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Positronium formation from He, Be, C, O, and Ne by the impact of high-energy positrons
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Positronium formation from He, Be, C, 0, and Ne by energetic positrons has been studied using
an approximation which is complete through all second-order terms in collisional potentials. We
have calculated differential and total positronium-formation cross sections for a wide range of ener-

gies. We obtain clear evidence of residual structure near the Thomas angle in the keV range of ener-

gies due to the destructive interference of second-order amplitudes. At a fixed energy this structure
gradually disappears as the target charge increases and for a fixed target this structure becomes more
prominent with the increase of energy. The total cross section for capture by positrons (o.p, ) in the
present method differs from the corresponding cross sections for capture by protons (o H) at least by
an order of magnitude at the same velocity. Our cross sections are qualitatively different from the
first-order Brinkman-Kramer results. For example, the ratio o.p, /o. H decreases with the increase of
energy in the present method whereas in the Brinkman-Kramer approximation this ratio increases

slightly. A number of possible experimental tests are discussed.

I. INTRODUCTION

Positron-impact rearrangement collisions are now em-

erging as a useful way to gain new insight into electron
capture in both theoretical and experimental atomic phys-
ics. Total cross sections for electron capture by positrons
from hydrogen atoms' are predicted to be larger by an or-
der of magnitude than for electron capture by protons at
the same velocity in proton-hydrogen collisions. At
present there is no experimental test in atomic hydrogen
because it is difficult experimentally to use the hydrogen
atom as the target. However experiments are now be-2 —4

ing done in atomic or molecular targets containing more
than one electron, e.g. , He, which are easier to use experi-
mentally. In a very recent measurement in helium
Fromme et al. observed that the ratio o.p, /o H for v =3.9
is about 25, which is qualitatively consistent with our ear-
lier prediction' for atomic hydrogen. Hence to compare
theory and experiments it is worthwhile to apply our ear-
lier method6 for positronium iPsi formation to targets oth-
er than atomic hydrogen. In this paper we present calcu-
lations for various atomic targets which are experimental-
ly accessible.

It is not yet clear whether the capture mechanism in
positron-atom scattering is a two-step process, as it is for
an ion-atom collision, or an even higher-order process.
The angular distributions of these cross sections can pro-
vide information about the nature of this capture mecha-
nism. In ion-atom collisions the observation of the Tho-
mas peak in the angular distribution of the cross sec-
tions ' confirmed the prediction "' that capture is a
two-step process. For positronium formation it has been
predicted that two second-order Thomas-like mechanisms
interfere destructively' ' in 1s-1s capture eliminating the

Thomas peak in the differential cross sections. However,
the nature of the residual structure near the Thomas angle
due to the destructive interference of second-order ampli-
tudes is not yet well understood.

Relatively few attempts have been made to calculate
positronium-formation cross sections from nonhydrogenic
atoms in the intermediate- and high-energy region.
Drachman et al. ' developed a method in the two-state
coupled static approximation which may be applicable to
study a system such as e++He at high velocities, but
they gave results for e++H only at low and intermediate
energies. A classical trajectory Monte Carlo calculation
has been done for e++H by Ohsaki et al. ' and first
Born calculations have been reported, again for e + +H by
Ma et al. ' Also Mandal et al. ' studied the positronium
formation in hydrogen including the distortion potential
to all orders but they neglected some second-order terms
such as Vz, Vp, and Vpz Vpe which are needed in the
high-energy region. In a review article Ghosh et al. ' dis-
cussed the low-energy positronium formation and some
elastic scattering for e++He system. Shakeshaft and
Wadehra' presented an insightful calculation that can be
applied for targets of high nuclear charges. Their
distorted-wave Born calculation treated the second-order
terms such as V&, GpVp, and Vpz. GpVp where Vpz-, Vz;
and Vp, are the positron-target, target-electron, and
positron-electron interactions and Gp is the free-particle
Green's function. They presented some results for
e++H system up to 200 eV, and their method is applic-
able to systems such as e++He and targets of higher nu-
clear charge. However, they used the plane-wave inter-
mediate states which are not always adequate to describe
the angular distribution near the Thomas peak as pointed
out by Briggs et al. ' who advocate Coulomb distorted
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intermediate states, such as we use in this paper. Also
Shakeshaft and Wadehra' omitted some of the second
Born contributions. We include all second Born contribu-
tions in our calculation. In the present theoretical investi-
gation we consider the differential and total cross sections
for the reactions e++ A (ls)=Ps(1s)+ A+, where
represents the atomic targets He, Be, C, 0, and Ne. We
have used the earlier developments of Deb et al. ' with
necessary changes in reduced mass, effective target charge,
etc. , for the present investigation. In the next section we
brieffy describe our method of calculation. Atomic units
are used throughout the work and all the notations used
here are consistent with our earlier works. '

II. THEORY

The basic transition matrix element is given by

T =/pf
~

Vf(1+G+ V;)
~
Q/),

where g; and gI are initial target state and final positroni-
um state wave functions. G+ is the total Green's func-
tion, V; and Vf are the interactions in initial and final
channels, respectively. It is to be noted here that in the
present calculation we include the "internuclear" potential
V„=ZT/R which is generally excluded for electron cap-
ture by heavy particles. Here ZT is the effective target
charge and R is the distance between positron and the tar-
get nucleus. In order to evaluate amplitudes in our
method, it is convenient to express the exact T matrix as

T= T]+T2 —T3

T[ ——16~ C
0

limX(G, H)
a a

B i c 0

they are quite small, namely of the order of (m/M~)
where m (Mz ) is an electron (projectile) mass. When
M~ =m, as is the case for positron impact, these terms
cannot be ignored. All four terms are illustrated in Fig.
1. The last two terms include effects of the positron-
nuclear Coulomb interaction on 1(; giving rise to Coulomb
distortions on g;. Hence they have been referred to as
second-order distortion terms. In atomic hydrogen it is
these second-order distortion terms that prevent the cross
section from going to zero at 45 in a second-order calcu-
lation. '

In the calculations presented here the matrix elements
T1, T2, and T3 are evaluated following the method of
Deb et al. developed for e++H. Specifically the full
Green's function G+ in T] is approximated by a
Coulomb Green's function by ignoring the —1/p poten-
tial in G . In Tq, which contains the two singular
second-order Thomas-like terms, Zr ( 1/R —1/r ) is ig-
nored in G+. Thus the intermediate states in T] propa-
gate in the Coulomb field of target and those in T2 propa-
gate in the Coulomb field of positron. Since we approxi-
mate the initial-state wave function of helium as a hydro-
genic wave function the expressions for the matrix ele-
ments are quite similar except for changes in parameters
involving reduced mass, effective target charge, ZT ——1.69
and binding energy c1, ——24. 6 eV. The matrix elements
then can be evaluated as

with

TJ —(ff ~

(ZT/R —ZT/r)[1+G+(Zr/R)]
~

t(/; ),
T2= (Qf

~

(Zr/R Zr/r)[1+G—+( —1/p)]
~
P; ),

(3a)

(3b)

(3c)

lim X(G 8) dv,a a
E~O BE B

3 I dP P 'f '(P )a/,'J 2'&/,J,
k =1j=O, x,y, z, x lnG

(4)

where r and p are the position vectors of the active atomic
electron with respect to the target nucleus and the posi-
tron, respectively.

In our calculation we include all terms second order in
the potentials V;, Vf, and V„where V; = —1/p,
Vf: ZT /r, and V, =ZT /R. In principle with the three
potentials V;, Vf, and V, there are nine possible second-
order terms: V;GV;, V;GVf, V;GV„; VfGVf Vf GV;,
Vf GV„; V, GV„,V„GV;, V„GVf. However, since
(Q;

~

V;G= (f;
~

and GV/
~ QI) =

~
fJ.), five of these

terms reduce to first-order terms so that V„GV;, VfGV;,
V„GV„, and Vf GV„are the only four second-order terms.
These are the four second-order terms in Eqs. (3a) and
(3b) in the exact expression for T. The V„GV; term gives
a second-order peak in ion-atom scattering. The VfGV;
term gives a second-order singularity at 60 in ion-atom
scattering. It is these terms whose second-order singulari-
ties cancel at 45' for 1s-1s capture by positrons as first il-
lustrated by Shakeshaft and Wadehra. ' The remaining
second-order terms, V„GV„and Vf GV, , have no singular
contributions like the Thomas term. In ion-atom scatter-
ing they are generally ignored since by Wick's theorem

(c) (a)

FIG. I. Diagrams for second-order contributions for capture
by positrons. (a) represents the singular Thomas term, (b)
represents a term which is singular at 60 for heavy projectiles,
(c) and (d) represent the Coulomb distortion terms. For capture
by positrons (a) and (b) are singular at 45 and these singularities
cancel for 1s-1s capture (cf. Refs. 1 and 13).



36AND N. C. SILMCGUIREDEB, J.&084

)3/2 8 ~(U, y, , 8't)8 Z? (Z?

5/2

(6)
32?r'(»~

&

z
2, ]~[(Ki K—f ) k'])(K,. Kf&2) + '

h ted in the(4)-(6) a«ters in E ls
'

ensjona&
where al

l. 6 ~e evaluate
merical tech-

l the paramete
the one-dime~rk nf Deb «d

(5) fg/]owingtegr '
l and McGulre.; ue of Sil an

SCUDS&ONRESUITS AN&

erosdifferential l s-ated tot~i a
mic system f

have calcu a e
various atomics formation»

nctions for t
ctipns fpr ps o

The wave fu
aken to

pf encl gies.
ered here are t

wide range p
t rgets considere

e are taken
shell of

'
d the effective

for the ground

the various targ
tar et chargebe hydrogenic a

1 calcu]atjonsin acco d w
n ions, na y T

e plpt the
of twp electro

ber. In Fjg. 2whe~e Z~
tions for P

f 5OO to &O0
1 ss sec 10

ner ies fro m
ifferentia

'
angle fpr ene g

d dashed line
of scattering

DMS)»
functjon o

'
e is pur resu t

the higher en-
ke&

Kr~mer (BK
e solid line

result. At t
ureThis structur

the grinkm» .
evident nea« . E (2).

is
ture is e

T and T2in q

ergjes some
f ce betwee ' .

t 45'
ue to an in

& T changes g
. The twp

interferenc
si ned earlier,
cancel.

S demonstrat
lar termsd-Order singthe two second-or

are smooth ys in
&

arer distortion ter
is a constructive in-

second-order
0 45 there is a o

45 the in-
nse uently

nd for 6&
Conseq

and T2 an
cture of

between i .
rference struc

terference b
This inter

the en-
ce is destructive.

re rominent as
terference

'
becoming more p

the structure
ross sectipns is

t to note that t e

the cro
. It signifjcan

l tron capture

~

ases.
ak ««ec

ergy inc
Tholnas peaesponding

m arab" ' jljsion ve-by p o
The djfference is

the destructive in-
ocities, U

l t«cture due to
Mcguire

a residua s
es whereas

getting
de, amplitudf secpnd-or erterference o

ll Thomas peain the fu
. '

l cross sec iot nsat a
et a~. pbtajn

the differentia
e of target

3 shows how t e
h the increase o

Fjgure
k V varies wit

as the tar-
fixed energy

nce structure p
. Another in-

lO ke r

isa pears asThe jnter«re
ecreases.

charge.
s pr U/ZT

BK results is
increas

He the
get charge T .

;s that for
but at large

in observation
somewhat g

l is several orde o
+ Ne pur DMS

e BK resut isangles t e
ur DMS resu

se of BK in
t. However

the e&treme
er than p«as

big as tho~e
experiment

nearly t~ice as
l inaccurate ex

result is
E en a relative y

t large angles.

s backwar a
lo gives air

as well a
.

factpr of
d fpr protons

cross se
functjpn 0

ctipn y . Z and Uss sections as a
s are often use

total eros
BK pred jctipnand in this way

IO I

IO

IO

IO

IO

IO

IO

IG

IO

IO
IO

IO

IO

IO
Al D

Cg

b

I
OI4

IO

Cg

b

IO

10

I
OlO

IO

20
10

IOO ke
I xl I I

0.0 50.0

8 (degrees )

unction ou of scatteringtions as a

olid line is the presen

angle, , o
r ies fore +

ramer resuh B k Kthe an ad d shed line is t e

IO
ll-

IOl

IOl~

IO

I
OI5

0.0

e++ e

I I

IOO. O I 50.050.0

g (degrees)

a for electron
'

ns in units of m.ao o
10t fi d

FIG 3 Dift'er

from variocapture by positrons
keV.



36 POSITRONIUM FORMATION FROM He, Be, C, 0, AND Ne. . . 1085

lyze the capture data. If DMS is correct then BK total
cross section may not be as useful for positron impact as
for proton impact.

Various first-order theories, ' ' including the projec-
tile nuclear potential ZT/R, have predicted a dip in the
differential cross section near 45. This dip is due to the
cancellation between ZT/R and ZT/r [cf. Eq. (3)] which

happens to occur near 45 . We note that this dip is also
present if our second-order Coulomb distortion terms are
ignored. ' Since near 45' the cancellation of Thomas
singularities occurs and various theories seem to differ
most, experimental observation of the differential cross
section about 45 would be helpful.

The Thomas-type singularities are mass dependent.
Normally there are two peaks in the differential cross sec-
tions corresponding to two second-order singular terms.
For protons on heavy targets one peak" is at the very for-
ward angle Or =(1/M~)sin(rr/3), where Mz is the mass
of the projectile and the other peak is at 0=~/3. The
first amplitude corresponding to Fig. 1(a), corresponds to
the electron scattering from the projectile and then from
the target nucleus. The second singular amplitude corre-
sponds to the projectile scattering from the electron and
then from the nucleus. As the mass of the projectile M~
decreases somewhat Or =(1/M~ )sin60' increases some-
what. As Mz approaches the mass of the captured elec-
tron both peak moves toward 45'. Since for 1s-1s capture
the signs of the amplitudes for these two singularities are
opposite, " they cancel for capture by positrons and the
peak disappears. If the differential cross section could be
observed for relativistic positrons, then as the mass of the
positron increased two peaks would develop and move, as
the mass increased, in opposite directions away from 45 .

Figure 4 shows a comparison of our results with experi-
mental data ' in helium. Below 170 eV both our DMS
result and the BK result are much too high. This is not
surprising since both theories are based on an expansion
in ZT/v which is not small at low energies. Furthermore,
our calculation may not give correct cross sections at low
energies due to our use of the peaking approximation val-
id at high velocities, v ))1. Above 170 eV our results are

consistent with observation. ' In this experimentally
difficult region the uncertainties in observed results are
large. However, we do note that a rough fit between
E =120 and 200 eV to the data '" varies as E ', while the
theory varies as E . There is general agreement among
theorists that at asymptotically high energies the 1s-1s
cross section varies as E . In our opinion 250 eV is a
high energy for helium, i.e., v/ZT ——2.5) 1, but not quite
asymptotic. Here v is the projectile velocity in atomic
units. And cross sections for electron capture by protons
in helium do fall off much faster than E ' at these ve-
locities. If further observation confirms an E ' depen-
dence, then this result is likely to lead through to new in-
sight about capture by positrons at high velocity.

In Fig. 5 we plot the ratio o.p, /o. H of total cross sec-
tions for Ps formation in e+ + He collision to the corre-
sponding results of H-atom formation in p+He collision
as a function of v/ZT. Both our DMS result and BK re-
sult shows that Ps formation cross sections are higher
than H-atom formation cross sections at least by an order
of magnitude. Physically o.p )oH because the positron
slows down during the collision to share its kinetic energy
with the electron to conserve overall energy. The proton
does not slow down significantly since it is relatively mas-
sive. Because the capture cross section increases rapidly
as v decreases, o.p, is larger than o.H. We also note that
the geometric cross section' for Ps is four times larger
than for H. For DMS the ratio o.p, /o. H falls rapidly with
v/ZT up to about 15 and then continues to fall very slow-
ly. The corresponding BK ratio, however, rises slowly
with increasing energy. These results both indicate that
capture cross sections may not scale with projectile mass
in a simple way, i.e., independent of projectile velocity as
suggested by the results of Ma et al. ' who considered
e++H and p++(p, p). Since DMS and BK give
different energy dependences of the ratio o p /o H, observa-
tion of this energy dependence would be informative.
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FIG. 4. Total cross sections for e++He at energies up to 300
eV. Theoretical results: DMS is our present result and BK is
the Brinkman-Kramer results. Experimental data: ~, Fromme
et al. ; '7, Diana et al. ; D, Fornari et al.

FICs. 5. Ratio of the Ps formation cross section in e++He to
the H atom formation cross sections in p+He collisions. DMS
and BK are our present and Brinkman-Kramer results, respec-
tively.
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TABLE I. Total Ps formations in units of ~ao at 10 keV
from various targets. DMS is the present result and BK is the
Brinkman-Kramer result. The negative integers within the
square brackets are the powers of 10 by which the corresponding
numbers are to be multiplied.

DMS BK

He
Be
C
0
Ne

2.144[—11]
1.529[—9]
1.762[—8]
8.846[—8]
2.845[—7]

5.607[—11]
2.249[—9]
6.975[—9]
3.991[—8]
7.363[—8]

In Table I we tabulate the total positronium formation
cross sections in the DMS and BK approximations at 10
keV for targets between Z=2 and 10. The total cross
sections increases as the target charge increases. The rate
of this increase diminishes with the increase of target
charge. For example our DMS result for Be is nearly 100
times than that of He whereas DMS for Ne is nearly ten
times than that of C and nearly three times than that of
O. The corresponding BK results also increases with tar-
get charge but the rates of increase are smaller than those
of present results. In Table II we present total cross sec-
tions for positronium formation from He using DMS and
BK methods as well as corresponding results for H-
formation of Sil and McGuire (SPSM) (Ref. 21) at several
energies.

Electron capture by positrons is not so well understood
as electron capture by protons. In part this is because
capture by positron has not been studied as extensively as
capture by protons either experimentally or theoretically.
It is also true that capture by positron is simply more
complicated due to the cancellation of the Thomas-type
singularities. In studies of positronium formation, partic-
ularly differential studies, one may "look under" the
Thomas peak, i.e., consider directly the residue left after
cancellation of leading-order Thomas terms. While the
leading second-order Thomas amplitudes have been un-
derstood in terms of intermediate states of ionization,
our amplitudes appear to be more complicated, since the
singular second-order terms cancel. We note, for exam-
ple, that our T2 capture amplitude is equal to the integral
of a difference of amplitudes for ionization by electrons

and positrons weighted by the final-state momentum wave
function, i.e.,

+2 = d P TiOn Tlon f P

Knowledge of the corresponding intermediate states,
which may contain significant off-shell contribution,
may give insight into the physical origins of the difference
of ionization by positrons and electrons. It might also be
interesting to reconsider the interpretation of the Thomas
peak as a mornenturn transfer resonance when destruc-
tive interference occurs, i.e., for capture by positron s.
Again in atoms capture by positrons requires a deeper
physical understanding than capture by protons. It is
possible that capture from positronium by positrons (or
electrons) may require even deeper understanding, and it
is amusing to speculate about possible CPT violations
that might be discovered by studying differences in cap-
ture from positroniurn by electrons and positrons.

Our calculations, while complete through second Born,
still contain large uncertainties especially at the lower ve-
locities considered here. It is uncertain how much error
is introduced by the high-velocity peaking approximation
we employ. Since our codes are numerically stable at
lower velocities for positron capture than for proton cap-
ture, we have presented results in this paper at velocities
which may be somewhat low for the peaking approxima-
tion to be valid. We ignore some third-order terms which
are difficult to evaluate. It is possible that even at higher
velocities third Born terms are significant. And we have
ignored capture to excited final states. For odd AE tran-
sition (e.g. , is-2p), the interference of the two Thomas
amplitudes is constructive, and would make some contri-
bution to the differential cross section near 45'. These un-
certainties could be as large as a factor of 2 or so. Conse-
quently the spirit of this paper is to focus on general qual-
itative effects larger than a factor of 2 and to point to ob-
servable effects that may lead to a clearer understanding
of the relatively difficult problem of electron capture by
positron s.

IV. SUMMA. RY

We have presented calculation of cross section for posi-
troniurn formation from various atomic targets at high ve-
locities. Our DMS calculation includes all four possible

TABLE II. Total Ps formation cross sections from He atom in units of ~ao. DMS is the present
result and BK is the Brinkrnan-Kramer result. SPSM is the electron capture cross sections in units of
mao in proton-helium collision (Ref. 21). The negative integers are the powers of 10 by which the cor-
responding numbers are to be multiplied. ZT is defined in the text.

Positron
Energy

(eV)

300
500

1000
2000
5000

10000

v /Zp

2.78
3.59
5.07
7.17

11.37
16.05

DMS

7.936[—3]
5.633[—4]
1.265[—5]
2.484[—7]
1.238[—9]
2. 144[—11]

BK

1.233[—2]
1.134[—3]
3.146[—5]
6.722[—7]
3.354[—9]
5.607[—11]

SPSM

1.312[—4]
1.280[—5]
4. 115[—7]
1.074[—8]
6.511[—11]
1.309[—12]
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second-order terms. We include the "internuclear" po-
tential generally excluded in electron capture by heavy
particles which contributes significantly to our result for
capture by positrons. Several experimental tests are sug-
gested including studies of differential cross section, espe-
cially near 45', energy dependence of the total cross sec-
tions above 150 eV, and energy dependence of the ratios

of total cross section for capture by positrons and protons
at the same velocity.
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