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Behavior of sodium atomic vapor in optical cavities below the threshold for bistability
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A study is presented of the transmission characteristics of low-finesse ring and Fabry-Perot optical
cavities containing sodium vapor and operated below the threshold for optical bistability. Novel

features are observed in the transmission signals obtained as the laser light frequency is swept

through resonance with a sodium D transition. The ring cavity transmission peaks display a broad

absorption profile except for the peak which is tuned to the center of the profile which is almost com-

pletely transmitted. A similarly tuned cavity transmission peak in the Fabry-Perot etalon is split into

three, with the central peak being very narrow. A theoretical description for each cavity is developed

in terms of a A-type, three-state model for the atomic energy levels associated with the transition.

Using parameter values based on the experimental conditions, theoretical transmission signals for the

linear cavity are obtained which are in good detailed agreement with the experimental results. For
the ring cavity, agreement is also good except for the degree of absorption of the central peak.

I. INTRODUCTION

Optical cavities with sodium atomic vapor as an intra-
cavity medium have been the subject of a variety of exper-
iments in the last ten years. First came the observation of
optical bistability in a Fabry-Perot etalon filled with sodi-
um vapor. ' Other work investigating the behavior of
similar systems has included the detection of bistability in
a pseudo-two-level atomic medium created by power and
collisional broadening, the lowering of the threshold for
low- to high-branch switching by optical pumping in the
presence of magnetic fields, the observation of bistabili-
ty in a ring cavity, and the recording of critical slowing
down when the system is subjected to a fast light pulse
and the injected power approached the switching thresh-
old. Tristability ' and self-pulsing' have also been ob-
served in linear cavities filled with sodium vapor and sub-
jected to magnetic fields.

With the exception of the work of Ref. 2, these experi-
ments have exploited the multistate nature of the energy
levels associated with the sodium D lines. A manifesta-
tion of this rnultistate behavior was reported by us in the
preliminary results of experiments involving sodium vapor
as the medium in both a linear and a ring cavity under
conditions below the threshold for bistability. A major
dN'erence in the behavior of the two cavity systems was
observed in their respective transmissions when the fre-
quency of the injected radiation was swept through a D
line. For the ring cavity, the transmission peaks displayed
the absorption profile of the atomic transition, except for
the peak which was tuned to the center of this profile.
This central peak was almost completely transmitted. A
similarly tuned transmission peak in the Fabry-Perot
etalon did not have enhanced transmission but rather was
split into three, with the central peak being very narrow.
A tentative hypothesis based on a A-type, three-state
model for the energy levels associated with the D transi-
tion was made. Subsequently, we discussed" an attempt
to model the ring cavity transmission with a medium of

such atoms, including inhomogeneous broadening. How-
ever, due to an incorrect application of the mean-field ap-
proximation, the qualitative behavior of two-state and
three-state atoms in the ring cavity was found to be simi-
lar. This similarity is removed with the correct use of the
approximation which is detailed in Sec. III C 1.

Recently, a theory has been developed which describes
the behavior of inhomogeneously broadened, A-type,
three-state atoms with nondegenerate lower states in-
teracting with single-mode, plane-wave light in a Fabry-
Perot etalon. ' Computer simulations of the transmission
of the etalon including only the dispersive part of the re-
fractive index as calculated by this theory have displayed
the same general form as the reported experimental data.
In Sec. III C2, this theory is extended to include absorp-
tion and coupling between the atomic ground states.

This paper, then, deals in some detail with the behavior
of atomic sodium vapor in optical cavities below the
threshold for optical bistability. In Sec. II the experi-
ments are briefly described and the data are presented.
Section III consists of the development of a theory to de-
scribe the behavior of both types of optical cavities in
terms of a A-type, three-state atomic model. The simulat-
ed cavity transmissions and the experimental data are
compared in Sec. IV.

II. EXPERIMENT

Details of the experiment setup have been given previ-
ously '" and so only a brief resume is presented here.
The optical cavity consisted of either a two-mirror Fabry-
Perot etalon or a three-mirror ring cavity. All mirrors
were Hat and the input and output mirrors had
reflectivities of 93%. For tuning and fine alignment of
the cavities, one mirror was mounted on a piezoelectric
translator. The free-spectral range of the linear cavity was
approximately 980 MHz and that of the ring cavity 700
MHz. Their finesse, when the injected light was detuned
from the atomic resonances, was between five and nine.
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III. THEORY

A. Energy-level model

The structure of the lowest energy levels of Na is de-
picted in Fig. 3.' Each hyperfine level is 2I" +1 degen-
erate so that, for example, a detailed model for the D2
transition would have to include 16 upper states and 8
lower states. This number of states makes calculations
using this model unfeasible when the parameters have to
be averaged over the velocity distribution and then used
to calculate the field from Maxwell's equations with ap-
propriate boundary conditions. A simple model is re-
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~ ~ ~ ~ ~ ~ ~ ~

F=2
59.6 MHz

3 P

t ~
~ ~
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F-1 35 5 MHz

F=Q 16.5 MHz

structure of the upper level.
In the ring optical cavity, the transmitted light

represents the sum of traveling waves that have propagat-
ed through the atomic medium and been filtered by the
cavity. Thus, the relative peak heights in the transmission
reflect the absorption profile of the intracavity medium.
The inference drawn from the data of Fig. 1 is that the
transition is not exhibiting behavior consistent with a
two-level atomic system where the absorption would be a
maximum at the center. As well, for atomic sodium va-

por at these temperatures, the Doppler width of an ab-
sorption profile is about 1.5 GHz. The width of the total
absorption profile of the ring cavity transmission (neglect-
ing the presence of the central peak) is approximately 3.0
GHz. Together, these two observations suggest that the
absorption profile is due to two, slightly overlapping,
two-level systems. Several configurations of atomic ener-

gy levels could give rise to such an absorption profile in-

cluding the so-called A system where two ground states of
slightly differing energy are connected to the same excited
state.

quired and, as i~plied in Sec. II, the one chosen is the
three-state, A-type configuration with nondegenerate
ground states as shown in Fig. 4.

The dipole moments of the optically allowed transitions

~
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~

3) and
~
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3) are taken as equal and it is as-
sumed that there is equal probability of state

~

3) relaxing
to state

~

2 ) or state
~

l ) . For sodium vapor at the tem-
peratures used in the experiments of Sec. II, spontaneous
emission dominates the relaxation process. Transitions
between the two ground states are not optically allowed,
but a redistribution between them can occur within the
ensemble of atoms due to collisions and ground-state
atoms entering the laser beam path. No relaxations out of
the system are allowed, that is, the system is closed.

This model for these energy levels has been used previ-
ously, ' however some justification for it under the experi-
mental conditions of Sec. II follows. The essence of the
argument is that there is significant mixing of the excited-
state hyperfine levels due to power broadening and of the
magnetic states within a level due to a residual magnetic
field.

Power broadening 6vz is related to the transition Rabi
frequency vz by'

5vp =+2vR

Using an estimate of the peak intracavity intensities of 100
mW/mm, the Rabi frequencies of transitions between
magnetic hyperfine states associated with the D

&
line

range from approximately 80 to 200 MHz while, for the
Dq line, the range is 40 MHz —280 MHz. Considering
that the frequency splitting of the excited-state hyperfine
levels is 189 MHz for the Di transition and that 60 MHz
is the largest splitting in the D2 excited-level manifold,
significant overlapping of the transitions to these levels
would be expected at these intensities. On the other hand,
the transitions from the ground-state hyperfine levels are
separated by 1772 MHz and so no overlapping would
occur for a single atom, although, in the ensemble of
atoms, both transitions lie within the overall Doppler
profile.

Since low-finesse cavities were used in the experiments

2
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FICx. 3. Fine and hyperfine structure of the lowest-energy lev-
els of Na showing the wavelengths of the D transitions and the
hyperfine-levels separation frequency values (Ref. 13).

FIG. 4. The A-type, three-state model for the sodium D tran-
sitions with nondegenerate ground states (

~

1) and
~

2)), equal
dipole moments (p) for transitions to the excited state ( 3)),
and equal rates of excited-state relaxation (I /2). Coupling be-
tween the ground states is at a rate of I 2l.
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reported here, the power broadening at the lowest intra-
cavity intensity is still significant. For a cavity with a
finesse of 10, the power broadening at the lowest intensity
is cne-fifth of that at the peak intensity, while for the
lowest finesse used (approximately 5) the broadening only
decreases by one half. The implication of these estimates
taken in combination with the data of Fig. 1 is that the
simplest model appropriate for the sodium D transitions
under the conditions of these experiments is a three-state,
A-type energy-level configuration with nondegenerate
ground states.

Further, the approximation of equal dipole moments
for the two optically allowed transitions arises from the
observation of optical nutations in an atomic beam ap-
paratus. ' It was found that for each D line, the Rabi fre-
quencies associated with the two ground-state to excited-
state transitions (F=1~F' and F=2~F') were equal to
within 10% measuring error. Also from this data, the re-
laxation rates from the excited state to each ground state
were estimated to be the same, but with less accuracy.

No attempt was made in the experiments to nullify the
magnetic field of the earth which was approximately
transverse to the direction of propagation of the light with
magnitude of 0.6 G. Its presence will cause a mixing of
the magnetic hyperfine substates. As was noted in Sec. II,
there was no qualitative difference observed in the
transmission data of the Fabry-Perot etalon system when
injected with either circularly or linearly polarized light.
This observation is interpreted as a direct result of the
mixing of the magnetic hyperfine substates.

Thus, it would appear that the simple three-level model
described above should be a reasonable approximation for
the energy levels associated with the sodium D lines under
the experimental conditions described in Sec. II and we
now proceed to the development of an appropriate
theoretical description.

B. The density matrix

We consider an ensemble of A-type, three-level atoms
interacting with a classical, traveling plane wave propaga-
ting in the z direction whose form is written as

p23 ———( 1 /Tz + t'~'
)pz3 —t'a' (pzz —p33 ) —t a'p2 t

4

p(2 ——( I/& —t~zl)plz+ta'p32 tap13

with, in addition, the relationship

P lJ PJl

The detuning terms are given by

5 =EGAL
—kv —co31

6 =coL —kv —c032,

(4e)

(4g)

(Sa)

(Sb)

while 1/r(I zt) is the rate of redistribution between the
ground states. The comp1ex variable a is half the Rabi
frequency expressed in radians per second

pEO

2A

Thus cz can be written in the form

a =ao exp(iP),

where

pIEo
2A

(9)

The condition of closure for the system is expressed by
the relation

trp=p»+p22+p33 —1 . (10)

Finally, the usual transformation to the rotating frame for
the off-diagonal elements p;3 has been made, viz. ,

p;3=p;3exp[i(cot t —kz)],
with

P12=P12 .

where v is the component of the atomic velocity in the z
direction and k is the wave number. For spontaneous
emission, the relaxation terms are related by

T, =T /2=1/I

E= —,'Eo exp[i(cuLt —kz)]+c.c. ,

where

Eo =
I
Eo

I
exp(iP) .

(2)

(3)

For the purposes of this study, only the steady-state solu-
tions are required. Gaussian elimination techniques can
be used to solve Eqs. (4) coupled with Eq. (10). The solu-
tions for the off-diagonal elements p;3 have the functional
form

p33 = —2 Im(ap ~ 3 ) —2Im(ap23 ) —p33/T)

p22= 21m(ap23) —(1/r)(pzz —p» )+p33/2T),

pt~ =21m(apt3)+(I/r)(pzz —p~~)+p33/2T(,

p, 3 = —(1/Tz+ t h)p» —t a*(p» —p33) —ta'p&2,

(4a)

(4b)

(4c)

(4d)

Since we neglect polarization effects in our model, the in-
clusion of the vectorial properties of parameters such as
the radiation fie1d and the atomic dipole moment are not
necessary. The atomic response is described by the densi-
ty matrix p;J whose component equations, after the
rotating-wave approximation has been made, are given
b 14 17 18

p'3=a*f (
I
a

I
) (13)

whereas all other terms contain a in modulus form only.
So all calculations were carried out for a real field

I
Eo

I

and then multiplied by the appropriate phase factor. In
practice, the analytic solutions are cumbersome and offer
no significant advantage in computational speed over a
numerical method of solution. A Gaussian elimination
algorithm with backward substitution was used.

The role of the ground-state coupling in the model is il-
lustrated in Fig. 5. Here the dispersion and absorption of
the atomic medium, i.e., the real and imaginary parts of
p31+p3q respectively, are plotted against the laser detun-
ing for various values of ~. A field strength of a=10
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coL L
I
Ep(L) —

I
Ep(0)

I

= — Im[P(
I
Ep

I
)]

2E'pc
(26a)

The mean-field approximation" is made by assuming that
the polarization is constant for the field strengths in-
volved. The expressions then become

E= —,'Ep[ cos(tpL t —kz)+ cos(cpL t+kz)] .

The field E can be written in the form

E= —,'E~ exp(icpLt)+c. c. ,

where the field amplitude E ~ is expressed as

(31)

(32)

4«) —P(0)= «[P( IEo
I
)]/IEo

I

.
26pc

(26b) Ei Ep——cos(kz) . (33)

LcoLp X
a(z)= (p31+p32) .

dz 26pc15
(27)

In state equations of this type, it has been traditional to
express the density parameter in terms of the cooperativi-
ty parameter C. For a two-state system

C =e,bsL/2T (28)

For computational convenience,
I
Ep(L)

I
is chosen to

calculate the polarization. Thus, given an output field
Ey', Ep(0) is calculated and hence the incident field Et is
found from Eq. (21a). If the external parameters such as
laser frequency, atomic density, etc. , are appropriately
chosen, a plot of

I
Er

I
versus

I
Et

I

will take the form of
the "S-curve" signature of bistability. However, for the
purpose of this work, the parameter values are deliberate-
ly chosen to keep the system below the threshold for bi-
stability.

In practice, most calculations are performed in terms of
the Rabi frequency rather than the field amplitude. Sub-
stituting Eq. (18) for Pp into Eq. (20) and multiplying by
p/2A gives

By writing the z coordinate as an explicit function of time,

z=vt+zp, (34)

where v is the z component of the atomic velocity, and
defining terms tp and g such that

N =coL v /c (35)

l/J =cot z p /c

Eq. (33) becomes

Ei =Ep cos(cot+/) .

(36)

(37)

The Rabi frequency term o. is now time dependent and is
given by

a( t) = ap cos(cot +g ), (38)

where ap is half the steady Rabi frequency component
and is given, in terms of Ep, by Eq. (9). The transmission
I„of the Fabry-Perot etalon, expressed as the ratio of
transmitted intensity over incident intensity, is given by

where the two-state absorption coefficient is given by
A(1 —R)

(1—R A ) +4R A sin 9
(39)

coLp T2N

2he c

Substitution of Eqs. (29) and (28) into Eq. (27) yields

. 2CTa(z) =i (p3]+p32) .
dz LT2

(29)

(30)
A = exp[ —cpMX" /(24)] (40)

where A is an attenuation coefficient. We consider only
absorption-free mirrors and so the attenuation is deter-
mined by the atoms only. In the weak-absorption limit,
3 can be written as

This is merely a formal substitution of two-state system
parameters and they have no direct physical interpretation
in the three-state system. Rather, it is a convenient form
of Eq. (20) in which C remains as a free parameter in the
calculations. In particular, C is used merely as a measure
of the atomic density. No attempt has been made to cal-
culate an effective C ' in the presence of inhomogeneous
broadening. Therefore the threshold for bistability does
not correspond to C =4 in our three-state calculations.

9=(5+ —,'tpMX')/(2@) . (41)

The complex susceptibility has been defined as

X=X'+iX

and the detuning 6 is

(42)

(where 4 is the free-spectral range) whereas the half-
round-trip phase shift 0 is expressed as

2. The Fabry-Per ot etalon
6=coL —Q)M (43)

The theory for an ensemble of two-state atoms in a
Fabry-Perot etalon using explicit Maxwell-Bloch equa-
tions and field boundary conditions has received consider-
able attention. However, attempts to utilize these ap-
proaches for three-state systems proved to be not possible
either from a physical or from a numerical point of
view. In the model developed in this section, we consid-
er the boundary conditions implicitly by calculating the
response of the three-state atoms to a standing-wave field F=n&R /(1 —R) . (44)

where AM is the frequency midway between the two
atomic transition frequencies and is the frequency to
which the cavity is tuned. Details of the derivation of
Eqs. (39)—(41) are given in the Appendix.

Finally, R is the ratio of the reflected intensity to in-
cident intensity at each mirror and is assumed to be the
same for each mirror. It is related to the cavity finesse F
by
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The susceptibility is related-to the positive-frequency am-
plitude of the macroscopic polarization Pi by

method.

IV. RESULTS OF CALCULATIONS AND DISCUSSION
X =Pi/&OEi, (45)

p3; =p3; ( t ) exp( i—cot t ) .

W
' '

the Doppler integration explicitly and substitutingriting e
for E& in terms of the half Rabi frequency a, q.
comes

(46)

N
y

P3i(U) t)+P32(i'~t
( / )dx=

eoflvo+'tr CX

(47)

which, in turn, can be shown to be related to the now
time-dependent off'-diagonal density-matrix elements p3; (t
in the form of Eq. (18). Here the transformation for these
off'-diagonal elements is

Figure 6 shows simulated transmissions of the ring cav-
ity as the frequency of the laser field is swept through the
two transitions of the three-state atom ensemble. The pa-
rameter values are listed in the figure caption. The center
cavity transmission peak is tuned to the frequency fM

d b tween the two transitions and the aser re-
quency is expressed as a detuning from this value. e
sequence is for increasing atomic density represented by
the parameter C. The values of C were chosen to obtain
approximate agreement between the computed and experi-
mental data for the absorption of the cavity peaks adja-
cent to the center peak. By substituting appropriate

The density-matrix component equations can no longer be
solved in the usual way by taking the rotating-wave ap-
proximation since eth transformed Hamiltonian is still os-
cillating with frequency cu. However, component values
can be found by solving Eqs. (4) in the steady state after
making the case 2(b) substitutions of Ref. 12,

100%-
(a) C=400

a —+O,'I /2, (48a)

22 ~+~ND+2~ND
~b =~ND+~+(ar/2)

CO —2AND ~ND~~~b =~ND ~ (aI/

where

at =V'I„ao

(48b)

(48c)

(49)

100/o-

O
~~
th
VJ

~~
E
thc
CO

I-

C=600

is the steady part of the half Rabi frequency weighted for
the relative intensity inside the cavity and AND and
are the detunings given by Eqs. (5) but without the
Doppler term kU. The density-matrix components p 3' cL)

are related to those in Eq. (47) by the transformations

(c)
100%-

C=1000

p32 =P 32 exp[i(cot + ij'j) ],
p3i =P3i exp[ i(cot+it )] . —

(50a)

(50b)

(51)

with

NP COMk=
7

E'pflQ) D +77
(52)

d
'

th 1/e width of the Doppler profile. Thus, by
evaluating the relevant terms, the implicit equation or
Eq. (39), can be solved numerically by an iterative

By neglecting the oscillating terms, the expression (47 for
the susceptibility can be written as

—b —b

J exp( —co /coD )der,x—
COM 0 (XI

-4 -3 -2 -1 0 1 2 3 4
Laser Detuning (GHz)

FIG. 6. Simulated transmission of a ring cavity vs laser de-

tuning calculated in the mean-field limit for a peak intracavity
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C = 1000.width=1. 5 GHz. (a) C=400, (b) C=600, and (c) C=
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6= —-~M+
2 (53)

from Eq. (51), provided the density (k) is large enough.
Thus, from Eq. (41), 0 can be zero again and another
transmission peak exists close to the fM. Similarly, there
will be another peak symmetrically placed for 6 & 0.
Furthermore, since the width of the observed transmission
peak depends on the rate of change of the phase at 0=0,
the central feature of the triple-peaked profile should be
narrower than the other peaks of that profile as the slope
of the dispersion curve is greatest at 6=0. Also, as this
slope increases with increasing density, the central feature
will become narrower.

A physical description of the phenomenon can be given.
Atoms of the velocity classes which have Doppler shifts
so that they are near resonant with the radiation traveling

the discrepancy in the position of the outer peaks is not
surprising.

It is interesting to note that there is a slight distortion
of the base of the inner side of the simulated outer-cavity
profiles which also appears in the majority of the experi-
mentally recorded peaks. These regions are close to the
frequencies of the two atomic transitions from the ground
states.

The behavior of the Fabry-Perot etalon transmission
can be explained in terms of the macroscopic susceptibili-
ty whose real and imaginary parts are plotted in Fig. 8.
For a cavity tuned to fM, it can be seen that when the
laser is detuned such that 6 &0, then, since the dispersion
is positive [Fig. 8(a)], it is possible to meet the condition

in one direction only are strongly pumped to the non-
resonant ground state and so do not contribute
significantly to the macroscopic susceptibility of the medi-
um. However, those atoms which have Doppler shifts
close to half the ground-state splitting interact resonantly
with both forward and backward traveling light. Their
sharp resonance behavior leads to enhanced absorption
and rapidly changing dispersion about the "resonance"
frequency fM. The cavity resonance condition depends
on the intracavity optical path length, and hence on the
dispersion of the medium. Conditions here are such that
as the laser is detuned from fM, the laser —empty-cavity
detuning frequency is offset by the change in the optical
path length due to the rapidly changing dispersion.
Effectively the cavity is frequency shifted back into reso-
nance with the laser after a small-laser detuning. Since
the phenomenon can happen for positive or negative de-
tunings, the three-peaked profile is created.

The relative degree of transmission of the cavity peaks
is reflected by the medium absorption as depicted in Fig.
8(b). As stated, the greatest contribution to the nonlinear
absorption centered on fM comes from those atoms with a
Doppler shift of exactly, or very close to, half the
ground-states frequency splitting. We have subsequently
performed experiments using the same Fabry-Perot etalon
but with an intracavity medium of an array of sodium
atomic beams. The collimation of the beams was such
that the residual Doppler width was reduced well below
the ground-state splitting and both ground-state hyperfine
transitions were clearly resolved. Under these conditions,
there is no longer a velocity group of atoms which can
have both transitions simultaneously in resonance with
the intracavity field. As was expected, the triple-peaked
phenomenon was not observed.

V. SUMMARY

C0
CO

4l
CL
Vl

O

c
O

CL
L
O
lh

The unusual behavior of the transmission of low-finesse
optical cavities filled with sodium vapor as a function of
the injected-field frequency which is swept through a D
transition has been studied under conditions below thresh-
old for optical bistability. The experimental data could
not be explained in terms of a two-state model for the en-

ergy levels associated with the atomic transitions and so a
theoretical description for each cavity configuration was
developed using the A-type, three-state model. While the
salient features of the transmission data for the ring cavity
are reproduced using this theoretical model, there is
disagreement in the degree of absorption of the cavity
peak tuned to the frequency midway between the atomic
transitions. However, in all aspects, the theoretical calcu-
lations for the Fabry-Perot etalon case incorporating the
three-state model demonstrate good agreement with the
corresponding experimental data.

-1.6 -10 -05 0 05 10
Laser Oetuning (GHz)

1.6
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FIG. 8. The macroscopic susceptibility of the Fabry-Perot

etalon intracavity medium as functions of laser detuning. (a)
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are as in Fig. 7 and the Rabi frequency is 180 MHz.
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APPENDIX

where 3 is the attenuation coefficient

3 = exp( 2K—L) . (AS)

( I r2)e —KLI
2 —2KL iP (A2)

where the relation

t =1—r (A3)

has been used. The transmitted intensity is found from
Eq. (A2) by

IT ——ETE (A4)

where the asterisk represents the complex conjugate. The
transmission of the cavity is the ratio of the transmitted
intensity to the incident intensity,

The derivation of the transmission of the Fabry-Perot
etalon, Eq. (39), follows the standard treatment of adding
all of the individual transmitted fields. However, with
an absorbing medium, the field is reduced by exp( KL)—
for each pass through the medium between the mirrors,
which are separated by distance L. Hence, we can write
the transmitted field as

ET =EIt2e —KL+Elt2r2e —3KLeip

+E t2 4 —5KL i2P+ (A 1)
where EI is the amplitude of the incident field, t is the
fraction of the field transmitted through each mirror, r is
the fraction of the field refiected at each mirror, and p is
the round-trip phase shift of the field. For simplicity, r
and t are taken to be the same for each mirror. From Eq.
(Al), FT is

Equation (A7) is Eq. (39) of the text. The phase shift and
the absorption are related to the real g and imaginary ~
parts of the refractive index, respectively, by

0= coL 'gL /C (A9)

K =Q)L K/C (A10)

The refractive index is related to the susceptibility by the
relationships

2 K2 1

2'gK =g
(A 1 1)

(A12)

To a good approximation, under the conditions of this ex-
periment, 7"«7' « 1. Then,

g = 1+—,'g',
x=g"/2 .

(A13)

(A 14)

As well, the free-spectral range N of the cavity is related
to the distance L between the mirrors by

4=c /2I. . (A15)

If the cavity is considered tuned to ~M, then, neglecting
multiples of 2~, the phase shift can be written as

&=(coL, —coM+ —,'tol. X')/(2@) . (A17)

Substituting Eqs. (A13) and (A15) into Eq. (A9) yields

(A 16)

I„=IT /El,
giving

(A5) Substituting Eqs. (A14), (A15), and (A10) into Eq. (AS)
gives

—2KL( 1 2)2I„=
(1 re ) +4r e — sin (P/2)

(A6)

By defining the fraction of intensity reflected at each mir-
ror as R, and the half-round-trip phase shift as 0, Eq.
(A6) is written as

A = exp[ —coL+"/(2Q)] . (A18)

3 = exp[ —coMX"/(2N)], (A19)

Finally, assuming that the laser is never greatly detuned
from coM, Eqs. (40) and (41) are obtained, that is,

A(l —R)
(1—RA ) +4RA sin 8 0=(5+—,'toMX')/2&9) . (A20)
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