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We consider a ring laser whose counterpropagating modes are coupled by a spatial modulation in
the gain medium. We derive a nonlinear Fokker-Planck equation for these modes. In this way we
show that the diffusion coefficient of the relative phase angle may vanish in both linear and nonlinear

theory.

I. INTRODUCTION

The concept of the spontaneous-emission noise quench-
ing in a correlated-emission laser (CEL) has been
developed recently.! In such a device two laser modes are
coherently coupled. In quantum-beat or Hanle-effect
lasers three-level atoms sustain the two laser modes which
correspond to transitions from two (coherently prepared)
upper levels to a common ground level.? Diffusion in the
relative phase angle between both laser modes can vanish
under certain conditions. It has been shown that this
noise quenching can be used to improve the quantum-
noise-limited sensitivity of both laser gravity wave detec-
tors and laser gyroscopes.3

With the laser-gyro problem in mind, it has recently
been shown that for an active medium consisting of two-
level atoms, CEL operation can be achieved in the two
oppositely directed running waves via a spatial modula-
tion of the active medium.* The noise due to spontaneous
emission is then suppressed just as in the ‘“three-level
lasers™ described above.

In an earlier work, the theory for the correlated-
emission ring laser has been only formulated to first or-
der in the atom-field interaction. Gain coefficients a;,
and a,, for the two modes are obtained as well as cou-
pling coefficients a;; and a,,. Noise quenching in the
relative phase angle is obtained, when these coefficients
are all equal. Therefore a spatial modulation of the
linear gain medium is required. However, there remains
the important question “Will higher-order effects des-
troy this noise quenching?”’ That is, will the nonlinear
modification lead to a spatial hole burning which tends
to modify or degrade the linear CEL noise quenching?
It is therefore the purpose of this paper to formulate a
nonlinear theory that takes saturation in the atom-field
interaction into account. As we shall see, the nonlinear
theory indeed leads to a different type of noise quench-
ing (different formal form for noise quenching) but the
ultimate result is still valid. That is, CEL noise quench-
ing is obtained even in the presence of higher-order con-
tributions to the atom-field interaction. Since steady-
state operation can only be described by the theory in-
corporating saturation effects,’ this necessary condition
shows that the correlated-emission ring laser is indeed a
realizable situation.
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The motivation for the present CEL device derives
from the realm of coherent Fourier optics and hologra-
phy.® In particular, we recall that in the process of pre-
paring in a hologram, one radiates a film with two beams
of light as indicated in Fig. 1(a). These two beams of light
(the reference beam and the incident beam) interfere to
produce a holographic grading or modulation in the film.
We then read out the information stored in this film by
probing with the original light beam which is now scat-
tered from the striated layers of developed film to produce
our new signal [Fig. 1(b)]. In this way we note that the
Read beam scatters from the striated medium to produce
the new signal of interest.

In a similar way one anticipates that a striated gain
medium will produce a strong coupling between the two
counterpropagating modes of the ring-laser gyro. This
correlation will be such that the two modes are strongly
correlated and this correlation is anticipated to carry over
into the quantum character of the fields as well. We
therefore call this type of ring laser a holographic laser
(HL).

In the HL the active medium in the ring cavity consists
of thin layers with a constant spacing (cf. Fig. 2). The
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FIG. 1. (a) To create a hologram, an object beam and a refer-
ence (write) beam interfere. The interference pattern is recorded
on the film. (b) After development the reference (now read)
beam is scattered from the atomic layers in the hologram. From
the scattered light a virtual image of the object is obtained. It
should be pointed out, however, that the modulation in the holo-
gram is varying like sin’z rather than having very narrow peaks.
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FIG. 2. In the holographic laser, each beam is reflected in
part by the thin atomic layers of the gain medium (dotted ar-
rows). When the reflected light interferes constructively with the
light of the counterpropagating beam, noise quenching is
achieved.

coherent coupling of the two counterpropagating modes in
the ring cavity occurs by backscattering.””® When light of
a mode is backscattered from a layer of the gain medium,
constructive interference is achieved when the phases of
the reflected part of the beam and the counterpropagating
beam match. The two modes in the ring cavity can be de-
scribed by their wave vector ki,k,, their frequencies vi,v,,
and their amplitude E, which we assume to be equal for
both beams,

E, :Eoexp[i(klz —Vlt)]
and
E,=Epexp[ —i(kyz +v,1)] .

At the reflection at time ¢ the phases of both beams have
to be equal up to an integer multiple of 27,

k[Zo—-Vlto—Z’lTj: —kzZo-—'Vzto(j =0,%t1,%£2...),

where z( is the coordinate of the reflecting layer. From
this we get

(ki1 +kylzo—(vi—vo)to=2mj .
Since v; —v, contains the small signal, the second term on
the left-hand side will be much smaller than the first term

during the measurement time, so that the condition for z,
is

zo=2mj/(ki+ky)=7j/k
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since k| ~k;.

We conclude from this heuristic derivation that the lay-
ers of the gain medium have to be located at z =(m/k)j in
order to get maximum coupling between the beams. In
fact, the same result is obtained from our detailed
analysis.

In this work we first derive the equation of motion for
the field ensity operator, including saturation for the two
counterpropagating beams. This equation is then tran-
sposed into a Fokker-Planck equation. Via a change of
variables we then obtain a Fokker-Planck equation
which involves the relative phase angle. From this ex-
pression we extract information concerning the drift and
diffusion of the relative phase angle.

II. THE MODEL
FOR THE CORRELATED-EMISSION RING LASER

As in the preceding linear theory of the HL we describe
both modes by annihilation and creation operators a;, a ’1‘,
and az,ag, respectively.’ The modes have “bare cavity”
eigenfrequencies Q; and (,, and their operating frequen-
cies are v; and v,. The losses are described by loss
coefficients y; and y,. Noting that both modes interact
with the same atoms in the gain medium, the equation of
motion for the field density operator is given by*

f"(al,a;\’aba;;”
=—i(Qy—v)a Ial,P]*i(Qz—Vz)[a;(amP]
=3 3 [ [VD,p (0] |s:)+Lip+Lop . (1)

1 S;

The first two terms describe the “free” field oscillations,
the last two terms the cavity losses with

.Ljp=—%yj(afa,-pa—pa;'aj—2ajpa;), i=12. (2

The interaction of the beams with the laser medium is
given by the middle term in (1). pX(?) is the density opera-
tor for the ith atom and the field, obtained from the com-
bined density operator for all atoms and the field by trac-
ing over all atoms except the ith one,

pi(t):TrsI,sZ ,,,,, Si_1Sip s S,Patom—ﬁeld(t) . 3)

The interaction potential of the ith atom and the field is
given by

Viiy=g |b)(a’| 4 (z,t)e ="'+ (adj.) , (4)
where |a’) and |b') are the upper and lower state of the

ith atom with energy separation w. g is a coupling con-
stant, and the combined operator

A(z,n=are” "u(2)+aze "uy(z) (5)
incorporates the normal mode functions u(z) and u;(z).
The coordinate z is defined parallel to the beams so that
the gain medium extends from z = —//2 to z =1/2, and
we assume that the extension of the medium perpendicu-
lar to the beam direction is independent of z.

Now the equation of motion for p'(¢)

piD=— é[V"(t),p"m] (6)

is expanded perturbatively in the usual way,
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iy i i TV p Lorear [ aetvien. ivie™ ol
p(t):p(to)—gfl;dt[V(t ),pa(to)®p(t)]— P ftodt f'o dt"[Vi("),[V'(t"),palto)®p(t)]]
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Note that the influence of a single atom on the field is very small. Therefore we have set p(ty)~p(¢) in Eq. (7). The
first order of this expansion gives the gain, and the third order the saturation, while the second order does not contribute
because of the trace in Eq. (1).

With the help of this expansion the contribution from the gain medium in Eq. (1) can be rewritten and the equation of
motion for the field density operator p is then

f)(al,alr,az,a;;t)=—i(ﬂl—vl)[a;\a1,P]'—i(92—V2)[02‘1;,P]

—7" ’f/zdzn(z)[A(z,z)AT(z,t)erpA(z,t)A*(z,n—zA*(z,t)pA(z,t)]
Bo pin + + . ;
ry /zdzn(z)[A(z,t)A (z,) A(z,t) A (z,t)p+p A (z,t) A '(2,t) A (2,t) A '(2)

+64(z,0) A" (z,0)p A (z,0) 47 (z,0)

—44 1L(z,t)pA (z,0) AN (z,0) A(z,0)—4 47 (z,1) 4 (z,t)A*(z,t)pA (z,)]4+Lip+Lop.
(8)

Here ao is a gain, o is a saturation coefficient, and the summation over all atoms has been transformed into a spatial in-
tegration over the linear density n (z) of gain atoms.!®

III. THE FOKKER-PLANCK EQUATION

We now transform the equation of motion for p into a Fokker-Planck equation.'"!? The density operator p is ex-
pressed in the coherent state representation with a distribution function P(&;,65),

p=[d%6, [ d?6,P(6,,6,)|6:)(6,|8 | 6,)(6,] . 9)
61 and &, are complex numbers corresponding to mode 1 and 2, defined by
3, 67

36, T2

The Fokker-Planck equation for P(&,6>) is now obtained from a lengthy but straightforward calculation. We find
an 3P an  3*P 9°P

a;|6;)=6;]6;) and a;7 | &)= |6;) (for j=1,2). (10)

; d
P(61,6F,65, 65 t) =L _9F T OF —i6_ L i Qi—v )Pl _ L(n _9°
TpOn o202 2 36361 T 2 v6,61 1O agtas, (TP HIi—v3yi—an)lE o (6,P)
. i) i P
_I(Qz—V2)P +[z(Qz——vz)+;(7/2—azz)]a—6,2(é°2P)—%alze (] léla—(gz+62 aéf
d a P d’p
1 Ly — 2 ox 1 . x_ O~
+ 381111 36, (6161 P)— LBt 36— 362 +56,6] 36,067 + Bzz 236 (52621))
— P22 352 +5§252—62P; +Bi212 515f—a—(€2P)+5252 —(6,P)
363 36,063 ’ I 96,
“‘lﬁlzlz 56’16”{‘—8212——4—56’ 6*—al+126 s _azr;___‘_lo(; (g*__az—P
seiE 36,06% 272 36,361 723636, 72 56,061
: oP %P %P
18 —ib * —— (8383 P)+ 4616 —— — 106,65 ——— — 6616 ——
+SB“’128 86’ (6 g GZP)+4a€1( P)+ 86 2 861861‘ 102 agfz
3P 3P
— 663 —106,6f ———
613¢6,36, "1 asro6,
_ J aP 3P 3P
+%B12;228 ¢ aé, — (& 626 P)+ aéa;(égléd 2P)—+—46 6*2 6" 1051 M 661628—(5%
3P 3P
—663———— —106,65 ——
> 36136} 272 36136,
a*p 3*P 3P
181000 ~ 2% $ 16— —106,6% —36%? —363 +ecc. (11)
Fehume 46,167 [61 a6, 7% ag* %2 36136, a6tr 77 o683
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The integration in Eq. (9) involves the normal mode functions and the density of atoms in the gain medium. The
coefficients in (11) are therefore found to be (for i,j,k,m =1,2)

a; anf_lﬁz u;(2)uf(z)n(z)dz ,

172 (12)
Bijim =Bo fﬁlnu,(z) 22k (2)n (2)dz
The angle ¢ is given by
¢=(V1—V2)t A (13)

To obtain the Fokker-Planck equation (12) we have assumed
| Bijskm | << | @iy |

but
| Bijstom | 16112 | Byjskom | | 6212 [y |

In this approximation, we obtain also the mean time derivative of &; and &, from the drift coefficients of the Fokker-
Planck equation. The noise-induced drift can be neglected (cf. Appendix). We then have

&= —i(Q—v)E 1+ Han—y1)6 1+ tahe 6, — 111 6161 —B1212616:6%
— 1By 10e T6TEF — Bl 1206 16T Er— LBhine 0 E36F — LBt 00e 06T 63 (14a)
and
Ey=—i(Qr—)Ey+ Han—y2)624 Lane "6 — 11006365 —Bi2126161 6,
—%/J’Tl;lzeid)(gfg%—"ﬁn;lze "i¢5152g3‘—%f3’12:226’ —gi6t —1B11;220 —HiEi6y (14b)

Both differential equations are coupled in the linear theory (by a;;) as well as in the nonlinear theory (by B12.12, Bi1;12,
Bi2.22, and B1.22, these coefficients take account of the mutual saturation of both beams). In addition, we have the usual
gain and saturation terms for the two beams.

Since we are interested in the relative phase angle between the modes, we substitute new variables for & and &, in a
next step. From the definitions

0,

E1=pie ' and 625p29_i92 (15)

we take pi,p2,9=3(01+6,), and 0=6,— 0, as new variables. Expressing the derivatives in Eq. (12) in terms of the new
variables, we obtain after another straightforward calculation the following Fokker-Planck equation for the distribution
function P (py,p2,¢,0;t):

. oP P P P a’p d’P
P( ,,0;0)=dyP —d (p;y=—— —d (p))— —d(p)— —d(0)=—+D (p,) —= ==
PrP2,P 0 p”ap1 (pz)ap2 (@) 3¢ ( )89 +D(p;) o] +D (p,) op]
azp a’p 3P a’p 3P

+D(@) == +D(6)—+D(p,pry=———+D(p,¢) —— ,0)——

¢ 3¢ 302 P pZ)aplapz +D(p,e 3,0 +D(p, )aplae

J’P 3’P 3%P
D(py,¢)——+D(p,,0 D (g, .
+D(py, @) 3209 +D (p; )8p289 +D(p,0) 3¢ 36 (16)

The coefficients of Eq. (16) are given in Table I, where we have defined 8y, 8;, 6>, and 28; as the arguments of the com-
plex numbers a1, B11:12, B12;22, and 31,22, respectively, and the angle ¢ as

D=0+b=0+(vi—vy)t . 17

IV. DIFFUSION OF THE RELATIVE PHASE ANGLE

We now take a closer look to the diffusion coefficient of the relative phase angle 6 (Table I). From now on we assume
for simplicity that all gain coefficients and all saturation coefficients are real, i.e., §0=58;=8,=063=0. Then we have

2 2 2 2
a a a 5 1P1 P 3
D(6)=“l; 22- = COS‘I’—%(311;11+3zz;2z+312;12 2 _2+_% +1 | =Bz |5+75 p_;_{_p_; cos(2¢)
4p1  4p5  2pip2 P Pl 2 \p3 pi
i 2
+ +(Bri;12—Pi2;22) p__% cost , (18)
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TABLE 1. The coefficients of Eq. (16).

do=y1—an+v2—an+2B1;1p1 +2B2,2p3 + 2B 12(pT +p3) +4 | Birs1z | prpacos(yp—81)+4 | Biz22 | prpacos(—82)

d(p1)=tHan—ypi+ 1 | an|prcos(h—8o)— 1Binpl — 3 | Biiiz | plpacos(p—81)— 5 | Biziza | picos(y—82) — Brzizpipl
— 1| Bu22 | prp3cos(2¢p—283) ,

d(p2)=L(an—y2)p2+ % | a2 | preos(¥—8o) — L B2;2p3 — L | Bis;12 | picos(yp—8:)

— 2 | Biz22 | pipdcos(yp—8:) — Buz1aplpa — & | B2z | pipacos(2—283)

d@)=3(vi+v—Q1— Q)+ 1 |an|

pL_p2
P2 p1

sin(¥—80)— 1 | Bz | %(p?-—p%)sin(w—ﬁl)
2

— 4 1Bz | %(p%—p%)sin(lﬁ—ﬁz)—% | Bi1;22 | (pt—p3)sin(2y—283) ,
1

d(0)=Q1—vi—(Q—v2)— 4 |an | % + % sin($—80)+ 1 | Bz | %<p%+p%>sin<¢—sl>
2 1

+11Bun| ?—(p%+p%)sin(1/1——82)+% | Binz | (pF+pB)sin(20—265)
1

D(p1)=+an—1Binupl— Buyupi— | Bz | prpacos(p—81)— = | B2z | picos(2—283) ,

D(p2)= %azz—- %Bzz;zzp%— %Blz;lzp%— | Biz;22 | prpacos(yp—8:) — 2 | Bz | plcos(2p—28;3) ,

1 |an  axn  2|ap] 1 5 P% P%
Dp)=——|—5+— cos(p—8) | — = 1B, . PPN [ R MR o B |
(4 16 p% p% 010> P —5 32 Biy; 11+ B2+ Bz 3 p% ,D%
3 |pt P}
+ | B2 | |5—5 |5+ =5 | |cos(24h—283)
2 |p5 pt
P p2
+2[ | B2 | cos(yp—81)+ | Biz;2z | cos(p—8,)] | —+ == ]
P2 p1
1 {an  an 2|an| 1 s |pi p3
D(O)=— |—F5+—F5 ————cos(¢y—80) | —— {Bisn+Bun+Bixn 5 S+ |+1
4 | pi P2 Pip2 8 Pz Pi
2 2
— B | [5+3 L+ P2 | lcos(2y—285)
2 | p3 pi
+%[ [ Bi1;12 | cos(p—81)— | Biz;22 | cos(¢p—82)] 'Z—;—% R

D(pip2)=75 || cos(—80) — §[ 1181212012+ 8 | Buy;12 | pleos(¥—8,)+ 8 | Biz;22 | p3cos(¥—8,)+5 | Bir.z | pipacos(2—285)] ,

laa] . 1 | 4p1—3p3 . . 5,0 3,2
D(p, @)= 4p, Sln(l/’—5o)“—§ %;ﬁ|611;12|51n(¢_sl)+ !512;22|P251ﬂ(¢~5z)+%|Bn.,22|sin(2¢~263) ,
1
|a12' . 1 . 42_32 . 5 2_32
D(P2»<P)=—-—Zm—sm(¢—50)+§ !BII;IZ]PISIH(w—al)+—£2—m|BIZ;22|SIH(¢‘82)+ ,Dzzp il | Bi1;22 | sin(2¢—28;) | ,
2
laiz] . 1 . 8p? + 6p3 ) 5024+ 3p32
D(pl’9)=_2—p281n(w_80)+§ 2p2|B12;22'Slﬂ(1/1—82)+p_1p2’9’i2— ]B”;lz’sll’l(d}—sl)‘i-‘f% |B]1;22]Sin(2¢'—283) N
D (py.0)= [an| | 1 i 8p3+6pi . 5p3+3p? .
P25 )= — —Zp, Slﬂ(¢—60)+§ 2p] [B]l;lZ ’ Sln(lp—sl)-f-T |B]2;22 ’ 31n(¢—82)+T |B“;22 ] Sln(2¢—283) .
_1ljan an 1 p% p% P2
D(¢>,9)—4 p% —E +§ [-—Bu;n-f*Bzz;zz-f—%sz;lz [E—;%‘ —21311;121;COS(¢—5|)
Pt Pl

+2(Bian| %cos(t&—&z)—-% Brin |
2

2 2
P2 1
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In addition we require that both modes have the same
average number of photons, i.e., pi=pj=p>. With this
condition, Eq. (18) simplifies to

D(8)= —2_[(111 +a22—2a12cos¢]
4p
— B 11+ B2+ 681212
~8[)’11;22C05(2¢)] . (18a)
How the coefficients a1, a2, @12, and Bi1;11, B22;22, Bi2;12,

and 31,2, are related to each other depends on the modu-
lation of the gain medium, i.e., on the spatial variation of
n (z). Our aim is to obtain equality of all gain coefficients
and equality of all saturation coefficients, i.e.,
an=ap=ap=a and Bi;u=PRn2=BRy1n=R1,2=b.
How we are able to achieve this will be investigated in the
following chapter. Here we assume now that this condi-
tion is fulfilled, and Eq. (18a) simplifies to

D (8)= =5 (1 —cosy)) —B(1—cos2y)
2p
~a~ (1 —costh)—23(1 —cos?p)
207

% —2B(1+cosy) | (1—cosy) (18b)

2p

We see that the diffusion coefficient D (6) vanishes for
=0 also when nonlinear saturation effects are taken into
account. Thus we see that the quantum noise quenching
obtained for the Hanle effect and quantum beat CEL'’s is
recovered and remains valid in the nonlinear regime.

V. MODULATION OF THE GAIN MEDIUM

For traveling waves the normal mode functions u(z)
and u;(z) are given by

u(z)=e™ and u,(z)=e %, (19)
Then from Eq. (13), using the fact that |u, ]2
= |uy |?=1, we have
aj=ag fljizn(z) |u;(z) | 2dz

172 .
= =1)2 )
o f 1/2 U )

172 2i
au—aof n(ze h2dz s

1/2
172
Bii;11=B12;12=P22;22=Po f 2n(z)dz s
2ik
311;12=/312~22=Bof 1/2n(z)e *kzdz

Bum=Bo [ n(2uitzus

2)u(2)u3(z)dz=ay fl/z

/30 fl/2

172
(20)

If the gain medium is not modulated, i.e., n(z)=ng =
const., a1, and f311;2; are of the order of 1/k, which is
very small at optical frequencies. In this case, we no
longer obtain noise quenching in the relative phase angle,
and from Eq. (18a) we have

(z)e¥*dz .
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a ,
D (6) 2 B . (18a’)
From Eq. (20) we conclude that a modulation for which
the gain and saturation coefficients are equal must have
the density of atoms mainly at points where e?*~ 1, at
z =mj/k where j is an integer. In principle we would like
to have 8 functions there but in reality there will be peaks
in the density with a width A. When we assume that
these peaks are of Gaussian type, the density function

n (z) between z = —1/2 and I /2 looks as follows:
J0 no  [m2 |1
niz)= 3, - — —
i=—Js 2]0+1 T A
2
Xexp | == z—%j 21

with j =[lk /27] and no= const.
With this equation we obtain for the integrals of Eq.
(20)

fl/z n(z)dz=ng ,
—172
12 sikeq. _ A%?
f71/2n(2)e dz =ngpexp 3 s
and
172 4ikz 4A2k2
dz= —
fil/zn(z)e 'z =nopexp n2 (22)

We see that all integrals are approximately equal if the
width A is much smaller than 1/k. This result [Eq. (22)]
is still valid when only every nth peak in Eq. (21) is
nonzero (n positive integer). From Eq. (22) we see im-
mediately that all coefficients for gain are equal
(aj1=an=aj;) as well as all coefficients for saturation
(Bi;11=B2;22=P12;12=P11;12=B12:22=P1.22), which is re-
quired to obtain a vanishing diffusion coefficient D (6).

As an example of a possible device, one could envision
optically pumping narrow regions of the active medium
via a combination of interfering pump beams.

VI. MEAN MOTION OR DRIFT OF AMPLITUDE
AND RELATIVE PHASE ANGLE

We now examine the drift coefficient d (6) for the rela-
tive phase angle (cf. Table ). In the Langevin equation
the time development of 6 is given by a velocity and a
noise term. The drift coefficient in the corresponding
Fokker-Planck equation contains the velocxty, but in gen-
eral there is also a noise-induced drift.!* However, this
noise-induced drift can be neglected here as is shown in
the Appendix.

Therefore we can write

P1

O~d(0)= sing

1
Q1 —Q,—vi+vi—5an2

pr
2

+ 1By 12p (p1+p})siny
+%f3’12;22;(p1+p2)5in¢

+ 1B11;22(pT +p3)sin(2¢) + H(1) 23)
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where (t) is the Langevin noise source defined by
(F()F (")) =2D (t —1t') with a diffusion constant D.

For p;=p;=p we obtain the following equation for the
angle Yy=0+(vi—w)t:

P=0,—Q)—apsing+(Bi1,12+Bi2.22)p*singy
+Bi1,20p°sIn(29)) .

Assuming a=ap=ap=a and Bi;n=PRun=R;1n
=P12;220=PB11;22=P (in the case of the discussed modula-
tion), we have

V=0, —Q;—[a—2Bp*(1+cosy)]siny .

For small ¢, we have siny~v¢ and cosi)~1, and we ob-
tain

¢:Q]-Qz—(a—4ﬂp2)¢ .

From Table I we have in the steady state (y;=y,=v)

(23a)

(23b)

(23¢)

p=0=Lla—y)p+1apcosp— %/3p3 —2f3p3cos
—1Bp3cos(2¢)
=la—vp+iap cos¢—Bp3( 1+cosy)?,
ie.,

20—y

B(l4cosy)? — 8B

Therefore, we have

2 1 a(1+COS¢)—'}/
pPr==

—28p? :-_—L:L ,
a—2Bp“(1+cosy) 1+ cos sV

so that
P —Q— 1y, (24)

i.e., locking occurs for

v="2,—qy,
Y

which gives us the phase shift associated with the mea-
surement of small rotation rates.

CONCLUSIONS

The two counterpropagating laser modes in a ring laser
can be coupled via a modulation of the active medium.
For certain conditions, the diffusion of the relative phase
angle vanishes, and this is still true in the nonlinear re-
gime.
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APPENDIX: CONNECTION BETWEEN
LANGEVIN EQUATION AND FOKKER-PLANCK
EQUATION

It is well known'® that a Fokker-Planck equation for N
variables &; (i=1,...,N)

oP({&},1) < O _
3 = ; 3, [d(&)P]
s & (A1)
= [D(&,,€;)P] Al
< 3¢, 0¢, J
is equivalent to N Langevin equations
(A2)

é]Zh,‘({é‘],t)"'zgij({é‘]’t)rj(t) ’
J

where the I';(z) are random variables. The connection be-
tween the coefficients is

D(gi’gj)zzgik({gi’t)gjk({g}’t) (A3)
k

and

d<§i>=hi<1§},t>+zgkj<1§},z>§g,-,-<fg;,t>. (Ad)
k k

The mean motion of the variable &;, is not only given by
the drift coefficient but there are additional terms,

hi({&i},0)=(&;)
d

zd(éi)_zgkj({gi’t)fglf([§}7t) . (A5)
k k

The second term is the so-called noise-induced drift.

In addition we have to rewrite Eq. (16) to obtain an
equation of the form (A1l). The interchange of diffusion
coefficients and derivatives results in a contribution to the
drift coefficients that is the derivative of the diffusion
coefficient.

In our special case, however, where all coefficients are
given by Table I, the derivatives of the diffusion
coefficients are a factor 1/p*> smaller than the drift
coefficients and therefore negligible. The same is true for
the noise-induced drift. Because of Eq. (A3) the noise-
induced-drift term has the same order of magnitude as the
derivative of the diffusion coefficient.
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