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Cross sections for formation of protonium (pp) in low-energy collisions of antiprotons with hydro-

gen atoms (H) and negative hydrogen ions (H™) are calculated using the classical-trajectory Monte
Carlo (CTMC) method. Full four-body dynamics is performed for p+H™. Previously unpredicted
differences between p + H and p + H™ collisions, stemming from the dynamics of the weakly bound
electron in H™, are exhibited. A maximum protonium formation cross section of nearly 2 A’ for
p + H™ is found, smaller than previous theoretical estimates, but the reaction window is found to ex-
tend to higher energies. The electron stripping cross section for p + H™ collisions is also calculated
and yields results in agreement with our previous three-body CTMC calculation and with a very re-
cent experimental determination. The implications of these results for experiments with corotating

beams of p and H™ are discussed.

I. INTRODUCTION

The protonium atom (pp) is of interest for research in
atomic, nuclear, and particle physics. Studies of pro-
tonium represent an important part of the experimental
program at the CERN low-energy antiproton ring
(LEAR),! =3 which has been in operation since 1983.
The traditional way of forming pp is by stopping an-
tiprotons in high-density hydrogen. The atoms are
formed very efficiently in highly excited states, but be-
cause of large / mixing (Stark) rates in the dense fluid
rather quickly reach an s, p, or d state and annihilate.
New methods are now being developed for future experi-
ments at LEAR. In one, a cyclotron trap will be
used. @14 In another, corotating beams of antiprotons
and negative hydrogen ions (H™) will be merged to form
protonium in flight. These schemes offer the advantages
of formation in isolation and high-resolution spectrosco-
py. A critical parameter in determining the practicality
of the negative-ion technique is the ratio Upﬁ/Us: of the
formation cross section to the stripping cross section.
Stripping can occur either by intrabeam (H™ + H™) or
interbeam (p + H™) interactions. The above ratio is
important in the determination of the optimum p and
H~ beam intensities. A preliminary experiment at
LEAR with a stored H™ beam demonstrated the
influence of intrabeam stripping, but no quantitative ex-
perimental estimate was yet possible.3® A fairly accu-
rate theoretical calculation of stripping in p+ H™ col-
lisions has recently been published* and indicates that
the stripping cross section is somewhat smaller than pre-
viously calculated.” A very recent experiment® has
determined the stripping cross section and corroborates
the more recent theoretical calculation. In the present
work, pp formation cross sections for p+ H and
p + H™ collisions are determined. The same p + H™
calculation also produces new estimates of the stripping
cross section (because much larger impact parameters
contribute to stripping than to pp formation, this was
done for only three collision energies).

The reaction

p+H—pp(nl)+e (1)

occurs mainly at collision energies on the order of or less
than the ionization potential of the target. The calcula-
tion of this cross section is done by the three-body
classical-trajectory Monte Carlo (CTMC) method. The
method is the same as previously used for negative muon
(™) capture by H.” Those cross sections for u~ are in
good -agreement with the limited experimental informa-
tion available; the method should be even better for p

because capture occurs in still higher principal
quantum-number states. For the reactions

pﬁ+2€ > (2a)

p+H — |p+H+e, (2b)

l§+p+2e ’ (ZC)

a four-body CTMC calculation is made. Unlike reaction
(1), all the pure Coulomb interactions cannot be used be-
cause classically the H™ would then generally autoionize.
The potential used is described in Sec. II. The four-body
trajectory method is described in Sec. III.

There are some noteworthy differences as well as simi-
larities between reactions (1) and (2a). The total binding
energy of H™ is slightly greater than that of H (the second
electron is bound by 0.754 eV), and the H™ ion is much
larger than the H atom, suggesting a larger cross section
for (2a). However, in a previous calculation based on the
adiabatic ionization model, the cross sections for H and
H~ were predicted to differ negligibly at E 2 0.1 a.u.® An
important difference between p+ H and p+ H™ is the
Coulomb repulsion with the negative ion. In the former
reaction, the relative potential energy is purely attractive
and the pp-formation cross section increases monotonical-
ly as the collision energy decreases. In the latter reaction,
however, the two negative species are unable to approach
closely at very low energies so the cross section goes to
zero. This implies that pp formation appreciably occurs
in only a rather narrow energy ‘“‘window.” Bracci et al.®
found this window to span 0.03 S E <0.5 a.u.; intriguing-
ly, their cross section appeared to peak sharply at very
low energy (E~0.05 a.u.) where stripping®> is improb-

2024 ©1987 The American Physical Society



36 FORMATION OF PROTONIUM IN COLLISIONS OF . ..

able. The CTMC cross sections for (1) and (2) are
presented in Sec. IV. The cross-section window is found
to be shifted to higher energies and leveled with respect to
Ref. 8. The dynamic effects of electrostatic repulsion at
low energy and of kinetic energy transferred to the weakly
bound electron at higher energy are shown to be impor-
tant.

II. POTENTIAL ENERGY FOR p+H™

In reality, the complete potential for p + H™ is just the
sum of the Coulomb potentials between P, p, and two
electrons. However, a classical H™ ion is not stable (it
usually autoionizes in less than a collision time at the en-
ergies of interest), so judicious use of quantum-mechanical
information is called for.” In Ref. 4 the neutral H atom
was treated as a polarizable core, and the second electron
was bound by an effective core-plus-polarization potential,
a two-body potential. Though exactly that treatment does
not suffice for the target in pp formation, a slight variation
does. In the present work, H™ is described by a three-
body potential, but correlation between the two electrons
is neglected. The first electron is subject to the full nu-
clear charge, whereas the second electron is subject only
to the time-averaged combined effect of the nucleus and
first electron as in Ref. 4. This is realistic because the
core electron responds adiabatically to perturbations by
the weakly bound electron. On the other hand, the p pro-
jectile interacts with all three particles in the target with
pure Coulomb potentials. The resulting potential, in
terms of the distances defined in Fig. 1, is (in atomic
units)

1 1 1 1

th=—R_l+iT}+§4——R—2~che(Ro>+ Vool(Rg)
(3)
where
1 —2r
Veore(r)= 7+1 e (4)
and
a
Vpol(r):-—;r%exp(—ré/rz) s (5)

with ay=4.5 a.u. and r,=1.596a,.* The potential given
by the last two terms of Eq. (3) quantum mechanically

B (p)
R ",
A (B) C (ey)
e R.
R, s
D (eg)

FIG. 1. Interparticle coordinates.
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binds an electron by the actual electron affinity of the H
atom.

Note that Eq. (3) does not contain Rs so there is no
direct interaction between the two electrons. However,
autoionization of this classical H™ atom still occurs even-
tually because of the indirect energy transfer mediated by
the nucleus. The time for autoionization is long enough
that it might nevertheless be possible to describe the target
in this way. However, an additional minor modification
makes the classical H™ ion stable for all time; namely, the
nucleus is given infinite mass. To ensure that this altera-
tion has minimal effect on the collision dynamics, the
masses of the other particles are also changed so that the
e-p and p-p reduced masses are correct. The only error
made is a slightly small e-p mass, but this deviation is
quite negligible.

III. CTMC METHOD

The calculations were done with an expanded version
of the program used’ for 4~ + H and immediately applic-
able to p+ H. The colliding particles were previously
designated A4 + BC, so for consistency the extra electron
of H™ is designated D. For efficiency, the calculations are
done in the center-of-mass (c.m.) system; the required
transformations between different c.m. systems are de-
scribed below. A rudimentary version of this program
was used to treat the du+de collision,'® and the coordi-
nate system for solution of Hamilton’s equations was al-
ready selected for that problem.

A. Hamilton’s equations

The Hamiltonian in the AD + BC c.m. coordinate sys-
tem, illustrated in Fig. 2(a), is

H=Qupc) " |Py|*+Quappc) " | P2 |?
+Quap) P32+ V(Q1,Q3,Q3) (6)
where the notation
pi'l=mimt (7a)
and

1

ik =(m;+m) "+ (my +m)) ! (7b)

is used for the various reduced masses required.
Hamilton’s equations of motion are then obtained by

Q= gg (8a)
and
. oH
R 20, (8b)

Because the potential ¥ in Eq. (3) is expressed in terms of
the interparticle distances, a more convenient form is at-
tained by applying the chain rule to rewrite Eq. (8b) as

. 6 Ry ORy
_pP.= B ORui V.

= 9)
P& R 3Q; 3R

The partial derivatives of the components of the internu-
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clear vectors with respect to the AD + BC frame coordi-
nates are the elements of the transformation matrix in

R, —a, —1 ay

R, 1 0 0

R; l—a, —1 ay Q

R, |= 0 0 1 Q |, (10)
R, —14a, 1 1—a,||Q

Rq a; 1 1—ay

where a,=mc/(mg+mc) and as=mp/(m4+mp).
For later use, we also give here the transformation to the
relative momenta between pairs of particles,
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. B
c.m. (AD) —a Q,
6 -—c.m. (BC)
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(b) B c.m. (BC)
/éo
() Ao

Prel
! —a; —pap/Bappc 1—ay
Prel
2 1 0 0 p
Pgel l—a3 —p c/papse as !
P;el = 0 0 1 P2 ’ (11
Py —as  pep/Pappc  1—as Py
prl ag Hep/Bapec 1—ag
where ay=my/(m 4+mp), as=mc/(m4+me),

as=mp/(m,+mp), and ag=mp/(mg+mp).

The system of equations (8) was numerically integrated
using the sixth-order Gear hybrid method.!! All deriva-
tives were evaluated analytically.

B. Transformations between coordinate systems

Though the equations of motion are solved in the
AD + BC coordinate system of Fig. 2(a), the initial and
final states of the present problem are most naturally de-
scribed in the A4 +BCD coordinate system, designated
Q?, and the AB +CD coordinates system, designated
Qj, illustrated in Figs. 2(b) and 2(c), respectively. The
c.m. motion is separated in all these systems and can be
ignored here. The initial coordinates and momenta (see
Sec. III C) are transformed to appropriate initial condi-
tions for the equations specified in Sec. III A by!?

Q=CcQ’

and

(12a)

(12b)
|

1 0 0
mp+mc

mp(m+mpg+mec+mp)

c.m. (CD)

D @==— ® C

Q5
FIG. 2. Barycentric coordinate systems used in the present

work: (a) AD + BC system, (b) 4 +BCD system, (c) AB +CD
system.

where
1 0 0
my mp(m 4 +mp+mec+mp)

(mg+mp)mg+mec+mp)

I
I

mpg+mc

meg +mc +mD

(13a)
and

(13b)

C'=10 _
mp+mc—+mp

m 4

0 1 _—
m 4 +mD

[Note that the transpose of Eq. (13b) appears in Eq.
(12b).] If no rearrangement occurs in the collision (.e., if
pp is not formed), then the 4 4 BCD coordinate system is
once again appropriate and the solution is transformed

(mA +mD )(mB +mc +mD)

f
back to it by

Q=c"'Q

and

(14a)
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P°=CP. (14b) Q=B"'Q (15a)
If pp is formed, then the AB 4+ CD coordinate system of and P=BP (15b)
Fig. 2(c) is appropriate and the solutions are taken into =4
this system by where
|
m 4 1 mp
m 4 —+ mpg me —+ mp
— mpgmp—m 4m
B= M 4B BMp 4Mmc Hcp (16a)
K ap,BC (m,4+mp)mp+mc) K ap,BC
mpg 1 mc
my+mpg mc+mp
and
mce 1 mp
mp+mc my+mp
mgmp—m m
B-l— 2:19 BMp 4Mc M 4D (16b)
M 4B,cD (m4+mp)imc+mp)  papcop
mpg | m 4
mp+mc m,+mp
I
C. Initial conditions where Ef is the internal energy of the pair of particles

The initial coordinates and momenta of the two elec-
trons of H™ are sampled from microcanonical distribu-
tions, i.e., from on-the-energy-shell & functions at ener-
gies —0.4997 and —0.0277 a.u. The values for the first
electron, which is subject to a pure Coulomb potential,
are easily generated directly from random numbers fol-
lowing a procedure previously described in detail.!3
Simply stated, it corresponds to orbitals having uniform
distribution of the angular momentum squared between
0 and 1, and having random orientation and random
phase. For the second electron, facing a more compli-
cated potential, the distribution is sampled by the nu-
merical procedure described in Ref. 4. The numerical
approximation to a § function is taken to have a Gauss-
ian width equal to 1% of the binding energy, so the ac-
tual binding energies fall in a narrow band of about
+0.0003 a.u. The maximum distance and momentum
sampled were 2.9 (the maximum classical turning point)
and 3.0, respectively, in atomic units.

D. Final state

The trajectories were integrated until the final state
could be clearly identified. For pp formation, passing of
all the following tests was required:

(1) Rz,R3,R4,R6 >Rs 5
(2) EF.E¢'>0,

(3) E¥' <0,

1 1 1
4 rel -
()7|E‘|>R3+R4+R2

+ ' _Vcore(R6)+Vpol(R6)| ’

corresponding to the interparticle distance R;. The
values R; =4a, and y =0.2 were used. By this point, the
classically derived “‘quantum” numbers’ n and [ of the
capture orbital were also found to have reached their
asymptotic values. Total energy and angular momentum
were accurately conserved in all trajectories.

Though the runs done on p + H™ to obtain o - also in-
clude stripping, much larger impact parameters are need-
ed for the convergence of o; furthermore, stripping still
occurs and is of interest at higher energies. Hence
separate runs to obtain the stripping cross sections are ex-
pedient. The conditions required for stripping are

(1) Ry >R, ,
(2)E¥>0,
(3) R;-P¥>0,
(4a) R, >R, or (4b) R¢>R,,
1 1 1 1
rel i 1 Erel _ _
(5a) yEj >R1+R3 or (5b) yE§ >R1+R4 ,

where a applies to the tightly bound electron and b ap-
plies to the weakly bound electron. As in Ref. 4,
R;=10a, and ¥ =0.6 were used. There are a few trajec-
tories where (4b) cannot be satisfied but which are still
reasonably counted as stripping of the weakly bound-
electron. This situation occurs when such an electron
becomes quasibound (at positive energy) by the centrifu-
gal barrier formed with the polarization potential (such
as effect is not possible with a Coulomb potential). Be-
cause such a state would decay quantum mechanically,
the result is reasonably interpreted as stripping. Howev-
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er, such trajectories are rare enough that the effect on
the cross section is well within the stated statistical un-
certainties.

IV. RESULTS AND DISCUSSION (REF. 14)
A. Protonium formation cross sections
for p+H and p+H™

The calculated cross sections for pp formation in p + H
and p + H™ collisions are given in Table I. We first ob-
serve that the cross sections for H and H™ are quite
different from each other in both the low and the high
ranges of the energy, their magnitudes crossing just above
0.5 a.u. The difference at low energy is obviously attri-
butable to the Coulomb repulsion between p and H ™, al-
though, as discussed below, electrostatics apparently does
not suffice to obtain the cutoff quantitatively. The
difference at E>0.5 a.u. might be considered somewhat
more surprising in view of the small difference (0.0277
a.u.) in total binding energies of H and H~. While the
cross section for H falls steeply at £> 0.5 a.u., a similar
drop in the H™ cross section does not occur until £>0.7
a.u. Examination of the energies of the two electrons ion-
ized from H™ yields a clue. The tightly bound electron
usually carries away little kinetic energy, just as it does in
p + H collisions. However, the weakly bound electron
carries away considerably more kinetic energy. The ex-
planation is simple. The electrons are uncorrelated and
ejected sequentially. The weakly bound electron leaves
first, (asymptotically) in the repulsive Coulomb field pro-
vided by the other three particles, and thereby gains kinet-
ic energy. The other electron then escapes in a weak field
similar to that occurring in p + H collisions. The balance
of the above two effects results in an energy dependence of
the pp formation cross section for p + H™ that displays a
broad plateau in contrast to the energetically monotonic
p + H cross section.

The present calculation of apﬁ(13+H‘) is compared in
Fig. 3 with that calculated by Bracci et al.® using a
model based on the adiabatic ionization concept. The
present results find the peak cross section to be about a
factor of 4 smaller and the low-end cutoff to occur at a
rather higher energy. Apparently a static calculation

TABLE I. Protonium formation cross sections for p + H
andp+ H .
o ,5(10° 1 cm?)?
E (a.u.) p+H p+H"™
0.05 6.92+0.26
0.10 4.59+0.17 0.04+0.04
0.20 3.2240.15 1.65£0.18
0.30 2.76+0.17 1.78+0.13
0.40 2.52+0.12 1.85+0.14
0.50 2.31+0.10 1.84+0.11
0.55 0.87+0.06 1.73£0.13
0.60 0.16+0.03 1.71£0.13
0.70 0.03£0.01 1.41+0.12
0.80 0.32+0.07
0.90 0.05+0.03

*Error estimates are statistical only (one standard deviation).
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E (a.u.)

FIG. 3. Cross section for protonium formation in collisions
of antiprotons with negative hydrogen ions. The earlier result
of Bracci et al. (Ref. 8) is shown for comparison (labeled BFP).
Note: 1 a.u.=27.21eV.

does not suffice. At the high end, the present cross sec-
tion is much larger than that found by Bracci et al.,
suggesting that the concept of adiabatic ionization needs
to be modified for collisions of a negative particle with a
negative ion. In such a case, the final-state field, ignored
in the usual formulation of adiabatic ionization, must be
taken into account. At present, no experimental cross
sections for pp formation in p + H™ collisions are avail-
able.

The average n and !/ quantum numbers of the initially
formed pp atoms are given in Table II. The states initial-
ly populated in capture by H and by H™ are similar.
However, the subsequent cascades also depend greatly on
the host targets, which are typically quite different for H

TABLE II. Average values of n and / quantum numbers of
initially formed protonium atoms.

n l
E (a.u.) p+H p+H"™ p+H p+H™

0.05 30.5 19.2

0.10 322 21.1

0.20 36.5 30.2 24.2 18.6
0.30 43.6 333 26.9 22.0
0.40 57.2 37.7 31.3 25.6
0.50 121 45.2 343 28.5
0.55 201 51.8 30.1 30.2
0.60 219 60.5 24.0 31.1
0.70 131 34.8
0.80 154 31.3
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and H™. In future work, we will characterize the n and /
distributions and their effects on cascade x rays and an-
nihilation states.

It is instructive to compare o (P + H) with the cross
section previously calculated for muonic hydrogen forma-
tion,’ ap#,(,u' + H). Figure 4 shows that these two cross
sections are quite similar, differing significantly only at
E>0.5 a.u., where o5 cuts off more rapidly. This
difference is expected because, at a given energy, the pro-
ton is slower and less capable of transferring energy to the
target electron.

B. Stripping of H™ in collisions with p

Four-body calculations for § + H™ collisions at veloc-
ities of 0.03, 0.10, and 1.0 a.u. were extended to large
impact parameters in order to converge the stripping
cross sections [reactions (2b) and (2¢)]. The resulting
cross sections are given in Table III where they are also
compared with the three-body results from Ref. 4. The
agreement with the previous calculations is within sta-
tistical errors and confirms the validity of the polarizable
H core potential used in that work. Note that the four-
body calculations take much more computation than the
corresponding three-body calculations; this is not due to
the extra equations (a 50% increase) as much as it is due
to the smaller time step required to describe the rapid
motion of the tightly bound electron. The experimental

o (10718 cm?)

0.8 1.0

E (a.u)

FIG. 4. Cross section for protonium formation (circles) in col-
lisions of antiprotons with hydrogen atoms. The cross section
for muonic hydrogen formation (squares), shown for comparison,
is essentially the same below 0.5 a.u. The energy is for the c.m.
system (as it is throughout this paper).
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TABLE III. Cross sections for stripping of H™ in collisions
with p.

oy (1071 cm?)

E (a.u.) Vel (@c) Present Ref. 4
0.413 0.03 32.4+3.2 33.2+2.8
4.593 0.1 36.5£2.6 37.7+3.8

459.3 1.0 22.2+1.7 19.1+2.1

value® of 36:£1 A2 obtained very recently for stripping
in H~ + H™ collisions at v ~0.05 a.u., also is in agree-
ment with our theoretical values.

The four-body calculations enable us to discern the rel-
ative contributions of double-electron (2c) and single-
electron (2b) stripping. Of course, at collision energies
less than 14.4 eV (v=0.034 a.u.), only single-electron re-
moval is energetically possible without attendant pp for-
mation. In the calculations at v=0.1, no double-electron
stripping was yet found. At v=1.0, both electrons were
removed in about 9% of the stripping reactions. In no
case was the tightly bound electron stripped without the
weakly bound electron (classically distinguishable) also be-
ing stripped; this observation tends to verify the assump-
tion that electron-electron correlation can be neglected.

V. CONCLUSIONS

The competitive stripping and protonium-formation
cross sections for p + H™ collisions are exhibited together
in Fig. 5. The present and recent CTMC calculations*

100
T T 1T 1T 17T 17 1T 17T 17T T T
- .
L H™ STRIPPING ST PPING |
10 |— —
= = B
~ - PROTONIUM FORMATION -
(3] | —
©
]
o 1= —
b r ]
0.1 —
- e B
|1 R AN N AN N A N O
O'020 0.2 0.4 0.6 0.8 1.0 1.2

E (a. u)

FIG. 5. Stripping cross section (from Ref. 4) and protonium-
formation cross section for p + H™ collisions. The experimental
point is from Chanel et al. (Ref. 6), obtained in H~ + H™ col-
lisions.
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and the very recent experimental measurement® yield H~
stripping cross sections smaller than earlier estimates,’
thereby permitting greater beam intensities. This advan-
tage is partly offset by the current finding that the max-
imum protonium formation cross section for p+ H™ is
also smaller than previously calculated,® by about the
same factor. However, the new maximum occurs at a
higher energy and the cross section is rather flat between
5 and 20 eV. Hence the requirement on the acceptable
beam momentum spread is not so stringent. Because the
present calculations show that protonium formation is
very slow below 3 eV, where it was previously predicted
to peak,® less cooling may be desirable than formerly
thought. One effect of this shift is to close the window
where the protonium cross section once appeared to be
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larger than the stripping cross section.>®

The protonium atoms are formed with quite high prin-
cipal quantum numbers n and usually high angular
momentum /. Formation under conditions suppressing
collisional / mixing should allow long lifetimes and low-n
states to be reached before annihilation. Such conditions
may be achievable in a low-density gas utilizing a cyclo-
tron trap, or with the technique of merged corotating p
and H™ beams.
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