
a, b, c,d

(5.24)

Here

Vi k((Q'
~

Q")= cr. .I)'kl(Q'
i
Q")—yIg'ki(Q')5lQ' —Q"),

(5.25a)

where o~g. 'ki(Q'
~

Q") and y~g. '„1(Q") are defined by Eqs.
(E16) and (E28) in terms of the mode transforms T IP'*
and T JI

' of T' ', and mean, respectively, the differential
and total cross sections of the scatterer for scattering of
the wave having mode index kl and propagating in direc-
tion 0" into the wave having index ij and direction 0 .
U,'b 'S,b. ,d U,'d '(Q

~ p ~

Q') is the incoherent part of
I,b.,d(Q

~ p ~

Q'), as given by the second term in Eq. (4.33),
and may be obtained by solving radiative transfer Eq.
(4.35) or, more directly, Eq. (4.29).

It may be remarked that in Eq. (5.25a), the term of
y~~j. 'ki(Q') comes from the interference terms in Eq. (S.1 1)
and makes the cross section V .,b negative in the shadow
direction, and also that both V ' and V' ' ' are subject to
the same optical relation

g' f dn'b„k, "w; V;, .ki(Q'
~

n")=0,
I,J

g' f dn'b„, kg' 'w;J Vj kl (Q'
~

Q")=0.

(5.25b)

(5.25c)

(g' means the summation only over the propagative mode
waves), by virtue of (5.24) [Eq. (E31)]. Here the two rela-
tions simply mean that the entire scattered power is ulti-
mately equal to what was absorbed by the scatterer itself
and make the resultant power transmitted through the
second term in Eq. (5.20) zero.

This fact can be directly demonstrated by showing that
an effective wave source of the second term, as given by

X5(p —p )Ii,l.,d(Q"'
~ p —p'

~

Q'), (5.26)

which is zero in consequence of the optical relation
(5.25c), to the approximation of 6I~

' —6; ( —5; ).
It may be remarked that even when the original poten-

tial q is Hermitian, the effective change Aq of q is gen-
erally not Hermitian, as a result of an incoherent scatter-
ing even by the deterministic scatterer. A detailed struc-
ture of power conservation for a fixed scatterer embedded
in the random system is treated after Eq. (5.37) in a gen-
eral form.

A. An exact version of the scattering matrix

The expression (5.20) for I has been obtained as an ex-
act solution of the BS equation (5.12), which is not quite
exact, however, in approximating the incoherent factor
K (1;2) by K(1;2) [Eq. (5.13)]. Also with the factor
K (1;2), an exact solution can be effectively formulated,
as follows.

With the additional term AK to K, the new BS equa-
tion for I' + I(1;2) can be written, in terms of the old
solution I (1;2), as

I' + (1;2)=I~(1;2)[1+ATE~(l;2)I~ + '(1;2)],
(5.27)

which still has the form of the original equation with the

the space divergence of the power Aux, is zero everywhere
in the space. That is, using power Eq. (4.36) for I,b ,d, this.
space divergence becomes written as

f dn"dn'"b, 'k"'w" V'. '(Q"
~

Q"')
ij ij Wij ij kl

i,j,k, l
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I(K+6K) I +I S(AKK)I
a a a a a (5.28)

similar to Eq. (5.14), in terms of a scattering matrix
S' ' ' of AE, defined by

correspondence of I ~U' ' ' and AK ~K. Hence, the
solution also can be written in the same form as

scatterer is contrarily dissipative. For example, the basic
relation (2.47) is replaced by

a
P(x

(
1;2)= (2))-'&(x

(
1;2)

Bp

X I M*(l)—M (2)
S(AK, K) b~ ( 1+I S(AK, K)

) (5.29)

By using expression (5.20) for I, Eq. (5.29) can be rewrit-
ten as

—[G '(1)—G( '(2)]E (1;2)I

(5.37)
x)(1+I/(~ x)IS(~x )~)

)a a ) (5.30)

in terms of another scattering matrix S' ' of AK when
V' '=0, defined, therefore, by

S(hK, K) bIt. ( 1+IS(AK,K))a

and Eq. (5.30) gives the solution by

S(~1')~) —(1 S(~x' x)Iy(~ x)I)a

(5.31)

(5.32)

Here it may be convenient to write S' ' ' of Eq. (5.31)
in terms of a scattering matrix S' ' of AK, defined by

S(hK) bIt. ( 1 + U(c)S(AK)
)

—:(2i) '(q* —q )(x
~

1;2), (5.38)

then power equation (2.51) for the coherent wave is re-
placed, in terms of the notation 3 (x

~
1;2)B(1;2)

= AB(x
~

1;2), by

in terms of the effective medium-boundary matrix M
defined by Eq. (5.5) [where, strictly speaking, P(x

~

1;2)
also should be written as P~(x

~
1;2)],and, if a dissipation

by the scatterer is assumed hereafter with a parameter
y", defined by

y "(x
(

1;2)=(2i) '6lx
~

1;2)[q*(1)—q (2)]

=(1—bK U' ') 'b, K (5.33)
a +y(q+ )+y( ) U(, )(x

~

1.2)a

S(AK, K) S(hK)( 1+ fI(c)SU(c)S(AK, K))

(1 S(AK)U(c)SU(c)) —1S(AK)

(5.34a)

(5.34b)

which is the same function of S' ' as V ' ' is of V
[(5.19)].

Thus using Eq. (5.20), Eq. (5.28) can be written finally in

the form

which is perfectly free from E and is the same function of
bK as the scattering matrix S is of IC [(2.35) and (2.36)].
That is, on substituting expression (2.34) for I into Eq.
(5.31), we obtain an expression of S' ' ' in terms of S'
as

=(2i) '(G' )* —G' )(x
~

1;2) .

Here

y'~+ )(1;2)=(2i) '[M*(1)—M (2)]

(y(q +)+gaby )( l. 2)

with y('i+ ) defined by Eq. (2.52) and by by

by (1;2)=(2i) '[bq" (1)—bq (2)] .

Therefore, in Eq. (5.39)

(q+b) ~ (a) (q+b) ~g (T)+ 3 a

(5.39)

(5.40)

(5.41)

(5.42)
(K+5K) =I +IV(a, K+6K)I (5.35)

V' ' +~ ' means a resultant scattering matrix of the
scatterer, and is given by

~(a, sc+xrc) P-(~,&)+(1+V, I)S ~ (IP' '+ 1)

by.("(1;2)=(y."+by. )(1;2)

=(2i) '[q'*(1)—q' (2)], (5.43)

(5.36)

in terms of V' ' and S ' '. The second term on the
right-hand side gives an entire contribution from AK,
where to the first order of V(a'K),

S(hK„K) S(AK, K)+S(bK,K)IV(a, K)IS(AK, K)

B. Optical relations and power conservation

Optical relations for the entire system of the random
waveguide plus the fixed scatterer can be found in exactly
the same way as in the previous section; basic equations
remain unchanged simply with the replacement of
M~M and E ~E, as long as the medium and the
boundaries are nondissipative, independent of whether the

which means a total dissipation coefficient of the scatterer
for the coherent wave.

Comparison of the new relation (5.37) with the original
(2.47) shows us an optical relation for the effective change
Aq, as given, in terms of the quantity Ay of Eq. {5.41),
by

by (x
~

1;2)= (2i) '(G* —G)(x
~

1;2)bE (1;2)

+ (2 )-'(G*T('*G*—GT('G)(x
~

1.2)

&&K (1;2),
(5.44)

where use has been made of Eq. (5.5). We note that, to the
ladder approximation of Eq. (2.32a), the second term gives
the leading term with K =K' ', and the result is con-



36 TRANSPORT THEORY OF A RANDOM PLANAR WAVEGUIDE. . . 2095

sistent with Eq. (5.6).
In the same way, comparing the new power equation

(5.39) with (2.51) we find a relation of purely coherent
counterpart, as given by

( + U c)y( )U(c)(™
l

1.2)

(2i) '5(x
l
1;2)[ [G*(1)—G(2)]T )*(1)T' (2)

7.(a)+( 1 )+ 7.(a)(2)
I

U(C)( 1.2)

+gy 'U a'(x
l
1;2)=0 . (5.46)

That is, Eq. (5.45) is another version of the (local) optical
relation subjected by the scattering matrix T' ', defined by
Eq. (5.8), in the effective medium M*&M for the coherent
wave.

The optical relation (5.37) for the BS equation (5.12) can
be written in terms of the incoherent scattering matrix
S' + ', defined by

S(K+6K) K (1+U(C, a)g(K+5K)
)a a a (5.47)

(which differs from 5 of Eq. (5.15) by K ~K ), as has
been given by Eq. (2.56) when the scatterer is absent in
terms of S. Hence,

( ) U(c, )g(K+5K)(x
l

1.2)a

(5.48)

+g+(T) U (c,a)(~x
l

=(2i) '(G*T' "G*—GT 'G)(x
l
1;2),
(5.45)

which is reduced to a local relation for T( ' [as is found by
using Eqs. (2.51) and (5.11) on the left-hand side; see Eq.
(E2) for a direct derivation] as

the change EW is found by substitution of Eq. (5.50) into
Eq. (5.52) to be

bw (x
l

1;2)+y(')(x)I (1;2)
(ax

=(2i) '5lx
l
1;2)[G*T '*G*(1)—GT' G(2)]

(5.53)
in consequence of Eq. (5.7), and therefore, with Qw of
(5.51),

-AW +y"I =0
Bx

everywhere, as long as the right-hand side is zero, as real-
ized whenever the scatterer is sufficiently separated from
the source j*(1)j(2) to multiply (5.53) from the right.
This gives a strict version of the proof for the same con-
clusion, preliminarily given by Eq. (5.26) when y('=0 so
that the scatterer is nondissipative.

Equation (5.53) can be regarded as another version of
the optical relation (5.44) for the changes caused by the
scatterer and, in fact, could be directly found from the
latter relation (Appendix E).

VI. SPECIFIC EXPRESSIONS OF THE LADDER
APPROXIMATION

Using the ladder approximation (2.32b) for K(~)(1;2),
we here obtain specific expressions of various statistical
parameters, typically for when the medium is free from
the fluctuation. In spite of the simple approximation in-
volved, this particular case is very illustrative because the
K'J'(1;2) is strictly consistent with optical relation (2.48)
with the M(~) of (2.24b), by virtue of the relation (2.32c),
and also because b(~) is intrinsically dispersive [(2.3)].

It is straightforward to obtain the present
K,' '.,b(dA, A), l2k, '„A,z) according to the definition (4.1) in

the form (4.4), so that in (D30),

Here

p ' '(x
l

1;2)=p(x)(1+ O' 'S' + ' )(1;2), (5.49)

K("(ul A,
l

u')

= 4 '(2') Pr(u' —u)

=(2 ) '(G( '* —G' ')(x
l

1 2) (5.52)

It may be remarked that an equation of continuity f'or

where and hereafter (x) is to stand for (x
l
1;2). Relation

(5.48) directly ensures, with Eq. (5.39) for the coherent
wave, conservation of the entire power ffux, (W (x) ),
given according to Eq. (2.54) by

(W (x))-=(a+p)(x)I (1;2)
= ( w(x) ) +aw. (x), (5.50)

where AW is a change caused by the scatterer, and on us-
ing the second term in Eq. (5.35), can be written as

SW.(x)=(W(x)&V" +' 'I(12)
in terms of the matrix ( W(x ) ) [Eq. (2.54)]. Hence

(W (x))+y"(x)I (1;2)
Qx

X [ —(u ——,
'

A, ).(u' —
—,
'

A, )+B,'+k,' ]

X [ —( u+ —,
'

A, ) .( u'+ —,
'

A, ) +B o + k o ], (6.1)

in terms of the conventional "power" spectrum function
P~(u) of g(p), defined by

&&(p —p') = (Pp)g(p') &

=4 du e '"'~ ~ 'p& u (6.2)

The expression (6.1) is an even function of A, , as it should
be, and in terms of u, u', and A.,

A,
&

——u —A, /2, A,
&

——u' —g/2,
A, 2

——u+ A, /2, A.2
——u'+ A, /2 .

(6.3)

The Fourier transform of M'i)(p2
l p2) with respect to

p2 and p2 can be obtained, by using relation (2.32c), ac-
cording to
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(2m) 5(A2 —A2)M"'(A2)=(2') f dA, 'E'J'('—A, ', A2
f

—Az', &')G(z
f

A,
' fz)

z=d
J

(6.4)

with G(z
~

A.
~

z) given by (3.13). By using Eq. (4.4) with (6.1) and (6.3), we immediately find that

M '~'(Z, ) =4 ' f dX'P&(X' —&&)G(z
~

&'
~

z)

which can be rewritten on setting A,
' =u'+ A, /2 as

( —A, q. A, '+Bo+ko ) (6.5)

M"'(u+A/2)=4 ' f du'P&(u' —u)G(z
~

u'+A/2
~

z)

In the same way

z =d.
J

[—(u+A/2). (u'+A/2)+Bo+ko] (6.6)

M'~'*(u —A, /2)=4 ' f du'P&(u' —u)G *(z
~

u' —&/2
~

z) [ —(u —A /2) (u' —A, /2) +B0 +k o ] (6.7)
z=d J

To obtain the factor P,'~b '(Q) in (4.37) for the surface wave, we first observe that the Fourier transform of local optical re-
lation (2.47) with respect to the p coordinates is presently written, except the factor 5, (z), as

—iA, P '1'(u, A ) = (2i) '[M '1'*(u —A l2) —M '~'(u+A l2)]
—(2m. ) f du'(2i) '[G *(z

~

u' —A, /2
~

z) —G(z
~

u'+A. /2
~

z)]
z=d

J

IC I"(u'
~

A,
~
u), (6.8)

by using (D9) and (D10), and the equation provides us with an equation to find the unknown P '~'(u, A, ) explicitly. Hence,
on using (6.1), (6.6), and (6.7) we obtain

P'I'(u, A, )=8 ' f du'(u+u')Pg(u' —u)I [—(u —A/2) (u' —A/2)+Bo+ko]G *(z
~

u' —A/2
~

z)

(6.9)+[—( u+A. /2)-(u' +A, /2) +B o+k 0]G(z
~

u'+A, /2
~
z)I

~z=d
J

which is, therefore, equal to P 'JI*(u, —A, ), showing that its Fourier inversion with respect to A, , P'J'(u, p), is a real function
ofp and that P 'J'(u, ii) /Bp ) is a real operator. When A, =0, Eq. (6 9) is reduced to

P'i'(u, A, =O)=8 ' f du'(u+u')P~(u' —u)( —u u'+Bii+ko)(G *+G)(z
~

u'
~

z) (6.10)
z =d.j

in which the contribution from the Green function is only the real part of G(z
~

u'
~

z) at z =di, as contrasted to (6.13) for
y,'b ' wherein only the imaginary part is involved.

The coefficients P,'~i '(Q) are given according to (D10) and (D13) by

P'&,"(Q)=P"'(u=k',"Q,X)N.',"(Q,z =d, ),
in terms of P 'J'(u, A, ), and P,&'(Q, z) is by (D12). While y Jb (Q, z) is given according to (D14) by

(6.1 1)

(6.12)y,'b '(Q, z)=(2ik, b') '[M' "(u—A/2) —M '(u+A/2)]5, (z)

with u=k,'b 'Q [where we note that y,~ differs from yI~&' of (3.19d) even when A, =O], and use of Eqs. (6 6) and (6 7) yields

y,~&"'(Q,z)=(4k, i, )
' f du'P&(u' —k,bQ)(BO+ko k,bQ u') (2i) —'(G *—G)(z

~

u
~

z), „5,(z), A, =O
J

(6.13)

which gives y,'Ji,' '(Q ) except the factor 5, (z). And
E,i,

' ,q(Q
~

Q') is gi. ven by Eq. (D30) with (6.1), so that
when A, =O,

,g(Q
~

Q')=. N, l, (Q,z =dj )4 '(2m) P~(k,qQ' —k, bQ. )

X(Bo+ko —k~gk, gQ Q') N~g(Q', z =d& )

(6.14)

For the last integral in Eq. (6.8) we can apply formula
(4.6) by using mode series (3.13) and expression (3.10) for
the factor 51(z)=5(z —d~ ), so that we get the last term in
local relation (D28) [cf. Eq. (D2)], while as to the variable
u in (6.8), we can regard the whole terms, on multiplying

with the additional factor P, P~(z =d~ ) as f,q(u, A, ) in for-
mula (4.6), so that its normal mode transform is given by

f,'q'(Q') [(4.14b)]. Thus the local optical relation (D28) is
reproduced with the terms of (6.11), (6.13), and (6.14), and
consequently the integrated relation (D24), too.

In the relation (D28), the important mode waves are
those of propagative nature, having the factors
A,&k,'b'-5, bk„of very small values for the nonpropaga-
tive mode waves. For the Green function G(z

~ p ~

z),
z =di, involved in M'~' and P'~', on the other hand, we ob-
serve that the important range of p is of the order of the
boundary correlation distance I, which is assumed to be
suKciently small compared with the waveguide height d2,
so that the 6 can be approximated by that along an isolat-
ed planar boundary, in view of a negligible effect from the
other boundary. In this case, it has been shown that'
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G(A, )
—=G(z lA. lz) l, d

=[ih(A, )+Bo+M ~ (&)] (6.15)

Here

h (A. ) =(k +M'~' —A, )' Im(h ) & 0 (6.16)

G(A, ) = [ih (A, ) ]

and, therefore,

(6.17a)

(6.17b)

and also the boundary correlation distance is very small
compared with the wavelength so that in (6.10),

Pr(u' —u) =P~(u') (6.17c)

in view of u —ko. Hence, with d u' = u 'du 'd 0' where
u

' =
l

u' l, we obtain by using (6.17b),

= —4 ' f dQ' f du'Q'(u. Q')u' P&(u'), (6.18)
277 0

where M ' ' =0 in the present case of q =0. Equation
(6.15) shows that M '~'(A, ) is involved in the G(A, ) in exact-
ly the same way as M'~'(A. ) is involved in Eq. (3.11)
through D, (A. ) of (3.8) and (3.9), and that for

l
lm(k)

l
~,

l
G

l

—lM' 'l ' (which is a right
asymptotic form also for the true G) and, therefore, gives
asymptotic expressions similar to those in Appendix B
given in terms of M 'q'.

Here, to evaluate p "'(u, A, ) by using (6.15), we limit our-
selves to the case in which Bo ——0 and M ' ' is negligibly
small so that

M IJ}(Z) 2 —3/2 1/2( g2 ) l
—lp2 (6.22)

which drastically depends on the mode function
N, b(Q, d, ), in contrast to (6.22). Here the factors h, bk, b'

are very small for the nonpropagative mode waves,
demonstrating that the extinction coefficients y, b are
determined by the overall boundary conditions of the
waveguide. While the attenuation coefficients y, b

[(3.19b)] are connected with y, b by relation (D31),
which, with A, =O, sho~s that

2

y, bb, , b( Q)=( k, b/k, 'b') y y, b N, b(Q, Z =d ),
J =1

where k, b is defined by (D4) [the relation is not exactly the
same as (3.25), as a consequence of y, b &y,"b'].

On the other hand, Eqs. (6.21) and (6.22) can be con-
nected through the relation

p, b = —— Re[M'~ (A, )]N,b(Q, z =d, ), A, =k,bQ

(6.25)

which is real, giving y,~b ——0 for A, =O [(6.12)]. This indi-
cates that to obtain y,'b ' or the imaginary part of M' ',
the approximation of using Eq. (6.15) completely fails and
the original expression (3.13) for G must be used. Here
y, b can be obtained more directly by use of (D28); i.e. ,

(j,A. )

when A, =O and dropping the factor N, d(Q, d~) from the
both sides by use of (D30) it gives, with K 'J'(u

l

A. =O
l

u')
of (6.1),

k,dy, d' (Q')=g f dQh, bkgb w, b N, b(Q~d~)
a, b

XK I'I(k, b Q
l

A,
l
k,d Q'), (6.23)

which, from (6.11),gives

p, b (Q)= —4 'nk, bQN, b(Q, z =d/)

X f du 'u ' 'P&(u') .

If we assume a correlation function C~(r) of the form

(6.19)

being another version of the approximation (D32).
The procedure of obtaining the medium counterparts

M,'b' and K,'b'. ,d is also the same, showing explicitly that
p '~I =0 as a consequence of the nondispersive property.

VII. SUMMARY AND DISCUSSION

Cg(r)=(g )exp[ ——,'(r/l) ]

so that

(6.20a)

which is directed opposite to Q so that it diminishes the
unperturbed power fiux along the boundary. This will
work to increase the power density consistent with the
fact that, as a result of Re(M '/') ~ 0 [(6.22)], the wave in-
tensity exponentially decreases with the distance from the
boundary in its neighborhood [(2.2)], implying that the
wave is partially trapped along the boundary.

With the same procedure we obtain a similar expression
for M '/I from (6.6) as

P~(u) =2vr '(g ) l exp[ —
—,'(ul) ], kol && 1 (6.20b)

we obtain

p,'b (Q)= —2 m'/ (g )l 'k, bQN, b(Q, z =d, ),
(6.21)

The wave equation and the two boundary equations can
be unified by one wave Eq. (2.15) having the same form as
that of a wave equation in an inhomogeneous random
medium U, so that the deterministic Green function g can
be defined by Eq. (2.19b) subjected to the new boundary
condition that B„gbe zero on S

&
and S2. This enables the

statistical equations also to be obtained with the same pro-
cedure and in the same form as when only the medium is
random [(2.22) and (2.29)]. The BS equation for the coher-
ence function is constructed in terms of two basic (coordi-
nate) matrices M and K which are subject to a local (opti-
cal) relation ensuring power conservation at every point in
the waveguide and on the boundaries [(2.47)]. Both the M
and the K can be approximated by a sum of independent
contributions from each of the medium and the boun-
daries, and an optical relation of exactly the same form
holds true for each of the medium and the boundaries
[(2.50)], independent of whether the other members are
dissipative or not.
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The power flux has a contribution also from the surface
waves along the boundary surfaces, given in terms of the
factor P [(2.54) and (2.46)]. If the medium were intrinsi-
cally dispersive [(2.14b)], the surface-wave terms would
have an additional contribution from the medium to
change the power flux to meet with the dispersive charac-
teristic, resulting in a possible change of the (horizontal)
direction of wave propagation, etc.

A mode theory of the coherent wave was developed
based on the efFective medium M of a general form [(3.1)
and (3.2)]. The resulting set of eigenfunctions is an entire
function of the Fourier variable A, of the horizontal coor-
dinates, as the whole, and, in virtue of this, an exact (nor-
mal) mode expansion [(3.16)] is possible based on a Ma-
claurin expansion at the set of poles of the first-order
Green function. A mode theory of the second-order
Careen function also can be developed with basically the
same method, starting with the expansion of integral Eq.
(4.5) for the incoherent scattering matrix S in a normal
mode series (4.27), with a fundamental propagator
U, i, (Q, A, ) for the coherent wave [(4.20)]. Again, the series
is based on the Maclaurin expansion at the sets of poles of
G*(1)G(2), which is possible only with the renormalized
Green function (given in terms of M'q~ and M~~') and not
with the "bare" Green function (Appendix B). The mode
summation is made over all the mode waves including, not
only the nonprogatives, but also interfering mode waves
(Appendix C); the last kind of terms are involved only in
the present case of two-dimensional propagation, howev-
er, and are involved neither in case of one-dimensional
(cylindrical waveguide) nor three-dimensional propaga-
tion. The mode waves other than the propagatives are
negligible when change of the intensity is negligibly small
within a separation of the order of the wavelength. The
integral equation can eventually be converted to an equa-
tion of radiative transfer with a term of point source
[(4.35)]. It may be remarked that the incoherent scatter-
ing matrix is important, not only because of giving the in-
coherent part of the wave, but also because of being a
basic quantity to construct an effective scattering matrix
of a fixed scatterer embedded in the waveguide [e.g. , Eq.
(5.19)]. Here a practical means of obtaining the scattering
matrix may be to use expression (2.38), in terms of a
known solution of the equation of radiative transfer, ob-
tained by some means including the conventional method
of eigenfunction expansion.

In Appendix D details of the power equations and relat-
ed optical relations are given with a particular emphasis
on the derivation of their mode expressions, including
those of an integrated optical relation [(D22) and (D23)]
which ensures the equation of radiative transfer to be con-
sistent with power conservation; therein given are also
similar relations that hold true for each of the boundaries.
Here the factors of the surface waves, P~~b ~, play a role of
supplementing a change caused by the dispersive nature of
the original boundaries [(4.38)] in such a way that the total
power integrated over the waveguide height is given by
Eq. (4.39) in terms of a complex vector Q,b [defined by Eq.
(4.19) with (4.12)].

A composite system of the random waveguide with a
fixed scatterer is particularly interesting and important,

providing a typical problem of how to treat a fixed scatter-
er embedded in a random system in general or,
specifically, how to give the solution of the BS equation
(5.12) by a suitable expression, depending on different situ-
ations (location of source, distance, etc. ) and information
required, in the form of the conventional theory of scatter-
ing for a coherent wave whenever convenient. The BS
equation is changed by the fixed scatterer through q

' and
b,K [(5.3) and (5.13)],where the former causes a coherent
scattering together with an incoherent scattering of small
amount and plays a principal role in the scattering, and
the latter AE is of purely incoherent characteristics, and
mostly works as a higher-order correction. Three expres-
sions were prepared for the solution, two for the case
bK =0 and one for the general case: The first [(5.14)] is
particularly convenient when the coherent wave is dom-
inant, and the second [(5.20)] gives the scattered waves in
the conventional form of scattering theory, in terms of an
effective scattering matrix V' ' ' of the scatterer; here the
latter is obtained as the solution of an integral equation
[(5.24)] and is subject to an important optical relation
[(5.25c)] implying that the cross section has negative
values in the shadow direction. The third expression
[(5.35)] is for the general case b,K &0 and is the same as
the second, except for the replacement of the effective
scattering matrix with an exact one. A detailed structure
of the related power equations, particularly of those
changes caused by the scatterer, is very important to see a
precise process of the scattering that takes place through
the coherent and incoherent scatterings in a complex way.
The power conservation is ensured by two optical rela-
tions of coherent and incoherent characteristics, respec-
tively, for two quantities of the scatterer [Eq. (5.44) for
bK and (5.46) for T~ ']. In Appendix E, optical expres-
sions of related quantities are derived in some detail with
the basic equations, and written in a general form so that
they are applicable not only to the present waveguide but
also to a wide class of random systems with a fixed scatter-
er.

Specific expressions of statistical parameters were ob-
tained in Sec. VI to the ladder approximation (2.32b) for
the boundaries provided that the medium is free from the
fluctuation; this case is particularly illustrative because, in
spite of the simple approximation involved, the M and K
are strictly consistent with optical relation (2.48) and also
because the scattering is intrinsically dispersive [(2.3)].

Finally, it may be remarked that the possible back-
scattering enhancement by the fixed scatterer is caused by
AK, and the main contribution is made by the term with
a diagram similar to the first one of Fig. 2(b) except having
one triangle in every solid line. A closed-form equation
can be constructed for AK including all the terms of this
class.

APPENDIX A: AN INTEGRAL REPRESENTATION
FOR G ( x

~

x' ) IN ASYMPTOTIC RANGE

Let f (X) be a smooth and sufficiently slowly changing
function of Q when changing the variable by A, =A, fL,
0 = 1, with the element d A. = A. d k d Q, in such a way that
a dual integral
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(A 1)

X [exp( i—kp+iir/4) f (A.Q')

(2~) J dk. A, I d Q exp( —iAQ. p)f (AQ)
0 2'

can be reduced, for p =
I p I

~ oo, to the single integral

(2m) ' I dA i(. '
0

(Q, a ) —(2 i))/2g —1/2( g) —1

X [e ill , is—r/4M(q)(iQ )

—iil +in/4M(q)( —i Q ) ]
Except for a numerical factor,

(84)

+exp(i /(.p —i n /4)f ( —A.Q')],

(A2)
Thus, from Eqs. (3.8) and (3.9),

'"exp[+
I
Im(~)

I
i]

(85)

where Q'=p/p, after the Q integration with the aid of the
saddle point approximation. The above integral can be
written by the infinite integral

(2~) ' ' I dA, X'
—oo —iO

X exp( i ip+i ir—/4)f (A,Q'),

(A3)

where arg(A, )=0 for A. &0. In the special case where

f (pQ) is independent of Q, being given by f (A, ), an exact
version of the integral is

(4m) ' f dkA, H() '(A.p)f (A, ), (A4)

where Ho '(x) is the zeroth-order Hankel function of the
second kind.

Hence the asymptotic expression (3.18) is obtained by
regarding f (A, ) as each term of the series in Eq. (3.16}.
Whereas, when the effective medium M is anisotropic
enough so that the k, (Q)'s are appreciably dependent on
Q, the result is not quite right, because of an unnegligible
error due to the failure of formula (A3) in the neighbor-
hood of the pole off (A,Q') at i(. =k, (Q').

exp[+
I
Im(~)

I i]

for Im(X)=0

K'q'(xi —x2) = (q (xi)q (x2) ),
we first observe that, in Eq. (4.4),

K.b,„(u
I
X

I

u') =K.b „(u—u }

fr[ (I dr K,b ,d(r)e' ".

where

K,b.,d(r)= J dz)dz2(I},*(z()pb(z2)

XK 'q'(x) —x2)p,*(z( )pd (z2 ) .

(88)

(810)

showing that G(z
I

A,
I

z')~0 by Eq. (3.13).
To investigate the asymptotic form of the integrand in

Eq. (4.6) to the approximation of using Eq. (2.32a), i.e.,

(x)~x2
I

x 1}x2) K (x1 x2+(x) x 1)~( 2 x 2} ~

APPENDIX B: ASYMPTOTIC FORM
OF INTEGRAND FOR EQS. (3.11)AND (4.6)

To the first order approximation of Eq. (2.24a),
M'q'(x

I

x') =0 for
I p —p'

I
& I where I is the correlation

distance of the medium q. Hence the Fourier transform
M 'q'(A, ,a ) defined by Eq (3.5a) i.s an entire function of A,

and a being given by

Here, obtaining the asymptotic form of K,b ,d(u) for.
u =

I
u

I
~oo is straightforward, and the result is the

same as given by Eq. (85) with A, ~u. Hence, from Eq.
(4.7),

If b(u, k)
I . —

I
u

I
"xp[+2

I

Im(u)
I
i], (811)

which shows that, since u =(u, +u2)/2 and g) ——u(Q
—A.T/2 in Eq. (4.6),

M 'q'(A, , a ) = f dp e' PM'q'(p)
ip[ (I

where

(81) I [D,'(A))] 'f,b(u, A, )
I („

I
ui

I

'/',
I
Im(u, )

I

—~

I

u 1 I, Im(u()=0 .
(812)

M,'q'(p)= f dz e'"M'q'(p,
I

z
I

} (82)

M'q'(A, a ) —(2~}' A,

) /2;i. p i ~/4M (q)( Q—)
l+iO

—I+iO

which, by partial integration, gives

(83)

and the eigenvalue a is bounded for
I

A,
I
~ao [Eqs.

(3.7)]. Here we set p=pQ, Q =1, and investigate an
asymptotic form of Eq. (Bl) for

I
A.

I
~ oo, which can be

obtained with the same procedure as when deriving Eq.
(A3), as

Also for
I

u 2 I

~ ao, the same asymptotic form is obtained
with D,"(A.))~Db(7(,2) in Eq. (812). Thus the integrand
tends to zero both for

I
u( I

~ a) and
I

u 2 I
~ a) .

Also it may be remarked that M' ' plays an essential
role to determine the asymptotic form (86) for D, and,
consequently, also (812); that is, the Maclaurin expansion
(4.13) is possible only with the renormalized G and not
with the Green function in the ideal waveguide free from
the fIuctuation. The above conclusion remains unchanged
even for the replacement of q (x) by ((l/Bx)"q (x)(B/i}x)",
as b(~' given by (2.3), for example; the proof is straightfor-
ward with the same procedure. Although we have con-
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sidered only the medium so far, the situation is also the
same for the boundary counterpart. More precisely,
G(z

~

A,
~

z) ~, =d. from (3.13) tends to (6.15) for
~

A,
~

~ co,

showing that M '~I(A. ) is involved in G asymptotically in
the same form as M I~'(A, ) is in D, (A, ) through (3.8) and
(3.9). Therefore, even when q =0 so that M~~'=0, an
asymptotic form similar to (B12) holds true, tending to
zero foreitherof

~
u&

~

oo and
~

u2
~

ce.

APPENDIX C: EVALUATION OF U, g ( 0, A, )

We first introduce the notations k,'(0) = —k, '( —0)
and k*', '(0) = —k '( —Q) for those sets of roots of Eq.
(4.10) with negative real values, so that

k',i
g( —0)= —kIP(0),

y".' b( 0)= —y.'b"(0—),
w,'

g ( —0 ) = —w,'b '( 0 ),
f,'

q( —0)=+f,g'(0)

(Cl)

(C2)

w I (y b
—lQ A ) for +a

0 for —a, (C3)

in terms of the reside value at the pole u
~

——k+', ' existing
in the upper half-plane of u. Here y, b' is defined by Eq.
(4.19) and the symbols +a represent the cases of the poles
u, =k+', '(Q), respectively.

The integral in Eq. (C3) is elementary and is given,
when the members of the mode waves are either (+a, + b)
or( —a, b), by—
(2m) ' f du =(2@i) 'w, l, '(y,'I, ' i 0 A)—. ,

0

Xln
(kp ' —Q.A, /2)
(k*IT'+ Q.A, /2)

(C4)

(where ln takes the principal values), which remains un-

changed against the replacement of a ~ —a, b ~—b, and
Q~ —Q; while, for the other combinations of the mode
waves, the ln factor is replaced by

kq '( —0 ) +Q.A. /2

k.*'T'(0)+0 A, /2
ln I, b

———~i + ln (C5)

kg '(Q) —Q A, /2
ln ~, „=+vri+In, (C6)k*' '( —0)—Q.A, /2

wherein the ln terms are interchanged for Q~ —Q.
Hence since both (C3) and (C4) are invariant against the

simultaneous replacement of a ~ —a, b ~—b, and
Q~ —0, the sum of the series (4.13) over the mode waves
of members (+a, +b) and ( —a, b) can be obtained —by
using an effective U, z (0,A, ) of Eq. (C3) given, on doubling
the integral part (C4), by

[Eqs. (4.14) and (4.15)]. To evaluate the integral (4.16), we
change the path of integration to take it along the positive
imaginary axis; hence,

U,g(Q, A, )= f du
2& 0

U,z(Q, A)=w,'I", (Q, A)[y,&'(Q) i—Q A)

with the elements m'+', +b of m,'b'

k~ '(Q) —0 A. /2

k.*'"(0)+Q A, /2

(C7)

(C8)

in view of the following Q integration.
For the sum of the series over the mode members

(+a, b) a—nd ( —a, +b), on the other hand, we observe
that the In factor in Eq. (C4) can be replaced, effectively,
by two of the ln terms in Eq. (C5), because of being equal
to the sum of (C5) and (C6) with Q~ —0 in the latter;
that is, Eq. (C7) holds true by defining the elements
m+, b, according to

w+, —b —~+,, —b 1+ 1n(e) (T) 1

Wl

kg '( —0)+0 A. /2

k.*'"(0)+0 ~/2

w —,, b( —0)=+w—,b '(+0),
as contrasted to that in Eq. (C2), resulting in several im-
portant changes, as follows. From Eq. (C4), it follows that

f du=0
—a, —b, —0+a, +b, +Q

and using Eqs. (C5) and (C6), also that, efFectively,

+a, —b, +Q

+a, —b

which perfectly cancels those from the second term in Eq.
(C3) for the mode waves (+a, —b). Thus we find the sim-
ple result that the series (4.17) still holds true with a new
U,~(Q, A, ), defined by Eq. (C7) with the replacement of
w, f, ~w I, ', and also with a new summation g, b extend-
ed only over the mode waves (+a, +b) (without any in-
terference term). Also for the case of one-dimensional
propagation, the situation is exactly the same with
k,'& —+ 1 in Eq (4.14a). .

To estimate U,z(Q, A, ) for the propagative mode waves

(C9)

which still has a form similar to Eq. (C8). Thus the result
is finally given by the series (4.17) with a summation re-
stricted to the mode waves (+a, +b).

Equation (C9) first suggests to us that the terms of
(+a, b) are ca—used by an interference of the mode waves
propagating in opposite directions. However, it may be
remarked that this happens only in the case of two-
dimensional propagation, and happens neither in one-
dimensional nor in three-dimensional propagation. A
mathematical aspect of this fact in the three-dimensional
case is as follows: The original series (4.13) formally
remains unchanged (with the understanding of 0 and A, as
the corresponding variables in three-dimensional space),
and a change is caused only through the factor m,'b',
which is still given by Eq. (4.14a) except the replacement
of k,~ '~(k,'& ') . However, this leads to the relation
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$ -~,'yT'[ I —(77k,'g, ') (y, i,
—in A)]. (C 10)

in the present case of two-dimensional propagation, we
use k," '= k,'b '+i y,'b' and a similar expression for kb

' in
Eq. (C8); hence,

whose Fourier transform with respect to the horizontal
coordinates can be expanded in an eigenfunction series of
the form (4.6); where the factor f,&(u, A. ) is presently [Eq.
(3.11)](see also Refs. 17 and 16)

(where
I y t, I

« I" i I

=
I k, i, I

and w,'i '=w, i ), show-

ing that
f,b(u, A, )=(2i) '[D&(A, +u/2) —D,'(A, —u/2)]

XP,*(Ai,z),P~(A2, z)K, i, ,d(u
I
~

I

u') . (D2)

U+, +i, (Q, A, ) =w, i, [(y', i,
' i —n A). .

' (nk—,i, ) '] . (Cl 1)

In a similar fashion we find for the interfering mode waves
that

The result can be given by Eq. (4.17) with the f,'i, '(Q) of
Eq. (4.24), in which

f,b(n) ~Di, (kb 'Q+A, T/2) —D.*(k,*' 'n —A.T/2) =0
U, i(Q, A, ) =tU, i, (y, i ) '[1+(4/n)(k, t /y, i )], (C12)

where

+,—b I
« Iy+, —b I

—Ik.* I
Ikb

whereas for the nonpropagative mode ~aves with

I
k.b I

«
I y.b I

from Eq. (4.10) and, using Eqs. (3.17}in (4.26),

f,i, (n)= 2iN—~b (Q, z)kJ, 'Kgt, ,d(k,'i, 'Q
I

g
I

u'} .

Here

k'&' ——2 '[k*'"(1—~: '")+k'"(1—~'")]

(D3)

(D4)

U+, +i, (Q, A) =(im ) 'iJ, i, (y, i, )
' ln

I
ki, /k, *

I
(C13)

N, b (Q,z)=gg(A, i,z}fi,(A2, z)l, i,
' (D5)

which is close to zero whenever
I k& /k, *

I

—l.
In the range of

I

A,
I
&y„«

I
k,

I

where the spatial
change of the average intensity is so slow that the change
becomes appreciable only after the propagation over a dis-
tance of the order of the coherence distances of the mode
waves, n, „(Q,A. ) can actually be given by Eq. (Cl 1), on
neglect of the second term in the bracket and also the oth-
er terms from (C12) and (C13}.

APPENDIX D: DETAILS OF OPTICAL
RELATIONS

The basic relation is given by Eq. (2.47), which shows a
1ocaI relation inherent between the fundamental matrices
M and K in the BS equation (2.29) and ensures power con-
servation of the entire system at every point in the
waveguide and on the boundaries.

1. Local optical relations

We begin with the second term on the right-hand side,
1.e.)

where

z, I.",'=k "n—z, /2,
A, 2 I,'b kb 'Q——+A, T/2 .

(D6)

The substitution into (4.17) through (4.24) finally yields
a mode transform of (D 1), after setting u' =k,'d"in', by

g Ngi, '(Q, z)k,'i", w,'i', Kgb ',d(n
I
Q ). ,

a, b

(D7)

~P(x
I

1;2)—5(x
I
1;2)(2i) '[M*(1)—M(2)],

Bp
(D8)

also is obtained in the same way, by the multiplication to
the right with U' '(1;2) and the subsequent mode trans-
formation to write it in the form (4.17). Here the result
can be given in a simple form by writing

2

P(x
I

x', ;x&}= g oj(z)P'~'(p p'
I

r', z', ,z2)—
j=1

in terms of the notation K,&.', (dn
I

Q') defined by Eq.
(4.28).

The corresponding transform of the remaining terms of
Eq. (2.47), i.e.,

(2i) '5(x
I

1;2)[G*(1)—G(2)]K(1;2), (D 1) with the mode transform P,'Jd'(u, A, ) defined by

g,~d'(u, A, )= f dp'e' 'e ~' f dr'e '"' f dz', , dzzp'J'(p —p'
I

r', z', ,zz)p,*(A, z', )pd(Az, z2) .

Thus we obtain the normal-mode series for the terms (D8) as

y f dn[ —ik, p', d'(Q, z) —k,d. 'y', qd+ ' '(Q, z)N, d'( Qz)]U, (d QA. ),
c,d

in terms of the notations

2

p",,'(n, z) = y S, (z)p', JJ"(n),
j=1

P,"j"'(Q)=P,"(k' 'Q A, )

and

(D10)

(D 1 1)

(D12)

(D13)
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y,'~&+ I(Q, z) =(2ik,'q ) '[M *(u—A, /2) —M(u+A, /2)] (D14)

with u=kId 'Q, where both M * and M are generally z matrices to be multiplied with the z vectors P,"(A, &,z& ) and
pd(Az, z2 ), followed by setting z, =z2 ——z [cf. Eqs. (3.12) and (3.31)]. We note that even when A, =O, y,'~b+ ' ' are not exact-
ly the same as the yI~&+"' defined according to (3.19c) and (3.19d).

We finally obtain, as a normal mode transformed version of Eq. (2.47), the relation

—imp, ',d'(Q, z)=k,d'y,'d+ ' (Q,z)Nd '(Q, z) —g f dQ'N, 'b (Q', z)k,'b w,'b'K,'b ,d(Q.
'

~
Q), (D15)

a, b

which gives a local optical relation, in the sense of depending on both the coordinate z and the Fourier variable A., and en-
sures power conservation at every point in the waveguide and on the boundaries.

Equation (D15) can be rewritten in terms of more accessible physical parameters by using a relation corresponding to
Eq. (3.26), which is presently given, as is proved later, by

k,'br' [ —iQ.A+y,'q+ '~'(Q, z)]N'bT'(Q, z)+ N ' '(Q, z) =(y' ' —iQ. A, )k "N '(Q, z),cl

z
(D16)

in terms of N,'b'(Q, z) and k,„' defined by (D4). The superscript (k) is to be attached for every quantity after the setting
(4.23).

By using (D16) to delete the term of y,'d+"' ' in (D15), we obtain another expression of the local relation, as

—&A, .[p,d'(Q, z)+Qk, d 'N, 'd '(Q, z)]+ [k,'d 'N, 'd' '(O, z)]

=[y,d (O) IQ A]k—,d A,d (Q, z) —g f dQ'Ngb '(Q', z)k, b w, b K,„',d(Q
~

.Q),
a, b

written in terms of r)N, d (Q, z)/Bz.

(D17)

2. Local power conservation

It is straightforward to find the mode expression of power equation (2.51) for the coherent wave, with the same pro-
cedure of using formula (4.17). Hence, by using definition (D14) for y, b

', we obtain(q+b, A, )

g f dO k,'b '
[ —t&.Q+y, b

' (O, z)]N,'b '(Q, z)+ N, b' '(O, z) U,b(Q, &)N,b'(Q, z')
a, b

b

= g f d Q k,b'w, b'N, b '(Q, z)N,'b'(O, z'),
a, b

(D18)

where the right-hand side is the expression for 6(x
~

1;2)(2i) '[G*(1)—G(2)] and is the same as (D7) except the replace-
ment of K,b.',d (Q

~

Q') by N, b (O, z'), and relation (D16) is derived therefrom, by using (4.18).
The consistency of the equation of radiative transfer (4.35) with power conservation is shown by multiplying both sides

of its Founer transform, i.e.,

[y,b
—i~ O~b ]I~b;~d(Q I

~
I
Q )=w,'b 5«~hdtv(Q —O )+ g f dQ' Ka'b ij (Q

I

Q")Ij ,d(Q.
I,J

with g, b f d Q k,'b N, b '(Q, z) and the following use of the local relation (D17); hence,

(D19)

g f dQ —&X.[p,b (Q,z)+Qk, b N, b (Q,z)]+ [k,'b N, b' (Q, z)] I,b. ,d(Q
~

A,
~

O )=k,d w, d N d '(Q', z),
az

(D20)

which, by the further multiplication with

g, d I dO'N ',d'(Q', z'), precisely reproduces Eq. (2.55) in

terms of the mode functions in view of the right-hand side
representing (2i) '5lx

~

1;2)[G*(1)—G (2)] [cf. Eq.
(D18)].

3. Integrated optical relation and an approximate P,b ( A )

By the z integration of the local relation (D17) over
oo )z ) —~, an integrated relation is obtained to ensure

only the integrated power over the waveguide height, and
is given in terms of

dZ Tab Q, Z

P',d'(Q) = f dz P,„'(Q,z)

(D21)

2

= y. P'j, "(Q)+P,'~g "(Q) (D22)
j=1

(where P,d' ——0 in the present case of an originally non-
dispersive medium), and Q,b [Eq. (4.19)]by
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—i A[P',d'(Q)+Qk' 'b' . ']

=[y d
—lQcd A. ]k d 6 d

—g f &Q'&ab'ka'b't()a'b'K. b'cd, (Q'
~

Q}, (D23)

with

K,"„' ,„(Q.
~

Q')=N' '(Q d )K ' '(k 'Q
i

A,
i

k' 'Q')

X N, d '(Q', d& ). . (D30)

p,d(Q) =lcd(Qcd kcd' Qk, d )—

~cd[(Qcd Q)kcd 2, Qcd( c +c +kd+d )1

(D25)

a, b

which is reduced, when A, =0, to

ycd«)kid ~cd= Q f ~Q ~abkab'u)ab'Kab;cd(Q
I
Q»

a, b

(D24)

where b,,d -5,d [Eq. (3.22)].
As long as the A, dependence is negligible for both the

incoherent term [given by the last integral in (D23)] and
the k,'d' (because of being even functions of A, as realized
when the system is isotropic in the horizontal direction;
see also Sec. VI), P',d'(Q) for 1,=0, i.e., P,d(Q), is given by

In the same way, a medium counterpart of optical rela-
tion similar to Eq. (D28) can be obtained and the sum of
the two relations reproduces Eq. (D23), as may be directly
shown by using the relation

2k'" [ iQ—Z+y""]a("(Q}+y y(~„"N("(Q a )

j=1
= [y.'b) i Q—x]k.(b)~."b)(Q), (D31)

which is the z-integrated version of Eqs. (D16), and is re-
duced to Eq. (3.25) when i Q A=y.,'b, ) and A, r =0.

Equation (D28) provides p(~J '(Q) directly in terms of
M 'i'(A, ), when neglecting the contribution from the in-
coherent term given by the last integral; that is, p,"j ' =p,'id
where

(D26) p'cd'(Q)=i [k,'d'y,'JJ '(Q)Ncd'(Q ~J)] l i, =p ~ (D32)

which means a correction of both the 0 and the k,z to
meet with the dispersive characteristic of the system so
that the total (integrated) power fiux is given by Eq. (4.39).
These equations hold true even in the more general case of
when the original medium is intrinsically dispersive [Eq.
(2.14c)].

A correction term to p,d (Q) is given from (D23) by

which can be evaluated by using an expression similar to
Eq. (D14). The same is also true for the medium counter-
part p,'~g ', which should be zero, however, whenever the
medium is originally nondispersive.

APPENDIX E: DETAILS OF OPTICAL
EQUATIONS FOR A FIXED SCATTERER

—g f dQ ~ab kab u)ab Kab;cd(Q (D27)

A direct proof of the (local) relation (5.46) for T( ' can
be given from its original definition (5.8). By substitution
of the expressions

a, b A, =O

which is zero whenever the factor in large parentheses is
an even function of A, .

T(a)[1+GT(a) ]
—)

T (a)a
[ 1 +6 a T(a)a ]

—)
(E1)

4. Optical relation for each of the boundaries

K,'b ',d(Q
~

Q')=K,'q~' ,d). (Q
~

Q').
2

+ g K,'ib' ,)d(Q
~

Q').
j=l

(D29)

Considered so far are optical relations for the entire sys-
tem, whereas there exist optical relations also for each of
the medium and the boundaries [Eq. (2.50)], which hold
true independently of those of the other members which
may even be dissipative. By applying exactly the same
procedure as when deriving Eq. (D15) to each of the boun-
daries, we obtain a local relation of the same form and, by
the z integration of the result, we also obtain an integrated
relation of each, as

ig.p(i/i)(Q) —k(r)y(jj~)(Q)N( )(Q iiJ }

—g f dQ Dab kab u)ahKo3 ;cd(Q'
a, b

j = 1,2 . (D28)
Here P(iJ ' is defined by Eqs. (D13) and y,'JJ ' is by Eq.
(D14) for y(~&+"' ' with q+b~j and MM "', and

into the third equality of Eq. (5.43), we directly find a rela-
tion

5(x
~

1;2)hy' '(1'2)6' '*(1)G '(2)

=(2i) '5(x
~

1;2)

X I T"*(1)[1+6(2)T"(2)]
—[1+6"(1)T' )*(1}]T' '(2)IG*(1)6(2)

(E2)

by using Eq. (5.7), and the relation (5.46) is reproduced
therefrom.

1. Direct proof of the power equation (5.53)

X &' ' '(1;2)I(1;2) . (E3)

The power equation can be derived as a direct conse-
quence of local optical relation (5.44) for the scatterer, and
this is demonstrated below to the approximation of
bK =0 where I is given by Eq. (5.20). Using Eq. (5.51)
with (2.55),

bW (x
~

1;2)=5(x
~

1;2)(2i) '[6'(1)—G(2)]
Bx
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Here it holds the relation K(1;2)G"(1)G(2)T' '*(llT' '(2» (E9)

V(a, x)I V(a) U(c)(1+KI ) (E4)

which is proved, with the aid of the relation

V( '+) U(C)S = V(a) U(C)Sa (E5)

[which is evident by comparison of Eq. (5.16) with (5.18)],
by substitution of expression (5.21) for S into the right-
hand side and expression (2.37) for U' 'S into the left-
hand side, and followed dropping of the common factor K
from both sides.

Hence, using the expression (E4) in Eq. (E3) with the re-
lation

bW (x
~

1;2)=(2i) '6lx
~
1;2)

C)X

X [G*T"*G*(l)—GT"'G(2)]

+(by —by' ')(x
~

1;2)I (1;2),

by virtue of the optical relation (5.44) for b, y
(bK =0), and, therefore, the power equation (5.53) is
reproduced in view of (5.43).

Also, Eq. (E6} directly reproduces the coherent power
equation (5.45) by rewritting the left-hand side by use of
Eq. (2.51). Here the right-hand side has the same form as
that of Eq. (E7) except the dissipation factor Ay', which
is replaced by Ay' ' —hy =y' ' in the latter, meaning
that an incoherent wave is scattered by the deterministic
scatterer at the additional dissipation of the incident
coherent wave by the factor Ay .

2. Cross section V,'(, -',q(Q'
~

Q")

In expression (5.20) for I with V' ' ' of Eq. (5.19), the
coordinate matrix V' ' is involved only through the com-
bination

U(c) V(a) U(c)( 1.2)

=G*(1)G(2)[T' "(l)T' )(2)G'(1)G(2)

+T' "(1)G*(1)+T' '(2)G(2)],

with the factor K(1;2) on one or both sides. The cross
section (5.25a) of V' ' is found from an optical expression
of Eq. (E8) which is obtained according to the procedure
of deriving Eq. (4.27) as follows.

We begin with the first term in the bracket of Eq. (E8)
when multiplied with K (1;2) from the left, i.e. ,

1;2)(2i) '[G*(1)—G(2)]V' '(1;2)U'c)(1;2)

=&(x
~
I;2)(2() '[G'T' '"G'(1)—GT' 'G(2)]

—&y'"(
~

1;2)U(~"(1;2)

[which is derived straightforwardly by use of relation (E2)
for T' '], we find that

whose eigenfunction transform can be written in the form
(4.6) with

f,&(u, A, )=K;, b(
~

A,
~

u)T „'*(A,) ~

A'(')

&& T(bz)(Az
~

Az') exp[i(A, —A, ").p ] . (Elo)

= f dxdx "(I}b(z)exp[i'. (p —p )]T( '(x,
~

x")

Xgg(z") exp[ iA—" (p,
".—p )], (E1 1)

where p is the center coordinates of the scatterer, and
A, , =u —A, /2, A, z

——u+A, /2, and A, "=A,z' —A, I' [Eq. (4.2b)].
Hence, the result of the u integration in Eq. (4.6) can be

given by the mode series (4.17) with f,b '(Q ) defined by Eq.
(4.14b), provided that the scatterer size is smaller than
half of the medium correlation distance (Appendix B);
otherwise, another mode expansion must be found. To
this end, we first introduce a formula of dividing any ana-
lytic function of a variable u, say f(u) where f(u)~0 for
u ~+ oo, into three parts, as

f(u)=f +(u)+f (u)+f (u),
with

f —(u) = f du'(u' —u +i0)
2,77l —ao

&&exp[+ i(u' —u)b ]f(u'),

Jo(u)=sr ' f du'(u' —u) 'sin[(u' —u)A]f(u'),

where 6 is a positive and arbitrarily large number. The
functions f —(u) are analytic on the upper and lower half-
planes of u, respectively, and f (u) is an entire function
which tends to zero as 6~0. The Fourier inversions of
the respective functions, f (p) and f (p), are d—ifferent
from zero only in the ranges ofp +& 6, and

~ p ~

&b„respec-
tively. This shows that if we are not interested in the func-
tion f (p) within the range

~ p ~
& b., the transforms

f *(u ) are sufficient that have the additional factors
exp(+i b, u) compared with those for b, =0, to change their
asymptotic forms drastically. The situation is also the
same in the present two-dimensional case, by setting
u=uQ with a unit vector Q. The range

~ p ~

&b, can be
chosen to be the interior of the scatterer, where the Auc-
tuating part of the medium should really not exist
[K (1;2)=0], and should be excluded from the integration
range, although this was preliminary included by assum-
ing the basic wave equation (5.1).

Equation (4.13) is now replaced, by dividing the in-
tegrand into the three parts with respect to each of u

&
and

u 2, independently, by

Here T bz'(A,
~

A, ") is a mode transform of T( '(x
~

x"),
defined by

T(;,)(X
~

X")
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F(A)= f dn f du g (ui —k,*' ') '(u2 —kb ') 'exp[+id(n)(u& —u2 —k,*' '+kb ')]w,'b'f,'b~'(n) .
2w 2' 0

t

(E12)

The upper signs of b, (n) are for the poles k +, and k+b, and the lower signs are for the k *, and k b, the u integrals here
involved are still elementary, as in the case of b, =0 (Appendix C). With Eq. (4.9), formula (4.17) is now replaced when
the interference terms are neglected by

F(A, )= f dn g U,b(n, &) exp[ —&(n)(y.'b' —in &)]f,'b'(Q), (E13)
+a, +b

in terms of U,b(Q, A. ) and y', b', defined by Eqs. (4.18) and
(4.19).

Equation (E13) shows that the necessary change can be
achieved by multiplying U,b(Q, A, ) with the factor exp[ ]
which is unity at the pole i Q-A, =y,'b . Here

(2n. ) f dA, U, b(Q, A, )exp[ —b(n)(y,'b' —in A, )]e

0, Q p(b(n)
U,b(Q, P), n-P )5(n),

with U,b(n, p) given by Eq. (4.21b); that is, the factor
exp[ ] serves only to make the propagator U,b zero inside
the scatterer [Q p (b, (Q)]. '

The situation is also the same for the u integration in-
volved in the product

T' '*(1)T' '(2)G'(1)G(2)K(1;2) .

+Dc (~1 )Db (~2)Kcb;ef (u
i (A,

' —A.").pQe (E17)

A,
' and A,

"are regarded as constants, and A, '1, A, '1', u', and u"
are functions of A, 2

——A, z ——A, z' through the relations

X1—Ar2 X y A1 —A2 X o (E18)

On setting A.2
——u 2O, 0 = 1, with d A, 2 ——u 2du 2d Q, we

first rewrite Eq. (E18) as

To obtain a corresponding expression from the second
term in Eq. (E8), we consider the product

K (1;2)G*(1)T' "(1)G"(1)G(2)K (1;2),
whose eigenfunction transform is

g (2n. ) f dA, ,Kf ,b( l
A.,

'
l

u')D," '(A, ', )T'„"(A,',
l

A, ", )
a, b, c

Thus we obtain a mode transform of the first term in the
bracket of Eq. (E8), as [Eq. (4.17)] ~1 u 1 ~T& ~1 u1 (E19)

U,b(n', X )~ b d(n'
l

n'")U„(n", A.")exp[i(A, '
A.")—p ]

(E15)

[where the phase factor is from Eq. (E10)]. Here the two
exponential factors of 6 have been included in U, b and
U,d, and

o' '. (Q'
l

Q")=T'„'"(k,*n'
l
k,*n")Tbd'(kbn'

l

kdn"),
(E16)

in which A, 'T/2 and A, 'T'/2 (of the order of magnitude of
y,,' or smaller) have been neglected with the assumption
that the scatterer size is very small compared with the
coherence distances of the mode waves.

with the components A, 'T, A, 'T' of A. ', A,
"orthogonal to 0, re-

spectively, so that

u'=2 '[(ui+u2)n —A'T],
u"=2 '[(u'i'+u2)n —A, 'T'] .

(E20)

=Db(kbn) =0 (E21)

[cf. Eq. (4.10)]. Hence, Eq. (E17) can be given by a mode
series of the form

Then for given 0, we regard the entire integrand of Eq.
(E17) as a function of independent variables u'~, u", , and
u 2, and expand it at their poles k,*' ' =k,*,k ' =k,*,and
kb, given by

D,*(k" )Q —A'T)=D,"(k*( )Q —A,")

,

'

aD.* aD,*
g f dn(2n. ) f du~kb(u', —k,") '(u", —k,*) '(u2 —kb)

a, b, c 0 Bu1 Bu]

BDb

Bu2

T,', '*(k,*Q
l k,*Q) 'f,b, (n) . (E22)

Here

f,b, (n)=KJ.,b(
l

A,
l
k,bn)K, b.,f(k,bn

l
A,

l
), (E23)

which should have two more factors of exp[ ] in Eq.
(E13), though not written here explicitly.

Since from Eqs. (E19) and (E18)

u1 ——u 2
—Q-A. ', u '1' ——u 2

—Q.A,", (E24)

the u2 integration in Eq. (E22) is elementary and can be
given, to a good approximation, by taking the residue
values at the poles kb existing on the lower half-plane of
u2 and by neglecting those of the nonpropagative mode
waves. Hence, by using Eq. (4.18) for U,b(Q, A, ) with
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w,'b'~tp, b and y,'b'~y, b, Eq. (E22) can be written as

y' f dQI47T(1 K—b)kb(k, bk, b) 'U, b(Q, A, ')U,b(Q, A,")
a, b, c

X T,', '*(k,*Q
~
k,*Q)e f,b, (Q) . (E25)

with

~ab;cd« l

Q )=~ah;cd(Q
I
Q ) yab;««+(Q —Q )

(E27)

Also from the third term in Eq. (El), we obtain a similar
expression.

Thus the mode transform of the entire product
KU' 'V' 'U' 'K is obtained finally in the form

y' f «'«"&l,'.'b(
, l

Q')U. b(Q' ~') l'ab
,
cd(Q''

I

Q")
a, b, c, d

Xexp[i(&' —&") p ]U,d(Q", &")&,d f(Q"
~

)

(E26)

y'd'= [k*(1—lc,'*)—kd(1 Ird—)]Ii

ada
(e)e (E30)

As long as
I y, b I

«
~

k b I
and

I y d I
«

I
k.d I

we
have f,*,d =fb d, = 1 in Eq. (E28), resulting in

f dQ ~~bk&b tp~b 1 ~b;«« l

Q )=0
a, b

by virtue of the optical relation

f d Q A, bk, b'tp, brr, b' ,d(Q
~

.Q )
a, b

=(2i) '[T „','*(kd*Q"
~
k,*Q")—T'd (k, Q"

~

k„Q")],
(E32)

where tp, b ——tp,'b
~ g p and k,'b' are given by Eqs. (4.14a)

and (D4), respectively, and

f,*,d(Q) =(]+i2 'y,'d Ik,'d') '(1 —i 2 'y, d Ik,d ) (E29)

with

o,'b'. ,d is defined by Eq. (E16) and

y,'b' «(Q)=(2. i) '(kgb tp, b)

X [f.*«(Q)5bd T.', '*(k,*Q
~
k,*Q)

fb, d (Q»- T bd (kbQ
l
kd»l (E28)

which is just the mode transformed version of the I in-
tegrated relation of Eq. (5.46), in the particular case
Ay' =0; the proof is straightforward with the same pro-
cedure as when deriving the mode transform (D7) of Eq.
(D 1).
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y [G*(1)~ '(1.2) G(2)It " &(1 2)]
B

Here the summation is over all the q, b], and b2, with the ab-
breviation K' '(1;2)=K' "'(1;2).

' The matrix elements (3.29) for y,' „' ~ have the same form as the
right-hand side of Eq. (2.9b) for sI"(p

~ p, ;p2). Hence, writing
M 'q' =M q —iM l~' in terms of the Hermitian and anti-

~
—()

Hermitian parts M ~ and M I, respectively, the contribution(q} —(q)

of M q to y,'~~ ~ can be written in the divergence form

a, s!~, '(Q, z ~z„z,, )Ik,
so that the substitution in Eq. (3.28) results in the replacement
of the left-hand side by

—[N, 'b (Q, z)+k, b s, 1b '(Q, z)N, b (Q, z)]
az

and the right-hand side by what is given with M' '~M I '.
Here the term of s,'~b ' means a correction of the power fiux
due to the dispersive nature of an effective medium M ~ [cf.(q)
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the surface-wave term in (2.13)].
' The eigenfunctions involved in the transform E,f,I, and S,q. ,d

given by f,'b'(0) [(4.14b)] are to have their values at the poles

u] ——k, ' 'andu2 ——kp
~7In Eq. (D2) we could make an alternative choice of writing the

factor Db —D,' by

Db(u, Q+&T/2) —D,*(u,Q —AT/2)

[Eqs. (4.8)]. But the resulting integrand in formula (4.6) would

not tend to zero for
~

u
& ~, ~

u 2
~

~ ~, so that the expansion
according to (4.13) would not be possible; that is, the result
(D7) can be obtained only with the choice of Eq. (D2).

' The surface Q p=h(Q) does not need to be exactly the real
boundary of the scatterer, and may be any surface slightly
bigger than that because the scatterer is assumed to be very
small compared with the coherence distances of the mode
waves, so that the difference makes no appreciable effect.


