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Pump-probe cross-correlation-induced resonances in four-wave mixing
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A rigorous theory of the stochastic field-induced resonances in four-wave mixing with cross-
correlated pump and probe fields is developed. The behavior of the extra resonance for a range of
fluctuation and collisional parameters is discussed. Our results differ significantly from those ob-

tained from a decorrelated theory.

Agarwal and Kunasz' analyzed in great detail the
effects of the fluctuations of the pump field on four-wave
mixing and predicted that the effects of pump fluctua-
tions would be very different from the effects of collisions
due to the atoms of the buffer gas, although both col-
lisions and fluctuations produce relaxation of the system.
They also predicted a redistribution of the coherent radia-
tion, i.e., that the generated radiation has frequencies oth-
er than those obtained by four-wave mixing. The redistri-
buted radiation exhibits additional resonances due to
pumping fluctuations.

Prior et al. discovered that a cross correlation of the
pump and probe fields can lead to additional resonances '

in four-wave mixing. The situation considered by Prior
et al. is distinct from that considered by Agarwal and
Kunasz since the latter work assumed a nonfluctuating
probe. Prior et al. base their work on the ensemble aver-
age of the density matrix elements pkl of the atomic sys-
tem, which are then used to calculate the third-order sus-
ceptibility 7' '. This ensemble average, denoted by
( ), (pkt ), is taken over the fluctuations of the correlated
pump and probe fields. Let (P) be the induced polariza-
tion at the frequency 2co1 —co2. Prior et al. argue that
since (P) exhibits additional resonances, e.g. , at co~ —co2,
equal to the separation co12 of two excited states connected
by dipole transition with the ground state, the four-wave-
mixing signal (via X' ') would exhibit such a resonance if
the pump and probe were cross correlated. The argument
implicitly assumes that the four-wave-mixing signal ID is
related to (P) by

pt t = —i [cokt + I t t +Nkt (t ) ]pi t + ( field terms), (3)

where the field terms are now phase independent. If the
phases associated with the fields are given by the phase
diffusion model, i.e., +kl is a 6-correlated Gaussian ran-
dom process,

(@it(t)d tt(t')) =2yki5(t t'), —

then the ensemble average of p is given by

(4)

(pki ) = —(icoi,i+I kt)(p&t )+(field terms),

where

I kl —I kl +Pkl (6)

Here y„gives the bandwidth of ith field and ycc is the
cross correlation between two fields. Assuming that the
four-wave-mixing signal can be obtained from Eq. (1),
then the argument of Bloembergen et al. will show the
existence of additional resonances if

&.e.,
~13+~23 I 12W0

Let us now consider the case of a three-level system in-
teracting with two fields. Let the field with phase +i (+2)
interact between the levels

~

I ) (
~

2 ) ) and
~

3 ) . Then
from the above analysis it is clear that

+P 1 I 23 —I 23+/ 2

I 12 I 12+/ 1+/ 2 2$CC

I
~
(P) ~'. (I 13+1 23 I 12)+2yccao (9)

Let us look more closely at the argument of Prior et al.
leading to the fluctuation-induced resonances in four-wave
mixing. Consider the equation for the off-diagonal ele-
ment of p,

pkt = —I kt pkt —icokt pr t + (field terms) . (2)

The phase fluctuations from the field-dependent terms can
7 —i rIsl, (( t)

be removed in most cases by defining pkl
——pkle so

that

Thus the extra resonance can arise either from collisions
(ri3+123+I i2) or from the cross correlation of the
pump and probe (yacc&0). In general, cross correlations
and collisions will together determine the characteristics
of the extra resonance.

The prediction based on Eq. (9) for ycc&0 cannot lead
to the correct behavior of the extra resonance since the va-
lidity of Eq. (I) is doubtful. In the presence of fluctua-
tions, one should first calculate

~

P
~

and then take the
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ensemble average, i.e., a correct procedure' will be to
use

(10)

This result is true in the limit of small samples
(specifically to a length less than c/1, where y, is a typi-
cal decay time ) since the propagation eA'ects (via
Maxwell-Bloch-type equations) are not considered. Yet,
incoherently generated radiation, as we shall see later,
also contributes to the small-sample intensity. For large
samples the problem gets extremely complicated. In the
following we implicitly restrict ourselves to the small-
sample limit.

In this paper we present the main results of our investi-
gation' of the effects of pump-probe cross correlation
with regard to fluctuation-induced resonances in four-
wave mixing. We present a theory derived from first prin-
ciples and based on the relationship (10). We verify that a
consistent theory based on Eq. (10) does indeed lead to
the existence of fluctuation-induced resonances in four-
wave mixing if both pump and probe are correlated. We
also discuss the differences between the theories based on
Eqs. (1) and (10). Note that the theory based on Eq. (1) is
in a sense a decorrelated theory as it presumes a factoriza-
tlon like (pgt p» ) = (pk~ ) (p» ) .

We follow the procedure of Agarwal and Kunasz (AK)
but modify their equations to account for the cross corre-
lation between the pump and probe. First we summarize
the AK procedure.

(i) Since there is considerable redistribution of the gen-
erated radiation, a spectral analysis of the redistributed ra-
diation is carried out and contributions to the spectral
peak at (or within a few linewidths ofl 2cot —co1 are select-
ed.

(ii) Each laser is assumed to have stabilized amplitude
but a phase that undergoes diffusion. It is further as-
sumed for simplicity that pump and probe are comp/etely
cross correlated, i.e.,

4, (t)=C (t), (4) =0,
(4, (t) I1,(t') ) = (+(t)+(t') ) =2@,.fi(t —t') .

Moreover, N is a Gaussian random process.
(iii) Using the theory of multiplicative stochastic pro-

cesses and following the method of Ref. 7, the ensemble
averages (p;~(t)) and (p;~(t)pq~(t)) are calculated. (These
quadratic forms are needed in the evaluation of the rpean
of the four-wave-mixing signal. )

Now we recall the equations of AK (in their notation)
which are to be modified. (A reader not interested in the
detail may ignore this and go to the results. ) In the work
of AK, the basic density matrix equation is written in the
form

=Mo +I + e -'"'(M+ o +I+ )+ e '"'(M o +I ),at
(12)

6 =co]—cop

The matrices M~ (M) describe the interaction with the
probe (pump) field. All relaxation parameters are con-
tained in the matrix M. The phase fluctuations of the
fields are in the matrices M and M~. By using transfor-
mations similar to that used in connection with Eq. (3),
the explicit time dependence of these matrices can be re-
moved. The resulting ensemble averages of the redefined
density matrix elements involve additional matrices y, F
which depend on phase fluctuations. The complete cross
correlation between the pump and probe changes some of
those F matrices. For example f, which gives the linear
response with respect to the probe and all order response
with respect to the pump, is now given by [cf. AK, Fq.
(3.7)]

q= =(),F' —M+ m) -'(M+
& 1i "I)+I+ ),

& y"') =(1,F' M) 'I —. - (&3)

The ensemble average of the quadratic forms is still given
by AK, Eqs. (3.16) and (3.17) but the matrix U is now
given by [cf. AK, Eq. (3.13)]

[+i6+y, (F +Ft3) ]U g

—g (M; Ut3t'+My, U,+--")=g+—p . (14)
I

Physically, U's are the first-order (with respect to the
probe) contributions to the quadratic forms (P Ptj). The
spectrum of the redistributed radiation is [cf. AK, Eq.
(4.16)]

S~g ——g [z —M +y, (F + 1 ) ]~,
' 8'g,

J

+ g [z —M +y, (F+ 1)']~,'M, „[z—M + y, (F+1)-' if]„~'[U—g~ +I~/~+(z +@,—|i) ']
j, r, l

+ g [z —M +y, (F + 1)'],, '(I ), (z +y, —i5)
J

(15)

Here, 8 s give the second-order contributions to the
quadratic forms (f gt3). Since the spectrum has many
peaks resulting from the eigenvalues of M which result in
the redistribution of radiation, we isolate the contributions
to the spectral peak in the vicinity of 2'& —co2. Such a
peak arises from poles in the expression Eq. (15) such that
Imz —5 and —co~q (which is of the same order as 5).

We show our results in Figs. 1 —3. Here we have

chosen the same parameters as used originally in the ex-
periments on Na D lines. Figure 1 clearly shows that the
correlated fluctuations of the pump and probe lead to the
extra resonance in four-wave mixing even if there are no
collisions. The next two figures show the combined
effects of fluctuations and collisions. Figures 2 and 3
show that the peak-to-background ratio improves consid-
erably if I ~&0, y, &0. In Fig. 4 we show the decorrelat-
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FIG. 1. Intensity I of the ftuctuation-induced extra resonance

in arbitrary units as a function of the detuning parameter

5p=(co] —e)2+co&2}/y for various values of the laser bandwidth

parameter y, /y =0, 1, 10, and 100, with y, values increasing

from bottom to top. The other parameters have been chosen as

~12~y = 5 ~ 1

X 10, I &= I 2=y(I p+ 2 ), I P=y(I p+ 1), I p =0. For conveni-

ence, all the dipole matrix elements have been set at unity. The

computed signal is proportional to the intensity of the probe and

to the square of the pump's intensity. The actual 5p values for

y, = 10 and 100 are, respectively, three and ten times those

shown.

FIG. 3. Same as in Fig. 1, but with I p =50. The actual 5p

values are as shown for all y, .

tributed radiation exhibits rather dominant fiuctuation-
induced resonances. The decorrelated theory essentially
ignores the redistribution effects and adds all the coherent
contributions to the extra resonances. Only a spectral
analysis of the generated radiation can lead to a proper
understanding of the radiation at 2co1 —co2.

10—17

ed result ID obtained from the theory of Prior et al. and
its comparison with our theory. In the context of the
three-level model, the results of Prior et al. can be ob-
tained from t/+, as given by Eq. ll3). It is clear that the
differences between the two theories are quite significant.
The peak-to-background ratio in the decorre1ated theory
is rather high. The differences in the two theories con-11

tinue to be important until the collisional contribution to
the I 's becomes large in comparison to y, . These
differences can be understood if we recall that the laser
fluctuations lead to considerable redistribution of the gen-
erated radiation via nonlinear mixing and that the redis-

10—19

I"p
——20.0

10—19

10 21

10

1.5

1.0

—50

(b)

rp-o. o

I"p=0.0

50

10—20

0.5

10—21

0.0

6 =0

10
—50 6 =0 50

FIG. 2. Same as in Fig. 1, but with I"p =20, so that the signal
now shows the presence of both Auctuations and collisions. The
actual 6p values for y, =10 and 100 are, respectively, three and
ten times those shown.

FIG. 4. (a) The signal Ig as obtained from the decorrelated
theory. All the parameters are the same as in Fig. 1. The actual
6p values for y, =10 and 100 are three and ten times those
shown. (b) DiAerences between our theory and the decorrelated
theory AI !I:—(I —ID)/I. 6p values displayed are in a narrower
range than in (a), but 5p values for y, =10 and 100 are still mul-

tiplied by three and ten, respectively.
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In conclusion, we would like to emphasize that the sto-
chastic field-induced resonances, as discovered by Prior
et aj'. , should also be seen in higher-order nonlinear mix-
ing experiments with correlated pump and probe. It
would also be interesting to examine the effect of cross
correlation on near-resonant nonlinear mixing experi-
ments.
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