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which is valid for all values of a;,a,,as,a2,a,3,a3; for which this integral converges. A large class
of integrals can be evaluated analytically by taking derivatives of I with respect to the a’s. More gen-
eral integrals whose integrands contain products of spherical harmonics can also be evaluated analyti-
cally. In particular, all of the matrix element integrals which arise in a variational calculation on the
lithium atom with Hylleraas-type basis functions can be evaluated in closed form. Certain difficult
two-electron integrals can be obtained as a limiting case. Two-center two-electron molecular in-
tegrals can be obtained via an inverse Laplace transform; this observation is used to discuss the com-
putation and convergence of series expansions for these molecular integrals.

I. INTRODUCTION

The well-known Rayleigh-Ritz variational method is
widely used for calculating energies and wave functions
for bound states of atoms and molecules. The success of
such a calculation depends on its rate of convergence.
The rate of convergence depends in turn on the ability of
the basis functions used in the variational calculation to
approximate the behavior of the exact wave function in
the neighborhood of its singularities. The most important
singularities are the cusps which occur at those points in
configuration space where two or more interparticle dis-
tances are zero.!™> Getting the two-particle cusp behavior
correct is the primary consideration in the design of better
variational trial functions; three-particle cusps and pairs of
two-particle cusps are believed to be less important. The
wave function in the neighborhood of the point where
particles i and j approach each other with no other parti-
cles close together has the form o+ | r; —r; | ¥;; where g
and ¢; are analytic functions of the Cartesian coordi-
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nates. Thus the proper two-particle cusp behavior can be
built in by using a variational trial function of the form
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where ¥, and the y,; are finite sums of products of one-
particle functions. For atoms, Slater orbitals, which make
it easy to get the electron-nucleus cusp behavior correct,
are the obvious choice for these one-particle functions.

The use of trial functions such as (1.1) is not a new
idea. An extensive discussion of (1.1) and related ideas
for getting the two-particle cusp behavior right has been
given recently by Kutzelnigg.® Unfortunately, the
widespread use of |r;—r; | correlation factors has so far
been precluded by the lack of analytic formulas for certain
of the matrix element integrals which arise. The present
paper opens the door to the practical use of trial functions
such as (1.1) by evaluating the previously intractable
three-electron integral

ny—=1 ny—1 ny—1 np—1 ny3—1 ny—1
= f’l rt e et b st expl—ayr —agry —asrs—anrpy —anryn —ayr )d rd’rd (1.2)
for all non-negative integers n,n5,n3,n12,n23,n31, where r;j:= |r;—1; | . Here a :=b means a =b by definition. This is
achieved by deriving an analytic formula for the generating integral
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The integral (1.2) is obtained from (1.3) by differentiation:
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Integrals more general than (1.2), in which the integrand of (1.2) has been multiplied by one or more factors of the form
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where the Y}, are spherical harmonics, can also be evaluated analytically.
The appearance of the three-electron integral (1.2) is not limited to atomic calculations with variational trial functions

of the form (1.1).
Hylleraas-type basis functions of the form

All of the matrix element integrals which arise in a variational calculation on the lithium atom with
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can be reduced to finite sums of integrals of the form
(1.2). The availability of an analytic formula for (1.2)
should make is possible to use basis functions like (1.5) in
variational approximations to the solutions of the inhomo-
geneous three-particle Schrodinger equations which arise
in perturbation theory. Certain difficult two-electron in-
tegrals can be obtained as limiting cases of (1.2), as is dis-
cussed in Sec. IID. The integral (1.3) is the Laplace
transform of certain two-electron two-center integrals
which appear in molecular calculations, as is discussed in
more detail in Sec. I E. Finally, of course, there is the
hope that the methods which have yielded an analytic for-
mula for (1.1) can be extended to other previously intract-
able matrix element integrals.

The initial evaluation of three-electron integrals such as
(1.2) is due to James and Coolidge,7 who were the first to
use the Hylleraas-type basis functions (1.5) on lithium.
Improvements were made by Burke,® by Larsson,” by Ho
and Page,'” and by Ho;!! in each of these papers the main
difficulty was the form (1.2). In order to make such in-
tegrals tractable, restrictions were usually placed on the
a’s and the n’s. The calculations by James and
Coolidge,” Burke,® Larsson,’ Ho and Page,'® and Ho'! all
had ap=a,;=a3;=0. Additionally, James and
Coolidge, and Burke required that only one of
ny;—1, ny3—1, and n3; —1 be nonzero at a time. The
main technique used by these authors, and extended by
others,'>~17 is expansion in terms of spherical harmonics
and/or Legendre polynomials. These approaches then ex-
ploit in varying orders: (1) coordinate system manipula-
tions, (2) relations among the spherical harmonics and
Legendre polynomials, and (3) integrations over the angu-
lar coordinates, with the result being a linear combination
of a set of standard integrals. For some combinations of
the parameters, the sum is finite. For other combinations,
it is an infinite sum that may or may not have a rapid
convergence rate. The main difficulty, though, is that
some of the standard integrals involve double and triple
integrations over the radial variables. and have linked lim-
its of integration. Because of the varying convergence
rates and the computational difficulties associated with the
standard integrals, the accuracy of the evaluations has
been limited.

An example of a different approach is presented in a
paper by Bonham.!® There are three major differences be-
tween his work and that described above. First of all, he
includes the factor (—a |, —as3r23 —a3;#3;) in the ex-
ponential. Secondly, he gets the various powers of the 7’s
by differentiation of the integral with respect to the ap-
propriate a’s, thus producing a standard integral to evalu-

aryagr, Fasryar +anry + a3 ) /2]

(1.5)

ate. Finally, he performs Fourier transformations on this
integral, of the type used in this paper, to obtain an in-
tegral whose integrand contains only rational functions.
His result, after performing the standard integrations, is a
finite sum of integrals that have no linked limits of in-
tegrations, and are, at worst, triple integrals. Although
his result has a very clean appearance, it is numerically
inefficient because different integrals have to be evaluated
for different values of the n’s.

This paper is organized as follows: Section II collects
and discusses results. Section III shows how these results
can be used for the efficient recursive evaluation of a col-
lection of integrals of the form (1.2). Derivations have
been relegated to Sec. IV. Section II has been further
subdivided as follows: Sec. IT A gives the analytic formu-
las for the generating integral (1.3). Section II B discusses
the symmetries of (1.3); Sec. II C discusses the singulari-
ties and specifies the branches of the multiple valued func-
tions which occur in the formulas of Sec. Il A. Section
IID provides an example of the branch tracking which
must be done to make sure that the correct branches of
the multiple-valued functions are chosen in particular ap-
plications. Section ITE outlines the a;— oo limit of (1.3),
which yields formulas for certain difficult two-electron in-
tegrals and provides another example of how to keep
track of the branches of the multiple-valued functions.
Section II F discusses the two-center two-electron molecu-
lar integral. The extension of the analysis to evaluate in-
tegrals whose integrands contains spherical harmonics is
outlined in Sec. II G.

II. RESULTS

This section presents the formula for the generating in-
tegral (1.3), discusses its symmetries and singularities,
shows how it is related to certain difficult two-electron in-
tegrals and to molecular two-center two-electron integrals,
and outlines the extension to more general integrals which
contain spherical harmonics.

A. A formula for the generating integral
The analytic formula for the generating integral (1.2) is
I(ahaz’abalbaz_’na}l)

1677 2 u(B(O)BOj) Y+ 2 z (kj)/o.) ,

j=1 j=0k=0

2.1
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where the functions u# and v are defined by

u (z):=Liy(z) —Liy(1/2) 2.2)
and
v(z):=1Li)[1(1—2)]—n’[1(1—2)]
—1Li[L(1+2)]+ n’[L(142)] (2.3)

with Liy(z) the dilogarithm function,!® defined by
Lix(z):= — f EMn(1—£)dE . (2.4)

The reader should be warned that the functions u and v
are multiple valued; thus the analytic formula (2.1) holds
only if the branches of u and v are chosen correctly, as is
discussed in more detail in Secs. IIC, IID, and I1E
below. The quantity o is the square root of a homogene-
ous sixth-degree polynomial in the a’s:

o:=[afadi(ai—a3—a}—af+a3;—a)
+ajadi(—ai+ai—al—ah,—as+ajd))
+ajat(—at—aj+ai+ah—al—aly)

+aladal+alahali +adadat, +adadiad;]V? . (2.5)

The y ¥’ are homogeneous third-degree polynomials in the
a’s:

N B LI I (2.6a)
Y R R LI CIN (2.6b)
P T B I C N (2.6¢)
YO O 4 p O — (2.6d)
yé)”:-———,u“ D s+l (2.6e)

D= ) ) s (2.60
p = ) — D — 8 (2.6g)
P =) — {4l — g (2.6h)
Y@= P 4P — P (2.60)
P D= — Py 4@ 2.6)
v = P +u +u (2.6K)
v = +ul —p —pf (2.61)
yi= — P+ — (2.6m)
Y= ) — i+ — 2.6m
PP =+ pP —p — (2.60)
P =+ P+ +u$ (2.6p)

where

p:=2ananas , (2.7a)
u:=a(—at+al+ad) (2.7b)

u:=as(—aj+ad+al), (2.7¢)
uP:=ap(—al+al+a3s) , (2.7d)
ul:=ay(—al+ai+ad), (2.7¢)
wiV:=2aa3003 , (2.7
u:=as(—ah+ak+ad), (2.7g)
pii=ax(—ad+ai+al) , (2.7h)
u:=az(—a3+al+al), (2.7i)
pii=as(—ah+aji+al) , 2.7)
p(22).—2a3a1a31 , (2.7k)
u:=ai(—akh+ai+al), .71
m)”:—a]z(—ag—ka%—ka%) , (2.7m)
,LLS”.—az(-—a%l—i—a%z—l—a%) , (2.7n)
u:=a;(—akh+ai+ad), (2.70)
,u(33).—2ala2a12 . (2.7p)

The B, defined by
BY:=(c—y ) /o+v ), (2.8)

depenc)i only on the ratio y¥'/o. The combinations
B(O) which appear as arguments of the function u in
(2 1) have four equivalent forms:

BB =B B =B B = BB 2.92)
Bé)O)Bé)z):B(ll)/3(13):/3(22).3(20)2323)3(31) , (2.9b)
B&O)BE)B):B(ll)B(IZ):B(ZZ)B(ZI):B(;)BEO) . (2.9¢)

B. The symmetry of the generating integral

Symmetry was a major consideration when the generat-
ing integral (1.3) was chosen as the fundamental object in
the evaluation of the class of integrals (1.2). It is ob-
vious from the definition (1.3) that the value of
I(a,a,,a3,a15,a,3,a3;) is unchanged under any permuta-
tion of the three indexes 1,2,3. What is less obvious is
that I has the permutation group on four objects as in-
variance group: If the index zero is added by replacing
ay,a,,03 by ag, 0,003, and if a;; =aj; by definition, then
the value of I(ag @gy,a03,01,a53,3;) is unchanged un-
der any permutation of the four indexes 0,1,2,3. This in-
variance is present because the nontrivial part of the in-
tegration in (1.3) is an integration over the different pos-
sible shapes of the tetrahedron whose edges are
r,,r,,r;,r—r,;, r,—r3, and r;—r;. Because the group of
permutations on the four objects 0,1,2,3 is generated by
the interchanges 0«1, 1«2, and 2«3, the fact that I is
invariant under the larger symmetry group is equivalent
to the relations
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I(agy, a0, 003,Q12,23,a31) =1(ag, 12,031,053, 0p3)
=1I(agy,ap1,q03,012,a315073)
=1I(ag,003,Q02,Q31,223,012) -

(2.10)

The relation (2.10) can be easily demonstrated from the
definition (1.3) by replacing the dummy variables ry,r,,1;
by ry0,I0,T39 and renaming the dummy variables
710:%20:%30,7 125 23,731 Via the same permutation of 0,1,2,3
as was used on the a’s. The observation that the Jacobian
9(rg1,T31,T12)/9(rg1,Tgp,Tg3) is 1, which permits replacing
the volume element d3ry d’r;1d>r; by droid rodros,
is needed to complete the proof of the equality in (2.10)
which results from the O<>1 interchange. The notation
introduced via the definitions (2.6) and (2.7) is consistent
with the above symmetry: Any permutation of the a’s in-
duced by a permutation of (0,1,2,3) induces the same per-
mutation of (0,1,2,3) on the indexes j and k of the ‘u,‘k)
ar}d) Y k) Thus a permutation of (0,1,2,3) permutes the
w!' with j=k among themselves, the u k with j=£k
among themselves, the y k) with j =k among, themselves,
the y¥ with j£k among themselves, the B 7 with j=k
among themselves, and the B P " with j#k among them-
selves. The quantity o is invariant under any permuta-
tion of 0,1,2,3. The above remarks can be used to verify
that the right-hand side of (2.1) is consistent with (2.10).
The invariance discussed above was very important in the
discovery of the formula (2.1), and should be kept in mind
by users of (2.1).

C. The singularities of the generating integral

The functions u and v which appear in the formula
(2.1) for the generating integral I are multiple valued, be-
cause the logarithms and dilogarithms which appear in
their definitions (2.2) and (2.3) are multiple valued. The
branches of ¥ and v must be chosen properly if correct
numerical values are to be obtained from (2.1). Further-
more, individual terms on the right-hand side of (2.1)
have singularities which cancel when all of the terms have
been added together to obtain I(a;,a,,as3,aq,,ass,a31).
Numerical evaluation of I at or near these singularities re-
quires that the singular u and v be transformed to forms
which permit the explicit analytic cancellation of these
singularities, as is discussed in more detail in Sec. IITF.
This subsection will specify the branches of u and v, dis-
cuss the location and cancellation of singularities, and
provide formulas for the behavior near the singular points.

The first step is the specification of branch cuts for the
multiple-valued functions. The complex logarithm has
branch points at O and at . The branch cut for the log-
arithm will be taken to run from O to « along the nega-
tive real axis, with the principal branch chosen so that its
value is given by

In(z)=In|z | +iargz, —w<argz<m. (2.11)

With this convention, the logarithm is an analytic func-
tion in the cut plane. The choice (2.11) for the complex
logarithm then determines the location of branch cuts,

and fixes the branch, for the dilogarithm and for the func-
tions u and v. The dilogarithm function Li,(z) has branch
points at 1 and oo; its branch cut then runs from 1 to
+ oo along the positive real axis. The function u(z) has
branch points at O, 1, and oo; its branch cut then runs
from O to + oo along the positive real axis. The function
v (z) has branch points at 1, — 1, and oo; its branch cuts
then run from 1 to + o along the positive real axis, and
from —1 to — « along the negative real axis. Ambigui-
ties in the value of u(z) and/or v(z) when z lies on a
branch cut must be removed by specifying whether z ap-
proaches the branch cut from the upper half-plane or the
lower half-plane. Values on the branch cuts are given by
the following formulas, in which x is real and € tends to
zero through positive values:

111(1)1 Liy(x+i€)=1m* —Liy(x )—%lnzxiiﬂ'lnx ,
€0+
x>1 (2.12)
lim u(xti€)=—Lm?42Liy(x)+ iIn’x timInx ,
e—0+
O<x <1 (2.13a)
lim u(x*ie)=1m 2__2Liy(x l)—%lnzxiriﬂ'lnx R
€e—~0+
x>1 (2.13b)
lugx vixtie)=3Li[2/(14+x)]+ l1n2[2/ (1+x)]
€—0+
—1Lip[2/(1—x)]—n’[2/(x —1)]
tlirln[(x —1)/(x +1)], x>1 (2.14a)
11151 v(xtie)=1Li[2/(1+x)]+1In’[2/(—1—x)]
€e—0+4
—1Lip[2/(1—x)]— 1In*[2/(1—x)]
FLimln[(1—x)/(—1—x)],
x<—1. (2.14b)

Equations (2.1)-(2.8), with the choices of branch de-
scribed above for u and v, give correct, unambiguous
values of I(a,a,,a3,a1,,a53,a3;) in the neighborhood of
the point a,=a,=a3=a;;=a,3=a;; =1, which will
hereafter be called the standard reference point (SRP). At
SRP, o and all ¥ ¥’/ are pure imaginary; all 8% are on
the unit circle in the complex plane. The arguments of u
and v are all well removed from the branch cuts at SRP
so that no ambiguity can arise. Either choice of branch
for the square root o gives the same numerical value for I;
the arbitrary choice o = +iV'2 at SRP will be made. The
proper choice of branch at points other than SRP is deter-
mined by keeping track of the branch along a path from
SRP to the point in question. The rest of this section
records formulas which help with this branch tracking.
Examples appear in Secs. II D and II E below.

The following formulas exhibit the behavior of u and v
in neighborhoods of their singular points. In these formu-
las, the functions with the singular point as a subscript are
analytic at the singular point, e.g., uy(z) is analytic at
z =0:
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u(z)=1In*(—2)+uo(2) , (2.153)  v(z)=1In(—z*/)n[(1+z" " /(1—z"H]+v,(2),
where (2.16e)
ug(z):=1m?+2Liy(z), z near 0 ; (2.15b)  where
u(z)=—=2Inz In(1—2z)+u,(z) , (2.15¢) v, (2):=1{Li)[2/(1+2)]—Lis[2/(1—2)]
where

+In}(14z " H—In*(1—z "1},
ul(z):=%7r2—2Liz(1-—z)—}—%lnz(—z), z near 1 ; (2.15d)

z near o . (2.16f)
u(z):—%lnz(—z)—i—uw(z) , (2.15¢)
In Eq. (2.16e), the branch with
where
Hn(—z%/4)= /2)+i( 1) (2.17a)
U, (2)i=—1r?—2Lis(z "), z near o ; (2.150 n(—z n(]z | /2)+ilargz — 37
hould be chosen for z in the upper half-plane. The
p(2)=1n}(142)/(1—2)]+v_,(2) (2.16)  poon 1 on SO PP P
where ,
dn(—z*/4)=1In( |z | /2)+i(argz +1im) (2.17b)
v_1(z):=4m —Li)[L(1+2)]—1In’[L(1-2)], : |z BT
z near —1; (2.16b)  should be chosgn for.z in the lower half—plang)./ .
The above discussion shows that the v (y}’ o) terms in
v(z)=—3I’[(1—2)/(1+2)]+v,(2) , (2.16c)  (2.1) have singularities at 0=0 and at y {'=*o0, i.e., at
(y ) —0*=0. The u(BY'BY’) terms have singularities
where at these pomts and at some, but not all, of the points
j) , . .
(2):i= — 1?4 Li)[1(1 —2)]+ 1In?[L(1+2)], where y '+ §’=0. The values of the a’s for which o is
e 2T 202 1+310; ] zero can be obtained from the definition (2.5) of o, which
znear 1 ; (2.16d)  can be rewritten in the form
J
o?=ah{add+iai’lah—ahlal+ad+ads+ad+ (@t —adi)ad—ad)]}?
—tapHaytantan)—ar+ap+an)a—an+a)
X(ay+ap—aplaj+ap+ay)(—aj+ap+aya—ap+aya +ap—as) . (2.18)

Equation (2.18), which was obtained from (2.5) by completing the square with respect to a3, can be used to find the zeros
of o regarded as a function of a3 with the other a’s held fixed. Analogs of (2.18), obtained by completing the square
with respect to any of the other a’s, can be obtained by symmetry. The values of the a’s for which the other singulari-
ties occur can be read off from the following formulas:

(VP —ol=(a+ap+ay)(—aj+ap+ay)ar+ap+an)—ay+ap+an)ay+an+ay)—as+axn+as) ,

(2.19a)
(YO —o*=(a1+an+ay)—a+an+an)a,—ap+an)a+an—an)ay+ay—az lay—ay+as), (2.19b)
(P —o?r=(a;+ap—az)la—ap+az)@r+ap+an)—ay+ap+an)as+an—as)lay—an+as) , (2.19¢)
(Y —o?=(ai+ap—az)la;—ap+ay)ay—ap+an)ay+an—ap)as+an+ay)—as+ap+as) , (2.19d)
(r6")P—o?=(a1+ar+a3)(—aj+ar+as)ar+an—an) —ay+ap+aplas—ap+ayn) —as+an+asy) , (2.19¢)
Y —ol=(a1+ay+a3)(—a;+ar+aslar+ap+an)ay—an+apnaz+an+an)as+an—as) , (2.199
P2 —o?=(a1+ar—as)a;—az+as)ar+anp+an)as—ap+an)as—an+as)(—as+ax+as) , (2.19g)
(Y2 —o?=(a1+ay—a)llaj—ar+a3)as+apn—an) —ar+an+an)az+an+ay ) as+an—as;) , (2.19h)
(Y& —o?=(a;+ar+az)a;—ar+az)la;+ap—as)(—a+an+asas+an—ay) —ay+an+as) , (2.191)
(yP)P—ol=(a1+as—a3)(—a;+ar+asla+ap+az)a—ap+an ) az+apn—an)(—as+a+as;) , (2.19j)
(¥ PP —or=(ai+ar+a3)lay—ar+as)a;+an+ayla;—an+as)as+an+anlas—an+as) , (2.19k)

(PP —o’=(a1+a—as) —aj+ar+aslla +ap—an ) —aj+ap+ayas+arn+ay)ay—a+as) , (2.191)
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(7/53))2—02=(a1+a2+a3)(a1+a2—a3)(a,—a12+a3])(—a1+a12+a31)(az—a12+a23)(—a2+a12+a23) ) (2.19m)
(Y2 —o?=(a1—ar+ a3l —a+ar )@ +an+a)a +apn—ay @y —ap+an) —ar+an+as) , (2.19n)
(Y —ol=(a;—ar+ a3l —a+ar+aa;—an+ay)(—a +ap+ayn e+ an+an)a,+ap—as) , (2.190)
(y P —o?=(ai+ar+alla+ar—as)la+an+as)a +ap—ay)@+ap+an)ar+an—an) , (2.19p)
v +re=(—ar+an+an+ N —as+an+anar+as+an+az) . (2.20a)
v +v8 =(—ai+an+an)—as+an+as)a +as+an+axy) , (2.20b)
78+ =(—ar1+an+as)(—ar+an+an)a +ar+an+as), (2.20¢)
i+ 70 =(ar—an+an)a+an—az)ar+as+an+as) , (2.20d)
Y+ =(—ai+ar+az)as+oar—as)a+ar+ay+as) , (2.20e)
Yy =(—ai+artaslay—an+an)a+ay+ap+as) , (2.200
v +rY=(a1—an+anlas—an+an)la +as+ap+ay) , (2.20g)
v+ =(a1—artas)as—an+az)a +ar+axn+as) , (2.20h)
Y +r¥ =(ai—an+aslai—ar+a3)ar+as+ap+as) , (2.201)
Y 4+r¥=(ai+an—aiar+an—anla +ar+an+as) , (2.209)
Y +ri=(artap—anlai+ay—as)a+as+anp+ay) , (2.20k)
Y +r¥=(a1+apn—as)la+ar—a3)lar+as+ap+as) . (2.20D

The singularity at o0 =0, and many of the singularities
at zeros of the right-hand sides of Egs. (2.19) and (2.20)
cancel. The only singularities for finite values of the a’s
which survive in I{a,a;,a3,a,,a,3,03;) are at

a +a,+a;=0, (2.21a)
ajt+ap+az =0, (2.21b)
ayt+ap+oa;=0, (2.21¢)
az+az;+az; =0, (2.214d)
ay+az+ap+a3=0, (2.22a)
a+ay+ap+a=0, (2.22b)
aj+a,+ary+az=0. (2.22¢)

The case in which one of the a’s tends to infinity with
the others near 1 is discussed in Sec. IIE. The fact that
all of the singularities except (2.21) and (2.22) must can-
cel can be seen from the original definition (1.3) of
I(a,as,a3,a;,as3,a31). The integral in (1.3) is an ana-
lytic function of the a’s in the interior of the set of a’s
for which it converges; it can be shown directly that the
integral in (1.3) converges at the singular points which
cancel. The fact that the singular points (2.21) and
(2.22) survive can also be seen from this point of view.
Existence of the singularity (2.21b) can be understood
from the fact that the condition a;+a,+a3 >0 is
necessary for exponential decay of the integrand as
ry, ryz, and r3; get large with r,, r;, and r,3; bounded.
Existence of the singularity (2.22c) can be understood
from the fact that the condition a;+a,+a;+az >0 is

necessary for exponential decay of the integrand as
ry, ry, ry3, and ry; get large with r;, and r; bounded.
The other singularities which survive can be understood
in similar fashion.

The behavior of I(a;,a,,as3,a;,as3,a3;) in the neigh-
borhood of the singularity (2.21a) is given by

I(ay,azas,a,as3,a31)
=327 "'In(a, +a, +a3)n( —BY)
(2.23)

The behavior of I (a,a,,a3,a5,a53,a3;) in the neighbor-
hood of the singularity (2.22¢) is given by

+(analytic function) .

Iay,az,as3,013,as3,031)
= — 327T3G'_ lln(al +a;+ary4as; )ln(BE)O)B(o}))
(2.24)

The behavior of I at the singularities (2.21b)—(2.21d) and
(2.22a)-(2.22b) can be obtained from (2.23) and (2.24) by
symmetry.

+ (analytic function) .

D. Branch tracking: An example

This subsection will track the branches of u (B '8Y)
and v(yY /o) along a path from SRP to the point
ay=a,=a3=1, ap=a;;=a3;=0, which will hereafter
be called the auxiliary reference point (ARP). Specifying
the path from SRP to ARP is the first step. Let A be a
parameter along the path. Let a;=a,=a3=1,
ap=az;=az;=A. Then SRP is at A=1, with ARP at
A=0. It is convenient to introduce auxiliary functions z,
Zy, 23, Z4, and z5 via
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2 (M) =A(8A2—3)(1—3A%)" 172
z,(A)=(2430)(1—=3A2)" 172
z3(A)=(2—=3A)(1—=3A%)" 172,
z4(A)=—A(1=32%) 172

|

zs(A)=[(1=3A)"2— 2+ 301 =3ADV 2 A1/ {[(1=3A) 2 (24 30)][(1 =323 2 =41} .

Equation (2.5)-(2.8) can be used to show that, on the
prescribed path from SRP to ARP,

vy /0 =z(A), (2.26a)
yW/o=z,(h), j=12,3 (2.26b)
yy'/o=z3(1), j=1,2,3 (2.26¢)
y@/0=z2,0), j#k, j=0,1,2,3, k=1,2,3 (2.26d)
BY'BY' =z5(A), j=1,2,3. (2.26¢)

It follows from (2.1) and (2.26) that
1(1,1,1,A,A,A) =16m°(1—3A%) /2
X [v(z1(A)+3v(z,(X)) + 3v(z3(R))
+90(z4(A))+3u(zs(A))]  (2.27)

on the path from SRP to ARP. The discussion of the
singularities of ¥ and v in Sec. II C shows that the func-
tion u and all of the functions v in (2.27) are singular at
A=1/V'3, where o is zero, and that u and v(z,), v(z;),
and v (z4) are singular at A= 1. These are the only singu-
lar points of the functions u and v on the straight-line
path along the real axis from A=1 to A=0. Because
I(1,1,1,A,A,X) does not have singularities at A=1/V"3
and at A=, the choice of path in the neighborhood of
these singularities of ¥ and v does not affect that value of
1. The following path, which avoids the singular points of
u and v by passing beneath them, will be used, where & is
a small positive real number:

h=x, 12x2%§+6 (2.28a)
A:%Me"@, _7<0<0 (2.28b)
A=x, %—62x2;+6 (2.28¢)
A=1+8e", —7<6<0 (2.28d)
A=x, 1-86>x>0 (2.28e)

This path is sketched in Fig. 1(a). With this choice of
path, the square root o is positive imaginary for
1>A>1/V3+8, and positive real for 1/V3—8>A
>++8 and for 1 —8>A>0. For 1>A>1/V348, the
branches of the function u and the functions v are chosen
the same way as at SRP. The appropriate choice of
branch for the other straight-line segments of the path is

1019

(2.25a)
(2.25b)
(2.25¢)
(2.25d)
((2.25¢)

determined by using expansions of the auxiliary functions
Z\, Z3, 23, Z4, and zs about the singular points A=1/V3
and A= to trace the behavior of the function u and the
functions v. These expansions are

2 \/Lg—kﬁe"e 1237748102
X expli(m—0)/2]14+0(8"?),  (2.29a)
z, ‘/L_S%_&ei() :(2+\/§)2—]/23——l/46-1/2
X exp[ —i(m+6)/2]+0(8'?),
(2.29b)
z3 [%—}-66’”9 =(2—V3)2 - 1/23-1/4g-112
X exp[ —i(m+80)/2]+0(8'?) ,
(2.29c¢)
24 %+56i9 o 1233410
X exp[i(m—8)/2]+0(8'?) , (2.29d)
zs %+6e”’ =1+4(V3-1)2!/231/45172

X expli (m+6)/2]40(8?)

(2.29¢)

and
z)(L+8e'%)=—1-1288%*" 1 0(8% , (2.30a)
z,(L+8e')=7+0(5) , (2.30b)
z3(1 +8e')=1+248%%1+0(8%) , (2.30c)
241 4+8e') = —1-48¢74+0(8%) , (2.30d)
z5(L4+8e)=38"le 1 0O(1) . (2.30e)

The paths followed by the z;(A), which are readily de-
duced from the definitions (2.25a)—(2.25e) and the expan-
sions (2.29a)—(2.29¢) and (2.30a)-(2.30e), are sketched in
Figs. 1(b)-1(f). The values of I(1,1,1,A,A,A) on the
remaining straight-line segments of the path, which are
deduced from Egs. (2.13a)-(2.17b) with the aid of the
sketches in Figs. 1(b)-1(f), are
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(a)
(b)
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FIG. 1. (a) The path from SRP to ARP in the complex A plane. (b) The path from SRP to ARP in the complex z, plane. (c) The
path from SRP to ARP in the complex z, plane. (d) The path from SRP to ARP in the complex z; plane. (e) The path from SRP to
ARP in the complex z, plane. (f) The path from SRP to ARP in the complex zs plane.
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I(LL1LAAA)=167(1—3A%)""2 lim {v(z,(A)+i€)+3v(z,(A)—i€)+3v(z;3(A)—i€)

e—0+

+9v(z4(A)+i€)+3ulzs(A)+i€)}, —"/1—3—82);2%4-8 , (2.31)
and
I(1,1,1,A,AA)=167(1—3A2)" 12 1ir31 { = +v(z (M) +3v(z2(A) —i€)+3v(z3(1) +i€)
e—0+
+90(z4(A))+3u(zs(A)}, +—86>A>0. (2.32)
Hence the value of I (a,a,,a3,a15,a,3,a3;) in the neighborhood of ARP is given by
3 ) 3 _
I(al,az,a3,a12,a23,a3l)=16T7T 11%] —77'2+ 2 u(ﬁé)O)BE),))"'U(YBO)/U)_F z U(('}’;’“/O’)—le)
e—0+ j=1 i=1
3 ) 303 )
+ 3 vy /o) +ia+ 3 3 vyl /o) (2.33)
j=1 j:Qkkzl
J#

The term —=? in Eq. (2.33), which is not present in (2.1), is a consequence of the fact that the path for z,(A) goes around
— 1, which is a branch point of v, % times. By tracking the branches of the functions u and v from ARP, the formula
(2.33) can be shown to be valid in the neighborhood of any point where «;, a,, and a; satisfy the triangle conditions

a1+a2—a3>0 N
al—a2+a3>0 ,

_a1+a2+a3>0 ’

(2.34a)
(2.34b)
(2.34c¢)

with aj,=a,3;=a;,=0. Values of I(1,1,1,A,A,A) along the path from SRP to ARP are listed in Table I; the smooth
change of I(1,1,1,A,A,A) as A changes confirms the consistency of the choices of branch for the functions u and v.

E. Large a;

This subsection will track the branches of u (8)'8Y’) and v(yY' /o) along a path from SRP to a point with a; large

and positive and a;, @, ap, a3, and aj
limaj_,wa%l(a],az,a3,a12,a23,a3]) evaluated.
Specifying the path is the first step. Make the definition

asgi=1({[(a1+ap+ay)—ai+ap+aymNa;—anp+an)a +ap—as;)

+[(ar+an+an)—ar+ap+an)a;—ap+anla;+an—an)] ) +(at+aj—al—al))?)?.

Equation (2.18) can be used to verify that =0 at
aA3=0j3,. For aI=a2=a12=a23=a31=1, a30=\/3.
There are three branch points on the real axis between
as;=1 and large positive a3, located at a;=a;,, at
as=a;+a,, and at aj;=a,;+asz;. It will be assumed
that a3, <a+a; <a;+as; (the case aj, <a+as
<a;+a; can be obtained via the interchange 0«»3). The
following path will be used, where 8 is a small positive
real number:

ay=x, l1<x<a;,—8 (2.36a)
ay=asz,+8exp[i(m—0)], 0<O<w (2.36b)
ay=x, a;,+6<x<a;+a,—5& (2.36¢)
as=a;+a,+dexplilr—0)], 0<O<m (2.36d)
ay=x, a;+a,+8<x<a;+a3—=> (2.36e)

all near 1.

Expansions about a;=o will be discussed, and

]1/2
(2.35)
[
ay=az+az +8expli(m—0)], 0<O<m (2.360
az;==x, a23+a31+5 <X <oo . (236g)

The square root o is then positive imaginary for
l<az<a;,—8, and positive real for a;,+8<az< oo.
The appropriate choice of branch for the other straight-
line segments of the path is determined by using
(2.6)—(2.8) to trace the behavior of the arguments of u and
v near the branch points, with the signs and relative sizes
of o and the y{*’ deduced from (2.19) and (2.20). The re-
sults are as follows.

For ajs+8<as<aj+ay;—8: y§' /o, vy /0, yi'/0,
7/(2”/0'7 ,}/(12)/0.’ 7/(22)/0,, 7/83)/0_’ ,}/33)/0, 360)/3})])’ and
BB are all greater than +1; ¥{% /0, /0,
vV 7oy Vo, v /o, v /0, v /o, and ¥$) /o are all
less than —1; BYYBY) lies between 0 and 1. The value of
I is given by
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3
1(011,0!2,6\13,0!12,0!23,0131)—1677r lim [u(BYBY +ie)+u(BY B +ie)+u (BB —ie)+v((yy /o) —i€)
e—0+
+o((y 2 /0 ) +ie)+v((yL /o) +ie)+v((yY /o) —ie)
+o((yt /o) +ie)+o((yiV /o) —ie) +ully ”/o*)—ie)—|—v((7/‘“/U)+ie)
+u(( 7/(2’/0)+i6)+u((y‘12)/0)—ie)+u( /o) —ie)+v((yP /o) +i€)
+ol(y§ /o) —ie)+v((y /o) +ie)+v (v /o) +ie)+v((yY /o)—ie)] . (2.37)

The fact that the expression (2.37) for I is real, as of course it must be, can be confirmed with the aid of (2.9), (2.13),
(2.14), and the identities

BOBYBO =8P | (2.38a)
ByBY B =B, (2.38b)
BPBYBY =pP | (2.38¢)

and
Bo BY'BY =B . (2.38d)

For a1+a2+6<a3<a23+a31—8 vo /o, v /o, v\ /o, v /o, BY'BY, and BYBY are all greater than
+1 vi/a, 7/”’/0 yPro,yPro, v /o, and y‘”/o all lie between —1 and +1; y® /0, v /0, y\V/0, v /0,
v /0, and ¥$ /o are all less than —1; BBY is negative. The value of I is given by

I(ay,as,a3,a12,Q23,031) = linol [u(BLBY +ie)+u(BYBE +ie)+u(BYBE ) +v((yP /o) —i€)
e—0+

+o((y /o) +ie)+v((yL /o) +ie)+v((yL /o) —ie)+v((yy /o) +i€)

+o((y{V/o)—ie)+uvl y(”/a)—l—u(7/“’/0)+v(('yb”/a)+ie)+v(‘y(12)/a)
+o((y2 /o) —ie)+v(y¥ /o) +v(y§ /o

+o((y? /o) +ie) +v((ys /o) +ie)+u( y“’/o)] . (2.39)
The fact that (2.39) is real can be conﬁrmed with the aid of (2.9a), (2.9b), (2.13), (2.14), and (2.38a).
For a23+a31+6<a3< w; Yo, vV /0, y(z’/a, y P70, BB, and BB are all greater than +1;

(0]/0 v, viV/0, vV /0, 7/(2}/0 Do, v /o, and v$ /o all lie between —1 and +1; v\¥ /0, y¥ /0,
/o, and ¥5) /o are all less than —1; B(O’B‘” lies between O and 1. The value of I is given by

3
I(al,ozz,oz;;,a12,0123,0131)=—1?7i lilgl [u(BLBY +ie)+u (BB +ie)+u (BB +ie)+v(yL /o) +v((y? /o) +ie€)
€e—0+4

+o((yQ /o) +ie)+v(y /) +o(y /o) +v (i /o) —ie) +v((ys /o) +i€)
+o(y§ /o) +o(y@F /o) +o((y P /o) Fie) Fol(yP /o) —ie) vy /o)
+o(y /o) +v((yP /o) +ie)+v((yP /o) +ie) vy /0)] . (2.40)

The fact that (2.40) is real can be confirmed with the aid of (2.9), (2.13), and (2.14).
The behavior for a;— + o, with the branches of u and v fixed by (2.40), will be discussed next. By using (2.15) and
(2.16) for the terms in (2.40) which have singular points at a3;= 0, it is found that

Ia,ay,a3,a1:,0:3,a31)=1(a,a,a3,a5,a3,a3)na;+1,(a,a,a3,a5,a,3,a31) , (2.41)
where the functions I; and I,, which are analytic functions of a3 ! at a3 ! =0, are given by
I(a),ay,a3,a5,003,a31)= (327 /0 )In(BY /BYV) (2.42)

and
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Iz(al,azyazyalz,azs,aal)='—12‘” lim |u ., (BB +u  (BYBF )+ [u(BY'B +ie)+imIn(BYBE ) +v_1(vy§ /o)

e—0+

)+ (¥R /o) 4o (v /o) oy /o)

v((y‘ll)/g)-ie)+%Tln(__ﬁ(ln)

v((y<21>/g)+ie)_%71n(_Btzn) 1

+o(y /o) + oy /o) + u((y§2>/a)+ze)—’T’Tm(—mz’)

v((y(zz’/o)—ie)—}—%T—ln(~[3‘22’) b (y2 /o)

+u1(y& /) +v_1 (¥ /o) v 1 (v /o) +v 1 (v§ /o)
+ Hn[(BY' B BE'BY) /adlin(BS" /Bi1)) —In(— B4 )In( —BF) ] (2.43)
The combination 35" /8{!) which appears in (2.42) has four equivalent forms:

B(Zl)/B(l”=/3(]2)//3(22)=([3);)”/3(31))-1 =(B'(32)/352))—1 . ’ (2.44)

Both I, and I, have power-series expansions in inverse powers of a; which converge up to the nearest singularity. Equa-
tions (2.19) and (2.22) can be used to show that this singularity occurs at the nearest of the eight points

a; '=(+a,ta,)”!, (tay*as) ! for I;, and at the nearest of the ten points ai'=(ta,;*ta,)”!, (ta,tay)!,
—(ay+ap+as)” !, —(a;+a;+ay;) ! for I,. The leading terms of these large a; expansions are given by
I (ay,a,,03,05,03,03)= — 128737  +O(a; ) (2.45)
and
I(ay,ayasa;,a;,a3;)= m lim (a1 +ay —aplatay—ap) +ie
Ay e—0+ (a;+as+apla+ary+ayp;)

(a1 +asz—ap)a+az—ar;)
(a14ay+apla;+a;+arn)

+imln

+v((a;+az +ie)/ap)+v((a +ay —i€)/ay,)
+v((ay+az+ie)/ap)+vl(ay+ay—ie)/ay,)

a+az—a a,+a;—a
TN B k) Bl 2+ —ap @i+ 0 . (2.46)
a;+az +ap ar+az;+a
The large a3 limit can be taken directly on the original integral (1.3) to obtain
2.2 1 3, 43 o
f(r]rzrlz)_ exp[ —(a;+aj))r; —(ay+ay)r,—aprpld rid ry= lim —Wl(al,az,a3,a12,a23,a3l) . (2.47)

Q3—>

f

An explicit formula for the integral in (2.47) can be had by starting from (2.40) and tracking the branches along
by using (2.41), (2.45), and (2.46) to evaluate the limit in the following path, where 8 is a small positive real num-
(2.47). Because the evaluation of limiting cases such as ber:

(2.47) provides a useful check on our results, we have

sketched a direct evaluation of the integral in (2.47) in a;=56"'e® 0<O<w (2.48a)
an appendix.
Information about the analytic continuation of I to the ay=x, -8 l<x<—a,—a;,—ay;—8 (2.48b)

negative real axis in the complex a3 plane, where I has a .

branch cut, will be needed for Sec. II F. This information ay=—ay—ap—ay+dexpli(r—0)], 0<O<m (2.480)
is most easily obtained by tracking the branches of u and
v to the negative real axis along paths with |a;| large.
Formulas for I just above the branch cut can be obtained (2.48d)

az3=x, —a;—ap—an+d<x< —aj—ap—a—>_
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ay=—a|—ap—ay+oexplilmr—0)], 0<O<m (2.48¢) TABLE 1. Values of I(1,1,1,A,A,A) along the path from
ARP to SRP.
az3=x, —a;—ap—0ap+8<x<—ap—az—06 (2480 A (L) A I
ay=—ay—az +8expli(mr—0)], 0<O<7 (2.48g) 0.00 4.3822x 107 0.52 1.0095 x 10?
0.02 4.0579 % 10? 0.54 9.6802 < 10
as;=x, —a23—a31+5 <x < —al—az—-S (2481’1) 0.04 37668)(102 0.56 9.2892x 10
0.06 3.5047 < 10? 0.58 8.9200 % 10
ay=—a,—a,+8explilr—0)], 0<O<m (2.481) 0.08 3.2677x 10? 0.60 8.5712x 10
0.10 3.0530% 10? 0.62 8.2412X% 10
A3=X, —0;—0)+8<xX < —ay,—8 . (2.48j) 0.12 2.8578 % 10? 0.64 7.9289 % 10
0.14 2.6799 x 10? 0.66 7.6329x 10
. . 0.16 2.5173x 10? 0.68 7.3522%x 10
Formulas for I just below the branch cut can be obtained 0.18 2.3684 % 10? 0.70 7.0858 % 10
by starting from (2.40) with € replaced by —€ (which re- 0.20 2.2317% 10? 0.72 6.8328 % 10
placement leaves I unchanged) and tracking the branches 0.22 2.1059 % 10? 0.74 6.5923% 10
along a path which is the reflection of the path (2.48) in 0.24 1.9900 % 102 0.76 6.3635% 10
the real axis [obtained by replacing i by —i in (2.48)]. 0.26 1.8829 % 102 0.78 6.1457% 10
The results are as follows. 1 o ) 0.28 1.7837x 102 0.80 5.9382x 10
For — w0 <a3< —ap—ay—>8 v/, yi'/0, y‘l ’/cr, 0.30 1.6918 % 102 0.82 5.7404 % 10
and 7/(2)/0 are all greater than +1; /o yQ/0, 032 1.6065 x 102 0.84 5.5518 X 10
Yo, v\V/o, v /o, 7/ 2 /o, y V/o, and yf’/a all lie  0.34 1.5271x 10? 0.86 5.3717x 10
between —1 and +1; " /o, ¥¥ /0, y{¥ /0, and 7/23)/0 0.36 1.4532x 102 0.88 5.1997x 10
are all less than —1; B‘O)Bm 11es between 0 and 1; BOBYY  0.38 1.3842x 107 0.90 5.0353x 10
is greater than —+1 for a;< —a,—a,—ay—8; BN 040 1.3197><10§ 0.92 4.8781x 10
lies between O and 1 for —a,—a,—ay+d<a; 042 12594107 0.94 4.7277x 10
< —ay—ay—8; 350)362) is greater than +1 for 0.44 1.2030x 102 0.96 4.5837x 10
a3 < —a;—a,—ar;—58; BB lies between 0 and 1 for 8:2 ;}gggiigz (1)(9)2 23‘:;2?;8
—a—a—a;3+8<a;< —az;—as; —58. The values of 1 0:50 1:0535>< 10 : :

above and below the branch cut are given by

lim I(al,az,a3ii6,a12,a23,a31 )=

€—

3
= 1irr(1)[u(BB°’[J’“’+,6 +u (BY'BE Fie)+u (BEBY Fie)+v (v /o)
€—>

+o(( y‘m/o)iie)w((y‘z“’/a):Lie)+v( O /o) +v(yh /o)
+o((yi" /o) Fie)+v(yy /o) tie)+o(ys /o) +v (v /o)
+o((y@ /o) kie)+v((yP /o) Fie)+v (P /o) +v (y§ /o)
+o((yP /o) Fie)+v((y¥ /o) Fie)+v(y§ /o] . (2.49)

The u (BB Fie) term in (2.49) has a branch point at a;= —a,—a; —as;; the u (BYBY Tie) term in (2.49) has a
branch point at a3= —a;—a;;—a33. Equation (2.49) gives the branch correctly on both sides of these branch points
when used with (2.15) and (2.16).
For ——azg——a31+5<a3< ay—ar,—8: vy /0, vOro, v /0, v\ /o, y¥ /0o, and ¥y /o are all greater than + 1;
yWso, v\, vy o, vR /o, v§ /o, and 7/33’/0 all lie between —1 and 1; ¥\* /o, y¥ /0, ¥ /0, and y$ /o are all

less than —1; BY'BLY, B(O)B(Z), and BB are all negative. The values of I above and below the branch cut are given by

lim 7 (a1, 000, @3 i€, @1, @23,031) = llm[u BB +u(BLBEY +u (BLBE) +v((yP /o) tie)+v((y? /o) Fie)

€e—0

+o (YD /o) Fie)+v((y QP /o) rie)+v(y /o) +v (il /o)

+o((yS /o) kie)+u((y§ /o) ie)+v (y§ /o) +v((y P /o) £ie)

+v(y(22’/0)+v(( 2 /o) tie)+v(yS /o) +u (v /o) Fie)

+o((y? /o) Fie)+v (v /o)] . (2.50)
For —aj—a,+8<as< —az,—8: vyt /o, 750’/0 v so, y\Wse, v /o, v /0, v /0, v /e, v /o, v /0,

y&'/a, and ¥y /0 are all greater than + 1; ¥ /o, ¥ /0, ¥ /0, and y% are all less than —1; B“”B(” BY'BR, and
B‘O’B{f ' all lie between 0 and 1. The value of I is given by
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Iay,a,a3,a12,003,a31)= >

1025

lirtz)[(ﬁ6°)ﬁ§)l)+ie)+u (BYBE +ie)+u (BY'BY +ie)+v((yL /o) +ie€)
€—

+o((y /o) —ie)+v((yQ /o) —ie)+v((yP /o) +i€)

+o((y§ /o) +ie)+u((y{V /o) +ie)+v (v /o) +i€)

+u((y /o) +ie)+v((yP /o) +ie)+v (v /o) +i€)

+o((yP /o) +ie)+o((y P /o) +ie)+vl((y§ /o) +i€)

+o((y /o) —ie)+v((y¥ /o) —ie)+v((y§ /o) +ie)] .

(2.51)

The fact that (2.51) is real can be confirmed with the aid of (2.9), (2.13a), (2.14a), (2.14b), and (2.38). The jump across
the branch cut which runs along the negative real axis from a3;=—« to az=—a;—a; when a;+a;<a;+as;

<ai+ap+a <a;+ap+as; is given by

6474 e_o+

The corresponding formulas for some of the other possible orderings of the branch points

lim [I(aj,az,a3+i€,ap,a0,a3)—1(ay,a,a3—i€,a1,a3,a31)]

InBY/BYY), — oo <az< —ay—ap—as

InBY /BY), —ar—an—azy<az<—aj—ap—ans
In(BY'BY), —ai—ap—an<ai<—ary—aj 2.5
In(—BY), —apn—azy<az<—a;—a;.

—Qa;—ap—asg,

—a|—a—ar3, —A3—Aas;, and —a;—a; can be obtained from (2.52) via the interchanges 1<»2 and/or 0<+3.

F. Relation to molecular matrix element integrals

The three-electron generating integral (1.3) is related to the two-electron two-center generating integral

. ) -1 3.3
L(al,az,au,a23,a31,r3).—f(r1r2r12r23r31) exp(—airi—ayr; —anpri; —anra; —anrnld nd-n

via the Laplace transform:
I(aj,ay,as3,01,023,a31)
=4 fow rsL (aj,axai;,a,a31573)
X exp(—asrsy)dry . (2.54)

The complex inversion formula for the Laplace transform
applied to (2.54) yields a formula for L:

L (a,azai,a3,a31573)

1 a+iow
T -7 explasrs)
8mrrii Ya—iw

X1 (ay,azas,apn,a,a3)das ,
(2.55)

where a is chosen to make the path of integration run to
the right of all singularities of I regarded as an analytic
function of a3 with a, a;, a, a3, and as; fixed. The
multicenter integrals which arise when Slater orbitals are
used for molecular calculations are notoriously difficult;?
Eq. (2.55) provides an alternative starting point for the
evaluation of the two-center integral L and of those in-
tegrals which can be obtained from L by taking deriva-
tives with respect to the a’s. The rest of this subsection
outlines the kind of results which can be obtained for L

(2.53)

[

by starting with (2.55).

Small r; expansion. As was shown in Sec. I1 E, I can
be written in the form (2.41) where I; and I, have
power-series expansions of the form

I(ay,az,a3,a13,023,a31)

w
=3 aaj,anap,an,asas”  (2.56a)
n=3
and
I(ay,azas,a12,a23,a31)
<  (2)
= a," (aj,axap,an,az)ay”  (2.56b)

n=2

which converge for sufficiently large a;. Deforming the
integration contour in (2.55) until it lies in the interior of
the domain of convergence of (2.56a) and (2.56b) makes it
possible to insert (2.41), (2.56a), and (2.56b) in (2.55) and
integrate term by term. The result is

L (aj,azan,as,a31;r3)=L(a,aa,a3,a31;r3)Inr;
+Li(a,aan,as,a;rs),
(2.57)

where L and L, have the power-series expansions
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0

Lilanazyan,amasz;rs)= 3 b\ (an,anan,a,a)r} where ¢ is the logarithmic derivative of the gamma func-
n=1 tion:
(2.58a)
and Y(z)=d InT'(z)/dz . (2.60)
Lylay,ayan,asaz;ry)= 3 b2 (a,ayan,an,as)ry . The series (2.58a) and (2.58b) converge for all finite 5. In
n=0 fact, the results above show that L, and L,, regarded as
(2.58b) analytic functions of r3 with ai, as, a, a»;, and aj
The coefficients brgl),br(zz) in (2.58) are related to the fixed, are entire funct.lons of( 1e)xponent(lgl)l typ.e. Numerlcgl
coefficients a.,a2) in (2.56) by values of the coefficients a, ' and a,? which appear in
] " 1,> " ’ (2.56) and (2.59) are readily computed via methods of the
by'=—a\ly/[4mn +1)1], n>1 (2.59a)  kind outlined in Sec. III following.
An alternative representation for the integral L can be
2 —a® /(41 2.59 ; P g
bg"=az"/(4m), (2.59b) obtained by deforming the integration contour in (2.55)
and until it surrounds the branch cut of I on the negative real
b =[(n +2)a,‘,1j,z+a,(,2_’+2]/[47r(n +11, n>1, axis in the complex a3 plane. Let ay be the smallest of

the four numbers «;+a, ay+4asz, o +ap+as;,
(2.59¢) a;+ap+asz;. Then

1 » . .
L(ay,azain,a,as;ry)= a2 ~exp( —aoh)fo exp( ‘Xra)llrr(l)[l(al,az,*OlO*X +i€,a13,a23,031)
Y &Y €—

—I(a,ay, —ap—x —i€,a13,a23,a31)]dx . (2.61)

Equation (2.52) gives an explicit formula for the jump across the branch cut needed in (2.61) for one ordering of the four
numbers a|+a,, a3 +azy, o +a+as3, dr+ap+asz. Formulas for some other orderings can be obtained by the in-
terchanges 12 and/or 0«3 applied to (2.52); formulas for orderings not obtainable via these interchanges can be ob-
tained via the kind of branch tracking which yielded (2.52). An asymptotic expansion of L for large r; can be obtained
from (2.61) by expanding the jump across the branch cut in (2.61) for small x and integrating term by term.?! Equation
(2.61) is also a good starting point for the evaluation of L via numerical integration.

G. Integrals which contain spherical harmonics

This subsection shows how certain more general three-electron integrals which contain spherical harmonics can be re-
duced to integrals of the form (1.2) by averaging over orientations of the coordinate system. Because products of spheri-
cal harmonics such as Y; ,n (0,8)Y), m, (0,8) can be written as a sum of spherical harmonics by using22

1/2 la Ib Ji

m, mp m

l, Iy 1
0 0 O

(21, + 1021, +1)(2] +1)
: Fin 6.0, (2.62)

4

Yla,ma(05¢)Ylb,mb(69¢):2

IL,m

it is sufficient to consider the integral
My,my, L, my,l,masn,na, 3,012,003, 031501,02,03,0012,823,A31)

Lh+ny—1 Lhtny—1 I34n3—1 n3—1 ny3—1 nyy—1
1=f"1 r2 r3 ri2 r23 r3i

Xexp(—air) —ayry —asrs —anrin—ar3—ars) Y, m (01,80Y0, m,(05,62) Y, 1 (03,63)d °rid rad 5 .
(2.63)

The integral (2.63) vanishes if the integrand has odd parity; thus it is necessary to consider only the case where
11+ 1,415 is an even integer.

Averaging over orientations of the coordinate system can be done by noting that the rotation of the coordinate system
specified by the Euler angles «,3,y results in the replacement of Y, ,,(6,¢) by Y, ,,,(6',¢") where??

/
Yim(0,¢)= 3 Y, m(60,8)Dp) (,B,7) . (2.64)
m'=—1

Here the D’s are matrix elements of the rotation operator. If (2.64) is used for each of the three spherical harmonics in
(2.63), averaging over orientations can be carried out by integrating over a 3, and y with the aid of the formula for the
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integral over the product of three D’s.>* The result is
M (ly,my,ly,my,l3,mysn ,na,n3,n12,n23,031;500,00,03,012,023,031)
L L Iz
1 ony=1 ny—1 npp—1 nyy—1 nyy—1
:lml my my f’?] Py TR R T R UG Dl rars s ra)
Xexp( —air) —ar; —asrs —apri; —arsrs —asry )d °rd nd’r (2.65)
where R is given by?’
Iy 1y 13 g s
R (1,015,057 1,r0,73,7 12,703,731 )i=r ' P )'r 5 > m, m, m, Yl,,ml(91’¢l)le,m2(62’¢2)Y[},m3(93,¢3)- (2.66)

myp.my,msy

R, which is invariant under rotations, is a polynomial in
the six variables r?, r3, r3, r$, r3;, and r%,. Thus the in-
tegral in (2.66) is a finite linear combination of integrals of
the form (1.2). Explicit expressions for the invariant poly-
nomial R can be worked out on a case-by-case basis by
exploiting its rotational invariance to choose the direction
of one of the three vectors ry,r;,r3 as the direction of the z
axis.

III. NUMERICAL EVALUATION

This section will show how the result (2.1) can be used
for the efficient recursive evaluation of a collection of in-
tegrals of the form (1.2). The obvious approach to
evaluating (1.2) would be to work out a formula for the
derivative needed in (1.4) by repeated differentiation of
(2.1) with the aid of (2.2)-(2.9). However, such formulas

k.
n 1 a 1
f(xly'XZ, "xn)g(xlyxzy""xn)
i=1 1' ax,-
1 ko Ky n o 3 ;
= 2 2 77 [ A S(x1,x2,
1] ox
1}=01,=0 1, =0 i=1" !

are given by

k
| d
fI;Il k,' [8x,-

k
f(g(xlrxb o ’xn)): 2 h(klykZ’
1=0

where
kzz k,‘
i=1
with
h(0,0,...,0;0;x1,%5, ...,x,)=1,
a |
h(kl)kZ)'--7kn;l;xl)x2y~"’xn)= II:Ilk,’ a_x'

and

"
%) e
} ‘ [][II (k;—I;)

If the function f depends on the single variable g where g is a function of the n variables x;,x,, .

for derivatives grow in complexity at a rapidly increasing
rate; thus this approach is to be avoided. Explicit formu-
las for derivatives are in fact not needed, as has been em-
phasized by Moore;*® the needed numerical values of
derivatives can be obtained by working in efficient recur-
sive fashion with numerical values only. Because these
methods deserve to be more widely known, their applica-
tion to the evaluation of (1.2) via (1.4) will be outlined

here.

A. General formulas

This subsection records formulas for the derivatives of
a product and for the derivative of a function of a func-
tion which are suitable for recursive evaluation. The
formula for the derivatives of a product of two functions
of n variables x,x,,...,x, is

ax]'

(3.1

., Xn, the derivatives

1 d'f(g)

..,k,.;l;xl,xg,...,x,,)” dg[ N 3.2)
(3.3)
(3.4)
glxp,x2, 0o .x,), (3.5)
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hky,kay oo knslsx,x, o o0, X,)
ky ok kp
22 2 2 h(ll,lz,...,l,,;m;xl,xz,...
1,=0 I,=0 1, =0

Xh(ky—1,ky—15, ...

Equation (3.1) can be recognized as the rule for con-
structing the coefficients when two power series in » vari-
ables are multiplied; the coefficients are just the Taylor
coefficients for functions of »n variables. Equations
(3.2)-(3.6) can be easily established by expanding
f(g +Ag) in powers of Ag. Equation (3.6), which is ob-
tained by multiplying the power series for (Ag)” by the
power series for (Ag) =™, is again the rule for construct-
ing the coefficients when two power series in n variables
are multiplied; thus the same computer code can be used
for (3.1) and (3.6). Equation (3.6) with m =/ —1 should
be used to calculate the coefficients 4 needed for (3.2) via
recursion on /, with starting values provided by (3.5). The
code will be more efficient if it is written to work with
Taylor coefficients rather than derivatives, because the fac-
torials will then be absent from the product code and the
function of a function code.

It is important to realize that these formulas are to be
used for the recursive calculation of numerical values, and
not for the derivation of analytic formulas. Thus (3.1)
gives numerical values of the derivatives of the product fg
assuming that numerical values of the derivatives of f and
g have already been computed; (3.2) gives numerical
values of the derivatives of f(g) assuming that numerical
values of the coefficients 4 and the derivatives d'f /dg’ are
already available.

B. Evaluation of u (z) and v (z)

For a,asas,aip,as3,a31 all real, two cases must be
considered: 0%>>0 and 0% <O0.

The case o?>0: The arguments of the dilogarithms
which appear in the definitions (2.2) and (2.3) of v and v
are real. The transformation theory for the dilogarithm
should be used to reduce the problem of evaluating these
dilogarithms to the problem of evaluating dilogarithms
whose argument lies between — 1 and 1. The identities
needed for the different ranges are

2

Liy(z) = Lij(w)+ 1lnw 1n(z2w)~fé~ , (3.72)
where w =(1—z)" ! forz < —1;

Liy(z)= —Liz(w)—%lnz(—w/z) , (3.7b)
where w =z /(z —1) for —1<z < —1;

g

Liy(z)= —Liy(w) —Inz Inw + % (3.7¢)

where w =1—zfor ; <z<1;
2
Re[Liz(z)]:Liz(w)—lnzlnw—§1nzz+%, (3.7d)

skn =Lyl —mx,x,, . ..

s Xn)

,Xn), l<m<l—1. (3.6)

where w =1—z"!for 1 <z <2; and
-
’

3 (3.7¢)

Re[Lix(z)]= — Liy(w) — LIn’z +
where w =1/z for z > 2.
In each case w will lie between — 1 and 1 if z lies in the
specified range. Li(w) can be evaluated by using the
power series

N
Li(w)= 3 n *w"+Ry(w)

n=1

(3.8)

with the value of N chosen large enough to make the er-
ror bound

[IRyw) | <(N+1D)7 21— Jw D7 Hw [V Jw | <1

(3.9

small enough to guarantee the required accuracy. Be-
cause the radius of convergence of the series (3.8) is 1, it is
rapidly convergent for w between — 1 and 1.

The case o° < 0: The argument of u is on the unit circle
in the complex plane, and the argument of v is purely
imaginary. The definitions (2.2) and (2.3) of u and v can
be brought to the forms

u(e'%)=2iCly(6) (3.10)
and
v (iy)=iCly(r+2¢) , (3.11)

where y =tan¢. Clausen’s function Cl,, which is defined
by19
c12(w)=_fo“’1n1zsin<r/2) |dt , (3.12)

can be calculated by using the identities

Ch(w)=Clhilw+27)=—ClL27—w)=—Cl)(—w)
(3.13)

to reduce the problem of evaluating the Cl, to the prob-
lem of evaluating a Cl, whose argument lies between
—2Z7 and {7. For w between — 27 and 2w, this evalua-
tion is carried out by using the series

N (_l)n*lBZnaJZn
Cli(w)=w |1—In \a) | + 2 m

n=1

together with the error bound
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2 o -1 © N +2 Because the radius of convergence of the series (3.14) is
|Rylw) | < e — , 27, it is rapidly convergent for w between —27/3 and
(2N +1)(2N +3) 27 2m 27 /3. For w between 27 /3 and 4w /3, the evaluation is

lo| <27 . (3.15 carried out by using the series

Cly(w)=( ) | —In2+ S (;1—):521(22" 1)( )"+ R, () (3.16)
rei=to=m El m2n+1y - eTT @ '
together with the error bound
2 —1 2N +2
w w
@ o 17
Ry < N TN 13) _— p— 3.17)

The series (3.16) can be derived from (3.14) with the aid of the identity Cly(w)=1+Cl;[2(w—7)]—Cly(w—7). Because
the radius of convergence of the series (3.16) is m, it is rapidly convergent for w between 27 /3 and 47 /3. The series

(3.16), rather than the series (3.14), was chosen for @ near 7 because Cly(w) has a zero at 7. The B; which appear in
(3.14)—=(3.17) are the Bernoulli numbers, defined by

z(e*~1)"'= 3 Biz*/k! . (3.18)
k=0

The reader should be warned that there are several nonequivalent definitions of the Bernoulli numbers in common use;
this can be a pitfall for the unwary.

C. Derivatives of u (z)

The case 0> 0: The following formulas, which are obtained by differentiating the definition (2.2) of u (z) with the aid
of (2.4), can be used for the numerical evaluation of the Taylor coefficients of u (z):

dulz) Ly _(1—22/2,
dz z

_l_dzu(z)_
2! gz?
1 d"u(z) 1
6z%(1—2z)

(3.19)

14z 1 du(z)
22¥(1—2z) 2z dz
d"21+42z)
dzn—Z

> (3.20)

1 d"3u(z)
(n =3 gzn—3

(n —3)?
nin —1)z%(1—z)

1 d" *ul(z)

n (n =2)[(3n —7)z —n 42]
(n =20 dzn—2

nin —1)z%1-z)

1 d" u(z)
(n—1) gzn—!

(3n —5)z —2n +3
nz(l—z)

+ , n>3. (3.21)

" [(n —1)/2]
— —iu(e'”)]=
n! den[ ] m =0

These formulas are to be used recursively, with numerical 1 d*
values of lower Taylor coefficients obtained from previous
steps used on the right-hand side of (3.21). Formula
(3.21) is derived most easily by multiplying (3.20) by
z%(1—2z) and taking n —2 derivatives with respect to z.
The case o <0: The following formulas, which are ob-

bmn[cot(6/2)) —2m 1

(3.23)
(3.24)

n>2

— 1
boo=—7,

tained by differentiating the formula (3.10) for u (e‘%) with
the aid of (3.12), can be used for the numerical evaluation
of the Taylor coefficients of —iu (e?).

A _iu(e®)]=—21n|2sin(6/2)| ,

40 (3.22)

bm,n :_[(n _Zm)bmvl,n—l
+(n —2m —2)by,n _11/(2m) . (3.25)

In formula (3.25), which is to be used with the initial con-
dition (3.24) for the recursive evaluation of the coefficients
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b, m needed for (3.23), the term (n —2m)b,, _; , _ is to
be counted as zero for m =0, and the term (n —2m
—2)b,,.n 1 i to be counted as zero for m =[(n —1)/2].

D. Derivatives of v (z)

The case o2>0: The following formulas, which can be
obtained from (2.3) and (2.4), can be used for the numeri-
cal evaluation of the Taylor coefficients of v (z).

n n—1
1dwiz _ 1 S vem;zug(n —m —1;2)

n! dz" n(l—zH" <,
(3.26)

vr(0;2)=1, (3.27)
vr(l;z)=2z , (3.28)
ve(m;z)=2zvs(m —l;zH—(l-—zz)vf(m —2;z),

m>2 (3.29)
Vga(0;2) =1, (3.30)
vgo(l;2)=2z , (3.31)
Vga(m ;2)=220g0(m — 1;2) +(1—22y(m —2;2) ,

m>2 (3.32)
vg(0,z)=In | (1—2%)/4 ]| , (3.33)
vg(m;z)=—2vg,(m;z)/m . (3.34)

The polynomials vs(m;z) and vg(m ;z), which appear in
(3.26)-(3.32) and (3.34), are related to the Chebyshev po-
lynomials of the first and second kinds T, and U, by

(3.35)
(3.36)

vp(m;2)=(2 = 1" *Up(z (2= 1)7'7)
Vga(m;2)=(22—1)" T, (z(z2—1)""/?) .

The recursion relations (3.29) and (3.32) follow directly
from the recursion relations

Un(x)=2xU, _1(x)—=Up, _,(x),
Th(x)=2xT,, (x)—T,, _2(x),

(3.37)
(3.38)

which are usually used for the computation of Chebyshev
polynomials. The recursion relations (3.29) and (3.32)
and the formula (3.26) can be shown to be numerically
stable.

The case o’<0: Formulas which are suitable for
the numerical evaluation of the Taylor coefficients of
—iv (—iz) can be obtained from (3.26)-(3.34) by replacing
z by —iz.

E. Putting it all together

The recursive evaluation of the derivatives in (1.4) can
be carried out via the following steps.

Step 1: Multiply the a’s by a (positive or negative)
power of 2 to obtain rescaled a’s which are not unreason-
ably large or unreasonably small.

Step 2: Check for singularities. Are any of the terms in
(2.1) at or near a singular point (see Sec. II C)? If so, the
procedure must be modified as outlined in Sec. III F.
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Step 3: It is convenient to store numerical values of
Taylor coefficients in one-dimensional arrays. Construct
pointers which can be used to go back and forth be-
tween the single array index and the six indexes
ny,na,n3,n12,n23,n3; which specify a particular Taylor
coefficient.

Step 4: Use analytic formulas obtained by squaring (2.5)
and differentiating the result to compute numerical values
of all needed Taylor coefficients for the Taylor expansion
of 0% about the point a,as,a3,a12,x23,31.

Step 5: Use analytic formulas obtained by differentiat-
ing (2.6) and (2.7) to compute numerical values of all
needed Taylor coefficients for the Taylor expansions of
the polynomials y%’ about the point ay,as as3,a12,a3,a31
for j =0,1,2,3 and k =0,1,2,3.

Step 6: Since the formulas used for o2 positive are
different from the formulas used for ¢? negative, the
procedure splits into two branches at this point. If o2 is
positive, use the results of step 4 and the function-of-a-
function formulas (3.2)-(3.6) with f(g)=g~'? and
g =0’ to compute numerical values of all needed Taylor
coefficients for the Taylor expansion of 1/0 about the
point a,a,,a3,a15,,3,a3. If 02 is negative, use the re-
sults of step 4 and the function-of-a-function formulas
(3.2)-(3.6) with f(g)=(—g)"'/? and g =02 to compute
numerical values of all needed Taylor coefficients for the
Taylor expansion of i /o

Step 7: If o is positive, use Egs. (2.2), (3.8), (3.9), and
(3.19)-(3.21) to compute numerical values of all needed
Taylor coefficients for the Taylor expansions of the func-
tion u at the three points BOBY j=1,2,3. Ifo?is nega-
tive, use Eqgs. (3.10), (3.13)-(3.17), and (3.22)-(3.25) to
compute numerical values of all needed Taylor coefficients
for the Taylor expansions of the function —iu(e‘?)
=2Cl,(0) at the three points 8= —i[In(BY)+In(BY)]
=2[arctan(iyy’ /o) +arctan(iyy’ /o)), j =1,2,3.

Step 8: If o is positive, use Egs. (2.3), (3.8), (3.9), and
(3.26)—(3.34) to compute numerical values of all needed
Taylor coefficients for the Taylor expansions of the func-
tion v(z) about the 16 points z =y%”/o, j=0,1,2,3,
k =0,1,2,3. If o? is negative, use Egs. (3.11), (3.13)-
(3.17), and (3.26)-(3.34) as modified by replacing z by
—iz to compute numerical values of all needed Taylor
coefficients for the Taylor expansions of the function
—iv(—iz) about the 16 points z:iy};f’/o, j=0,1,2,3,
k =0,1,2,3.

Step 9: If o is positive, use the results of steps 5 and 6
and the product rule (3.1) to compute numerical values of
all needed Taylor coefficients for the Taylor expansions of
y’/0 about the point aj,azasan,aay for j
=0,1,2,3 and k£ =0,1,2,3. If o2 is negative, use the re-
sults of steps 5 and 6 and the product rule (3.1) to com-
pute numerical values of all needed Taylor coefficients for
the Taylor expansions of iy¥ /o.

Step 10: If o2 is positive, use the results of steps 8 and 9
and the function-of-a-function formulas (3.2)-(3.6) with
f(g)=v(g) and g =y¥ /o to compute numerical values of
all needed Taylor coefficients for the Taylor expansions of
v(y¥/0) about the point «ay,as,a3,ai,d,a3 for
j=0,1,2,3 and k =0,1,2,3. If o? is negative, use the re-
sults of steps 8 and 9 and the function-of-a-function for-
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mulas (3.2)-(3.6) with f(g)=—iv(—ig) and g =iy¥ /o
to compute numerical values of all needed Taylor
coefficients for the Taylor expansions of —iv (y¥ /o).

Step 11: If o is positive, use the results of step 9 and
the function-of-a-function formulas (3.2)-(3.6) with
flg)=(1—g)/(1+4g) and g=yg’/a to compute numeri-
cal values of all needed Taylor coefficients for the Taylor
expansions of BY about the point ai,a,,as,a1z,az3,a3; for
j=0,1,2,3. If o? is negative, use the results of step 9 and
the function-of-a-function formulas (3.2)-(3.6) with
f(g)=2arctan(g) and g =y¥ /0 to compute numerical
values of all needed Taylor coefficients for the Taylor ex-
pansions of —i In(BY’)=2 arctan(iyy’ /o).

Step 12: If o2 is positive, use the results of step 11 and
the product rule (3.1) to compute numerical values of all
needed Taylor coefficients for the Taylor expansions of
BYBY’ about the point a,,as,a3,a,a3,a3; for j=1,2,3.

If 0% is negative, add the corresponding Taylor coefficients
for 2arctan( iy{,‘))/o) and 2 arctan(iyé{)/a) which were cal-
culated at step 11 to obtain numerical values of all needed
Taylor coefficients for the Taylor expansions of
—iIn(BBY ) =2[arctan(iyy’ /o) +arctan(iyy’ /o)].

Step 13: If o2 is positive, use the results of steps 7 and
12 and the function-of-a-function formulas (3.2)-(3.6)
with f(g)=u(g) and g =B 'BY to compute numerical
values of all needed Taylor coefficients for the Taylor ex-
pansions of u(BYBY) about the point aj,asas,
ap,as,asz for j=1,2,3. If o? is negative, use the re-
sults of steps 7 and 12 and the function-of-a-function for-
mulas (3.2)-(3.6) with f(g)= —iu (e®)=2Cl,(g) and

g = —i In(BYBY)=2[arctan(iy{ /o) +arctan(iyy’ /o)]

to compute numerical values of all needed Taylor
coefficients for the Taylor expansions of —iu (BY'8Y’).

TABLE II. Values of J(n,n3,n3,n12,n23,n31;a1,a2,a3,&12,a23,a31) at the standard reference point

a\=m=a3=ap=ay=a3=1.

BN
X
~
X
w
X
o
S
~
b

J

=
v

= NO = = O =~ NNWNWNWWAUNUR OO =NNNNNWRROO m~RNWO =N~
— OO0~ OO0 Om~mONMRMNRN—~LOOOOO~OmmmNmOOO~m—~00~00O0
== W N = BRWNNE=E OO~ =000 ~NWN—=LO=000NmMO =00 ~=000O0
=R NN == = m O OO0 O RN = et m OO0 == m OO0 —~00 00
i A =l NelecNooNeNoNoNoNoNoNoNo Nl WoNoNeoNoNoNoNoNeoNoNoNoNoNeNeoNeoNoNoNe NoNoNo!

4.313 608 35924732313240x 10
2.156 804 179 623 661 566 20 < 10
1.700 846212 355526 103 63 X 10
1.414 143 540752485463 30X 10
1.269 796 343 129 178 307 95 X 10
1.848 753 666 796 548 493 78 X 10
1.381285044 223778297 52x 10
1.196054211 143383 165 86 x 10
1.067 939764 43451062004 x 10
1.022076 819 868 488467 79 X 10
1.130337218 085968 834 30 < 10
2.572920829 54144551900 10
1.792270 667 926 595963 91 < 10
1.620 685263 846 488 063 36 < 10
1.438 101 395236904 542 12 10
1.181 872501 819 15945047 % 10
1.174469 611 54326621474 < 10
9.540070270498 617 896 13

1.080 310824 97025555055 10
1.350518 499 531461 58803 < 10
1.110261 509 103 32921559 % 10
8.893 556036274299 11651

4.376 590752 867 569 281 36 X 10
2.90131473901617995421 <10
2.465826 611956 565 607 76 < 10
2.224981 698 764 93532673 < 10
2.064 846 448 745239042 65 10
1.714262 898 094 924 41227 X 10
1.470 822 563 109573 87507 x 10
1.743209216 821 168 78708 X 10
1.254 289 85273849173255% 10
1.438 737 305578 736 15513 10
1.203 455464 925934917 68 X 10
1.496 299510832 397 65932 < 10
2.028 596097 857 829 534 80 < 10
1.108 619 782 943 060 525 78 X 10
1.223039963 164 42065522 10
1.439835355532810944 12 10
1.092023 747 34723894071 X 10
9.286971 180015268 093 64

=lelieleleloleNoNoReReleRo o NeoNoNe NeNeo o N NeoNoNeo NoNoNoNeNoNoNoNoNoNolo NoNoNoNole]
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Step 14: If 0% is positive, add the corresponding Taylor
coefficients for the Taylor expansions of v(y¥ /o),
j=0,1,2,3 and k =0,1,2,3 obtained at step 10 and
u (BYBY"), j =1,2,3 obtained at step 13. If o is negative,
add the corresponding Taylor coefficients for the Taylor
expansions of —iv (y¥' /o) and —iu (BYBY).

Step 15: If o2 is positive, use the results of steps 6 and
14 and the product rule (3.1) to compute numerical values
of all needed Taylor coefficients for the Taylor expansion

of the sum computed at step 14 multiplied by 1/0. If o2
is negative, use the results of steps 6 and 14 and the prod-
uct rule (3.1) to compute numerical values of all needed
Taylor coefficients for the Taylor expansion of the sum
computed at step 14 multiplied by i /o.

Step 16: Multiply the Taylor coefficients obtained at
step 15 by 167>, by the factorials needed to convert the
Taylor coefficients to derivatives, and by
— ()T AT G ere y is the scale factor

TABLE II1. Values of J(ni,n2,n3,n12,n23,n31;a1,02,03,a12,a23,a31) at the auxiliary reference point

aj=ary=a3=1, ap=a3=a3; =0.

3
3
N~
3
&
3
S
3
©
=

J

X
=

— O OO0~ mO=NOO—O = mRNO =~ NNWRNNWRAROO—~O0O—~O—~—m N~ WOOO—~—~NO~O
COO0O0O~0OON 000000~ 000—0—=0—~N—=00—~000000—~0—~—~00000—~00 00
COO0O—O0OO0O—~00O0O0O—~ON—~—0O0OWN=—=00—~0000000—~ON—~00—~0000—~0000O0O0
N WNDNNDE === A WWNNNONDNE =A== OO OON= = WENNMMMPS = OO0 =N=~OO0—=0O0O
R e e OO0 0000000000000 00==—~0000000000—~000000O0O0

4.382174 441 144904 256 32 X 10?
4.382174 441144904 256 32 X 102
5.708 767 958 017 266 102 00 X 10?
7.260097 789 286 319204 61 X 102
5.134299 987 646 648 910 33 X 10?
8.110 199736 802 551 38528 % 10?
6.614 672358 463 961 637 43X 102
1.204 780 633933 56127504 % 10°
9.922 008 537 695 942 456 15 10?
1.747012 312 662 465 058 98 x 10°
9.415 182909 903 472 716 64 X 10?
6.841134 118426299118 36 10°
1.826 714 954 848 235 598 82 x 10°
1.181 061 790 129 579 501 23 x 10°
1.047 323 123423 460 592 59 % 10°
1.212 689932 385059 633 53 10°
2.241 806 586 686 905 851 06 X 10°
1.540289 996 293 994 673 10x 10°
3.574 813512644218 63598 103
1.488 301 280 654 391 368 42X 10°
1.984 401707 539 18849123 10°
2.630054 872 257 844 588 82 10°
5.654 481570724 335948 68 X 10°
2.413796 152 62522720259 % 10°
1.867 086 769 631 596 603 73 % 10°
1.368226 823 685259 823 67 x 10°
5.745062 179200 062 564 21 X 10°
2.697977 235696 121 183 34 10°
2.517250314 19322984536 10}
1.690 416 269 385 234 640 68 X 103
2.076272 156 962299 069 53 X 103
3.123 595280 385 759 662 12X 103
6.452 065068 563902253 75% 10°
3.900 864 887 089 675 738 18 x 10°
3.097 909 564 467 857 114 42 % 10°
3.045920 848 828 253 809 75 % 10°
8.275 566 545 764 150426 21 x 10°
4.897 747 984 337010963 47 < 10°
1.379097 380008 742231 51 x 10*
3.472 702988 193 579 859 65 % 10°
2.976 602 561 308 782 736 85 10°
5.953205 122 617 565473 69 % 10°
2.480 502 134 423 985 61404 % 10°
4.795 637 459 886 372 187 14 10°
6.882 149 691 876 199 454 70 10°
4.102 542081 784 495 891 09 X 10°
9.425908 110811 14533334 103
8.504 405 304 091 791 989 25 % 10°
3.968 803 415078 376982 46 < 10°

e NeNeNoNoNoNoNeNeoNeoNoNoNeoNeNeoNoNeoNoNoNoNoNeoloNeNeNoNeNeoloNeNoNeoNoNeoNeNoNoNeNoloNeNolNoNeNo ol ool
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by which the a’s were multiplied at step 1. The result is
the collection of integrals J defined in Eq. (1.2).

The steps outlined above have been programmed in
FORTRAN 77. Some numerical results obtained by run-
ning this program on an IBM 3081 are presented in
Tables II and III, which list results for the integrals J at
the standard reference point (SRP) and at the auxiliary
reference point (ARP). Because these are points of high
symmetry, all derivatives through the fifth order at SRP,
and all derivatives through the fourth order at ARP, can
be obtained from these tabulated results by permutation
of the a’s.

The FORTRAN program was checked by comparison
with the numerical results given by Ho and Page.!° The
results at SRP and at ARP presented in Tables II and III
have been checked by computing Taylor series at a se-
quence of points along a line connecting the point
ar=a,=4.72, a3=5.72, ap=a,3;=a3 =0, at which
agreement with Ho and Page was obtained, to ARP, and
along a line connecting ARP to SRP. The Taylor series
at each point was used to compute values of
I(ay,as,a3,a12,az3,a31) and all of its derivatives through
third order at the next point. Because the signs of all
derivatives are known, rigorous remainder bounds for the
truncated Taylor series could be computed; values ob-
tained from the program were found without exception to
lie between the upper and lower bounds obtained from the
truncated Taylor series about an adjacent point. All of
the results listed in Tables II and III were obtained by
running in quadruple precision (about 30 significant di-
gits) and rounding to the number of digits shown. At
ARP (Table III), a comparison of these quadruple pre-
cision results with the corresponding calculations in dou-
ble precision showed a loss of one significant digit in the
worst case; thus there is no problem with numerical sta-
bility at ARP. Such a comparison at SRP (Table II)
showed a loss of four significant digits in the worst case;
thus there is a mild problem with numerical stability at
SRP. In both cases, the tabulated results should be accu-
rate to the number of significant digits shown.

The question of numerical stability for the computa-
tional procedure outlined above has not yet been explored
in any systematic way. The formulas which are clearly
stable at ARP, and mildly unstable at SRP, could turn
out to be severely unstable at some other point of interest.
However, the many identities known for the dilogarithm
function, together with identities such as (2.9a)—(2.9¢),
(2.19a2)-(2.19p), and (2.20a)-(2.201), should make it possi-
|

16a’

Iay,as,a3,a1;,03,a31)=
i=1

+ 23: é [—In|y¥ [ In(=BY)+v., (v /0)]

j=0 k=0

ble to find alternate formulas for use at points where nu-
merical stability problems are encountered. Section III F
shows how this can be done at and near points where in-
dividual terms u (8'8Y) and v (y¥ /o) in (2.1) are singu-
lar. In any event, the numerical stability at ARP shows
clearly that the Taylor series methods advocated in this
section should not themselves be a source of numerical in-
stability.

The amount of computer time required to evaluate a
given collection of integrals J(n;,n,,n;3,n,ny3,n3;;
Qay,ay,a3,Q12,073,a3;) is determined primarily by the time
required to compute derivatives of products, which is pro-
portional to the square of the number of derivatives need-
ed, and by the time required to compute derivatives of
functions of functions, which is proportional to the square
of the number of derivatives needed multiplied by the or-
der of the highest derivatives. Thus the efficiency of the
entire program depends primarily on the code which mul-
tiplies two Taylor series. This code, and the storage for
the Taylor series coefficients, should be constructed to
make this multiplication as efficient as possible. In some
cases where two or more of the parameters a are equal,
the efficiency of the computation can be improved by us-
ing symmetry to eliminate unnecessary duplication of
effort.

F. Modifications near singularities

Individual terms u (B8§'BY") and v(y¥ /o) in (2.1) can
be singular at points where their sum is not singular, as
was pointed out in Sec. II C. Numerical evaluation at or
near such cancelling singularities requires that the cancel-
lations be performed analytically before the numerical
evaluation is carried out; this prevents the excessive
round off error which would otherwise occur at step 13 of
Sec. IITE due to near-cancellation between almost equal
large positive and negative terms. Since the discussion of
this section is meant to be illustrative rather than exhaus-
tive, only two cases will be considered: the points
a3=a3,+6 and az;=a;+a,—8 on the path (2.36) from
SRP to a3= 0.

As a; approaches ai,, all ¥ /o approach « and all
BBy’ approach + 1. Thus it is appropriate to use
(2.15¢), (2.15d), (2.16e), (2.16f), and (2.17) for u and v,
with branches specified by (2.37). Combining the singular
pieces from (2.15c) and (2.16e) with the aid of (2.9) and
(2.38) yields

3
3 [1n2(BY'BY") —2 In(BY'BYIn | (1—BYL'BY) /o | —2Lix(1—BLBYN]

(3.39)

By Taylor expanding the BY in powers of o, it is easy to verify that each term in the curly bracket { } in (3.39) vanishes
linearly with o as 0 —0; such Taylor expansions should be used for the numerical evaluation of (3.39) when o is very

close to zero.

As a3 approaches a|+a,, v /o, ¥ /0, y$ /o, and y§ /o all approach + 1, ¥4/0 and ¥y /o approach — 1, and
"'B5" approaches 0. Thus it is appropriate to use (2.15a), (2.15b), (2.16a), (2.16b), (2.16c), and (2.16d) for the singular u
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and v, with branches specified by (2.37).
(2.9) and (2.38) yields

llm [u (BB +ie)—

e—0*t

I(ay,az,a3,a1;,a23,031) =

—im In(BL'BE) + uol

+ Lim In(

+o((yY /o) +i€)+ Limn(—B) +v((

+ imin(—

+o((y{"/0)

+o_ 1 (y§ /) +o(( 7(2)/U)+l€)+ i In(

(2)

+ui(yi

=B +v((y /o) +i€)+ LimIn(—

B +v((yd! /o) +i€)+ LimIn(—
—i€)+ Limin(

/o) +v((yP /o) —

AND ROBERT NYDEN HILL

Combining the singular pieces from (2.15a), (2.16a), and (2.16¢) with the aid of

i In(BEBY) +u (BB +ie)
OB + v (v /o) —ie)
)
v /a)—ie)
6")
=B +v1(v§ /o)
—B®)
_B®)

i€)+ timln(

+o_1 (¥ /o) 401 (v /o) +o (¥ /o) +i€)

+ 4imIn(

+v1(y‘3’/a)+lln(

+1In(—

—BP) +v((y¥ /o) +i€)+ LimIn(

—ﬁ(23))
—BIn(BB)
&O)B(O) %lﬂ( _3(10) )n(

—B1 . (3.40)

The combining of terms at the other cancelling singularities is similar to the combining which yields (3.40).

Iv.

This section will derive the results recorded in Sec. II by using a Fourier integral representation of r

bring the generating integral (1.3) to the form

Iay,aza3,02,a3,031)=

X [a3+(ki—kz)*]} ~

Angular integrations over the directions of ki, k,, and k3
are carried out first. Contour integration is then used to
integrate over the magnitudes k;,k,,k; of the vectors
ki,k;,k; and complete the job. The following derivations
assume that all the a’s are real and non-negative; analytic
continuation can be used to extend the result (2.1) to a
larger domain.

A. Fourier transformation, coordinates, and notation

The form (4.1) is obtained from (1.3) by using the
Fourier integral representation

exp(—ik-r) 4k

-1
r'ex (—ar)—-——— 4.2)
p 2 f K+l
for riz'exp(—ayaryy), for rilexp(—asry;), and for
riilexp(—asi73;). The expression (4.1) is then obtained

by integrating over ry, r, and r; with the aid of the for-
mula

cilky,ky;ar):=(at+k3+k})/(2k k3)

calks,kyzan):=(a3+k3+k3)/(2k3k,) ,

DERIVATION OF RESULTS

~lexp(—ar) to

f d’kid*kad k3 { (kT +ads) (k3 +ad)(k3 +ah)at+ (ko —k3)?)[a3+ (ks —k;)?]

4.1)

f r ~lexp(—ar +ik-r)d’r=4r/(k*+a?) . (4.3)

The integrations over ky, ky, and k3 in (4.1) are done by
using spherical polar coordinates, with the k; direction
chosen as the z axis for the k, and k; integrations, and
with the angle ¢3 replaced by ¢ =¢3 —¢,. Then

d 3k1d3k2d 3k3 =sin91d61d¢1d¢zsin9;2d912

X §in@3,d 03,d pk idk  k3dk,kdk s (4.4)

and
c0s0,3=cosf,cos03; +sinb,sinf3;cosd , (4.5)
where 6;; is the angle between k; and k;. With these

coordinates, the integrand in (4.1) is independent of 6y, ¢,
and ¢,, so that these coordinates can be integrated im-
mediately to obtain 812,

Make the definitions

(4.6a)
(4.6b)
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c3lkykysas):=(ai+ki+k3)/(2k1k,) , e
1 pn__d¢
Y | 4.7
D(6]2;931acl) T f cl——008623 ( )
7 D (6012,631;¢1)sin63,d 63,
| _ | (4.8)
E(B13;¢1,¢2) fo ¢2—cosB3;
~E(813;¢1,¢4)s5in0,d 6,
_ ’ 4.9
F(cy,c3,¢3) fo c3—cosby; N
» dk,
G(al,az,a3,023§k2’k3):=2f —— 5 Fleilky,k3;an),calks, kisaz),c3(ky, kasas)) , (4.10)
0 ki+as
and
H(a17a2ya3ya23,a317 =2 f - (al’a21a37a23;k2’k3) ’ i
0 k2 +aj
where cos6,; in (4.7) is given by (4.5). Then
I(al,az’a3,a12,a23,a3] =2 f H(al,az,a3,a23,asl,k3) . (4.12)
0 k3+a 12

The integrations will now be performed in the order
¢7631,612,k1’k27k3~

B. Integration over ¢

The result
D (6,3,0315¢1)
=2 sgn(c, )(cos20;,+ cos?03; — 2¢,cos0,,c0803;

+ci—1)"172 (4.13)

can be obtained by applying the integration formula

f217 d¢ - 27
0 a+bcos¢ a[l—(b/a)?]'?

to the definition (4.7) with a =c; —cosf,cos03; and
b = —sin63sinf3,. The condition |a | > |b |, which is
necessary for the validity of (4.14), can be estabhshed by
using k3+k3—2|kyks| =(|ky| — |k3|)*>0 to show
that | ¢y | > 1 holds for a;0. The positive square root is
to be taken in (4.13); sgn(c;) is + 1 or —1 as ¢; is posi-
tive or negative.

(4.14)

C. Integration over 63

The result

cicy —cosOp, +y!?
E(Olz;cl,cz):2y‘1/zln 12 12 71/2 ) (415)
0162—005012—’}/
with
7/=c052912—2clczcos91z+c%+c%-1 , (4.16)
can be obtained by using the indefinite integral formula
dx 1 2y X))V —(Bx +2y)
172 5,172 172 ’ 4.17)
xX 2y 20y X)) “4+(Bx +2y)

[

where X =x2+8x +7, to evaluate (4.8). Formula (4.17)
is applied with x =cosf3;—c, and B=2(c;—c;cos6;).
Keeping track of the branch of the logarithm in (4.17) re-
quires a knowledge of the signs of the quantities which
appear. These signs can be established as follows. The
argument given in Sec. IV B to show that |¢; | > 1 can be
repeated to show that |c;| >1 holds for a,0. It fol-
lows that x has the same sign as —c; on the entire path of
integration. Equation (4.16) can be rearranged to

y=(|ci| —|ea|*+[2]cica| —1—sgn(cic;)cosb:;]

X [1—sgn(cicy)cosb12] , (4.18)

which shows that ¥ >0 as a consequence of |c; | >1 and
|c2| >1. The deﬁmtlons of B and ¥ can be used to ob-
tain 82— 4y = —4(c? — 1)sin;,, which shows that

B*—4y <0 .

Formula (4.19) implies that X >0. The easily established
identity

[2(‘}/X 1/2

(4.19)

(Bx +29) ][22y X))V 2+ (Bx +2y)]

=(4y —pB*)x?  (4.20)
combined with (4.19) now shows that the argument of the
logarithm in (4.17) is non-negative on the entire path of
integration.

The result of applying (4.17) with integration limits
X1 <X <x; where

xp=—1—c, (4.21a)

and
xy:=1—c, (4.21b)

can be simplified to the form (4.15) with the aid of the
identities
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172
20y X 1) +Bx 1 +2y Flci,ep,03)=4 ; . d¢ .
=2(c;—1)"[c1c2—cos812—y 2sgn(c)] 1 &+ 2(cica—cné+(ci—1)e3—1)
2
><[c1—czcos912+y‘/zsgn(cl)] , (4.22a) X1In Z—ZL ] (4.28)
2y X)) — By — (c1—1Dlez—1)
e ——1)_‘[c ¢1—cosBiat v sgn(en)] Thgre are two candidates ‘§1a and &, for the lower limit
2 162 121y Usgnic) £1in (4.28), and two candidates §,, and §;, for the upper
X[ —c1+cacos012+y " *sgnlc)] , (4.22b)  limit §;. These are
2(7X2)1/2+Bx2+27’ Sla=—(c;—1)c2—1), (4.29a)
=2(Cz+I)VI[C1C2—C05612+V‘/25gn(01)] Siw=—(c1+1)c+1), (4.29b)
X[e1—cac0801,+ 7 sgnley)] (4.22¢) Gra=—(c1—1)c2+1), (4.29¢)
27 X)) —Bx, —2y Gop=— C1+1)(C2-—1) (4.29d)
_1 12 The values of ¥!/? which correspond to these four values
=2ea+ 1) [e1c2—cosOi —y Tsgnlcy)] of ¢ are obtained from (4.27). In an obvious notation they
X[ —c14crc08812+7 " %sgnlcy)] . (4.224)  are
vid?=ci+cz, (4.30a)
In the identities (4.22), X; stands for X evaluated at x;. 12
All square roots are non-negative, so that X172 vib'=—(c1+c2), (4.30b)
= |c; | +sgnlc)cosB;; and X312 = |c; | —sgnlc,)coshs. 1/2 ci—cs) 4.30
The logarithm in (4.15) is to be taken on the principal V2 (e1=e2 4-30¢)
branch [specified by (2.11)]. Since the logarithm is on the vif=ci—c, . (4.30d)

principal branch, the result (4.15) is independent of the
branch chosen for the square root y!/2.

D. Integration over 02

The result
Fley,ca,03)=—4s " v((14ci+ca+c¢3)/s)
+v((14cy—cy—c3)/s)
+v((1—cy+cy—c3)/s)
+v((1—cy—cy+c3)/s)], (4.23)
with
si=(ci+c3+c3—2cice5—1)172 (4.24)

and v defined by (2.3), can be obtained via a rationalizing
substitution and certain formulas obeyed by the diloga-
rithm function. The rationalizing substitution changes the
dummy integration variable from 6, to § via

The obvious way to choose between §;, and §;, and be-
tween §», and &, is to make the choice which keeps y” 2
positive on the entire path of integration. This is awk-
ward because the signs of 11/, yif?, yi{% and y1{? de-
pend on the signs and relative magnitudes of ¢; and c;.
Fortunately these choices do not matter; the change of
variables

8= D3 —1)/¢ (4.31)
can be used to show that
fgib di
Sia §2—+—2(C16‘2—C3)§+(C%—1)(0%—1)
2
X 1n AT—Q—Z—— =0 (4.32)
(c1—1)cz—1)
for i =1,2. Under the change (4.31), the integrand of

(4.32) is carried into itself while the path from &, to §; is
carried into the same path traversed in the opposite direc-
tion from §;; to §;,,. This shows that the integral on the
left-hand side of (4.32) equals its negative, and hence must
be zero. Thus either £, or {15 can be used for {;, and ei-
ther §,, or &y, for &, without changing the numerical
value of F as given by (4.28). The partial fraction decom-
position
[242(cica—c3)E+ (et —1)ci—1)]7!
=(2s)""[( §+clcz—03—s)
—(E+ciea—ci+s)1] (4.33)
and the integration formula
1 1

ela +b&,) ela +b8)

E=—cic; +cos912+y”2 (4.25)
which implies that
cosOp=cica+(28) " [E2+ (et —1)cd—1)] (4.26)
and '
2=(20) 7' —(ci—D(ci—1)]. 4.27)
Using the result (4.15) and the substitution (4.25)—(4.27)
in the definition (4.9) of F yields
J
f;z (@ +b&)nlc +e§)d§=%ln be ~% |in Z :ng

] (4.34)

T b 12 ae —bc ae —bc
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can be used with §1=¢§,, §2=¢§2, to evaluate the integral in (4.28) and obtain the result

(ca+1)c3—1) 14+ci+ca+c3+s
(ca—1)c3+1) (ci1+1)cy+1)

Cci1€r—C3—S

cicr—C3+S

2 12

4
F(cy,¢3,¢3)=— |4In
1,€2,C3 sl (ci1+1)cp+1)

: [ I4ci4cr4c3—s
2

—1l—ci+cy+c3+s
(ci+1)c—1)

+Li, —Li, (4.35)

(c1+1)c—1)

—1—ci4+cy+c3—s }

The integration formula (4.34) can be verified by differentiating with respect to the upper limit §, and using the definition
(2.4) of the dilogarithm to show that

dLiyz)/dz = —z " 'In(1—z) . (4.36)
The result (4.35) for F can be brought to the form (4.23) with the aid of the identities
Lij(z) — Ligw) = | 258 | 4y [ZW=Z22W | g (W =2 ) g kﬁ
zZ—Ww zZ—w 1—z 1—w
i |2 | | +In +in(1—2) +In(1—w) | , .37)
1—w zZ—w —
Liy(z)+Liy[ —z /(1—2z)]+ 1In*(1—2)=0, (4.38)
(1+ci+ecr+c3—s)cica—c3—s)=—(ci+1)c+ 1)1 —cy—cy+c3+5), (4.39)
(14ci+ca+e3)?—s2=2(c;+1)c, +1)c3+1) . (4.40)

The dilogarithm identities (4.37) and (4.38) can be established by differentiation: The derivatives with respect to z of the
two sides of (4.37) can be shown to be equal with the aid of (4.36). The derivatives with respect to w of the two sides of
(4.37) can be proven equal in similar fashion. Hence the two sides of (4.37) can differ by at most a constant. By setting
z=2uw, taking a limit as w—0, and using Li,(0)=0 and v(—3)= —v(3), it can be shown that this constant is zero. A
similar argument establishes (4.38). The identities (4.39) and (4.40) follow from the definition (4.24) of s. The identity
(4.37) is used with

w=(14ci+cr+c3+s)/[(ci+ Dilca+1)]

and

z=(14ci+cr4+c3—s)/[(ci+)c+1)],
and the expression z (1 —w)/(z —w) simplified with the aid of (4.39), to obtain

| 1+ci+cr+c3+s .| 14+ci4c2+c3—s
—Li, +Li,
(c1+1)ca+1) (ci1+1)cp+1)
cic;—C3—5
=—v((1+ci+cr+c3)/s)—v((1—cy—cy+c3)/s)—Li, s ]——%ln2 lL
c1c—C3+S ci1c—C3+S
1. | C1€2—C3—S I+ci+cates+s I+cit+crtes—s
+4n |[—————— n n
cica—C3+sS 2s —2s
C1€Cr—C3—S ci1Cy—C3+sS
+In |———F——— _— . ;
(cl+1)(cz+1)] "+ Diea+ D ] @40

Replacing ¢, and c¢; in (4.41) by —c; and —c3 yields

—1l—ci4cr+c3+s
(ci1+1)cy—1)

Li, —Li,

—l—ci4+cr+c3—s5
(c1+1)c—1)

=—v((14+ci—cy—c3)/s)—v((1—cy+cy—c3)/s)—Li,
pofemzez [
Cc1€y—C3+S

+1In

CiCp—C3—S
cicy—C3+S

—2s
—e = gy’
CiCr—C3—S§

l14+ci—cy—c3+s
2s

+ln ‘ l+ci—cy—c3—s ’
—2s

CiCr—C3—S§

_ 1
it De—D |T™

(4.42)

cicr,—Cc3+sS
(c1+1)c2—1) '
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The identity (4.38) is used with z =2s/(cicy—c3—s) to
obtain

2 ] . I —2s ]
—_— +L12 —_—
ci1c—cC3+S 1€ —C3—S

Ci1Cy—C3—S§

Li,

+1In? =0. (4.43)
ciCp—cC3+S

Adding (4.41), (4.42), and (4.43) and simplifying the result
with the aid of (4.40) yields the identity needed to bring
(4.35) to the form (4.23). The branches of the multiple-
valued logarithms and dilogarithms which appear in the
manipulations described above can be kept track of by do-
ing the calculations for cy,c;,c3 all large compared to 1;
in this limit F(ci,cp,c3)=8/(cicyc3), as can be seen
directly by neglecting the cosines in the denominators of
(4.7)-(4.9). The result (4.23) can then be extended to a
wider domain via analytic continuation.

The fact that F(cy,c3,c3) is invariant under any permu-

tation of 1,2,3 is obvious from (4.23) and (4.24), which
also show that
F(—cy,—c3,c3)=F(cy,—c3,—cC3)
=F(—cy,¢2,—c3)
=F(cy,ca,c3) . (4.44)

The property (4.44) implies that F(c,c;,c3) is even in ky,
k,, and k3 when the ¢; are given by (4.6). The fact that
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v(—z)=—v(z), which is obvious from (2.3), shows that
(4.23) is independent of the branch chosen for the square
root s when the branch for v(z) is chosen as described in
Sec. IIC.

E. Additional notation

In order to clarify the relationship of the final result
(2.1) for the generating integral I to the results for the in-
termediate integrals F, G, and H defined by Eqgs.
(4.9)—(4.11), it is convenient to introduce the following
notation. The symbols o, v, uf,, BY, stand, respec-

tively, for the quantities o,yy, uy’, BY defined by
(2.5)—(2.8)  evaluated at alz—-—zk3, az;y=—iky,
a3 = —ik,. The symbols og, ygk’ ka BY stand, re-
spectively, for the quantities o, v, f BU) evaluated at
a=—iks, ay = —ik,. The syrnbols aH, y',{,),( 1%),3 B
stand, respectively, for the quantities o, y', u}, B¢ eval
uated at g1,= —ik3. With this notation, op— —prFos and

1$% =u%ci when the i are given by (4.6), so that the re-

sult (4.23) for F can be written in the equivalent form

F(ci(ky,k3;aq),c2(ks, ki;az),c3(k,kaza3))

F. Integration over k;

The result
G(a,aza3,a3;Kk2,k3)
with F defined by

o . ) 1 BY)
Flay,ayaski,ky,ky)=34uQor '[u (BR/BR)+u(

=man'[Flci(ky,ky;ar),caks, ki;az),c3(ki,ka;03))+ Flay,az,as;ky,ka,ks)

(I)B(O)

=4uQor' |—v (¥ /or) + z v(y® /o)
k=1
(4.45)
Veymiayy »  (4.46)
(B(l) B(O) (B(l) B(O) ] , (4.47)

can be obtained via complex integration. The combinations B /B2 and BB which appear as arguments of the func-

tion u in Eq. (4.47) have four equivalent forms:
B /B0 =pib /B0 =B /8P =B /B
BB =Bt B =B B =BYBY ,
(D /B0 — BLIBY — gPBY =B /B¢
BV /BY =B BY =B /B =BFBY .

(4.48a)
(4.48b)
(4.48c¢)
(4.48d)

The derivation of (4.46) and (4.47) begins by using the fact that the function F in the integrand of (4.10) is even in k;.

Thus (4.10) can be replaced by
© dk 1

G(a,aza3,a3;k,k3)=
- k1+t123

The function F is analytic in k; except for branch points at k; ==+k,*ia; and at k; =tk *ia,.
the neighborhood of these branch points can be deduced from (4.6),

F(Cl(kz,k3,a1) C2(k3,k1,a2) C3(k1,k2,a3)) .

(4.49)

The behavior of F in
(4.24), (4.35), and the fact that F(c;,c3,c3) is invari-

ant under any permutation of 1,2,3. The dilogarithm (Li,) terms in (4.35) are not singular at c3 ==%1; only the logarithm

term is singular at c3==*1.

Hence the behavior of F at the k; = +k,*ia; branch points is given by
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(kl—kz—ia3)(k1—kz +ia3)
(ky+ky—iasz)k,+k,+ias)

CiCrp—C3—S§

c1Cr—C3+S

F(Cl(kZakS;al),CZ(k3yk1;a2);c3(k1,k2;a3)):%ln

+analytic function, k; near tk,tias, (4.50)

with the understanding that the c; are given by (4.6). The behavior of F at the k| =tk;*ia,; branch points is obtained
by interchanging 2 and 3 in (4.50). It follows that the branch cuts associated with these branch points can be taken to
connect —k,+ias to ky+iasz and —k;+ias to k3+ia, in the upper half-plane, and to connect —k, —iaj to k, —ias
and —k3—ia; to k3 —ia; in the lower half-plane. These branch points, and the poles at k| = tia,;, are the only singu-
larities of the integrand in (4.49). Thus the integration contour can be closed over the upper half-plane to obtain G as the
sum of three terms: a contribution G,3 from the pole at k| =ia,3, a contribution G, from the branch cut which runs
from —kj;+ia; to k3 +iay, and a contribution G3 from the branch cut which run from —k, +ia; to k, +ias. Explicit-

ly

Glaj,as,a3,03;ky,k3)=G3+G2+Gs 4.51)
where
G23=‘aw—F(Cl(kz,k3;a1),C2(k3,k1;(12),03(](1,/(2;(13))1(1:ia23 ’ (4.52)
23
ky+i dk c3C1—Cy—S
Gy=—dmi [T L 1Tt (4.53)
ks +ia (k1+a33)s €3C1—C2+S
ky+i dk cicy—C3—S
Gy=—dami [0 - 20 (4.54)
—ky+iay (k3 +ad;)s ci1Cy—C3+S

The jump across the branch cut needed for (4.54) is obtained from (4.50); (4.53) is obtained from (4.54) by interchanging
2 and 3. It can now be seen that the first (F) term in (4.46) comes from G,3. The second (F) term will come from
G,+Gs.

G3 will now be computed via a rationalizing substitution and certain formulas obeyed by the dilogarithm function.
The rationalizing substitution changes the dummy integration variable from &, to 7 via

n=aiki+a%)+or, (4.55)

which implies that

ki=—a3+(n*—0&)/[2a,(n—B)] (4.56)
and

or=(n"—29B +0¢)/[2(n—B)], (4.57)
where

B =la2ad+al—ad—ad)+Ltar[(al+ai—ad)ki+(al—ad+adki] . (4.58)

Using (4.55)—(4.58) in (4.54) yields

(2) (B + (3))( + (3))( + (3))
Gy=8mksky [7%, T In Too AT Yol AT ye: (4.59)
Y61 n°—0g (B +7dD)m—y B+

Remark: The integrand in (4.59) is invariant under the transformatxon n—n'" —(Bn 0(; )/(n—B). This transforma-
tion carries the lower limit —y@] into —y&, the upper limit y&} into —y @3, k} into k3, and o into —or. Thus the
limits —y¢| and y# could be replaced by —y% and —y 3 if desired; this is just the fact that either branch of the
square root could be chosen for s and op. This transformation appears to show that the integrand in (4.59) integrated
from —y @ to —y & is zero. This conclusion is, however, not correct because the image under the transformation of the
original path from —y@ to —y% is not the original path (traversed in the opposite direction), and cannot be deformed
to coincide with the original path without crossing singular points of the integrand.

The integral (4.59) can be evaluated by performing a partial fraction decomposition of (p*—o%)

tegration formula (4.34). The result is

—! and using the in-
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(2))2 Q) 2) 2) 2)
o6 —(ré) 06 —YGl 0Gg+VYaéi oGg+Y g
—1 3)n(3 . . . G G3 . G G3
Gy=4wky,k;og " |In —(’)/(_2)—)? In(BGIBE) +Li, '—“—“—(3—) —Li, T —Li, ) 1y ]
3 06 —Yc6o e GO 06—Y6o 06 t+Y6o
(2) 2) 2) 2
. | 96 =761 . |06 +VYaéi . | 06+Yé3 . |oc—7é
—Li; g | TLL |y [ | — L )
06 —YGli 06 +7YG1 0G—YGl1 06 +761
(2) 2) 2 2
. |96 —YaG1 . |og+vE . U'G"‘?/(G}) . 06—7’(63)
+Li; ay |~ L2 oy |~ L 3 | TLi 3)
oGc+vYaé2 06G—YaG2 oc+Yaé2 0G—YG2
(2) 2) (2) (2)
. | 96—Vl . | 06+7YaGi . | 06+Yés . | 0G—YG3
—Lip |———7 | +Lis |———; | +Li Gy | —Liz 3) (4.60)
0G—YG3 06+7Ya3 06 —YG3 06 +VY63

o 14x C1=x|_ 1—x)(1+y) | L
Li, Tty i Ty |~ 00 —y) vix)+v(y=Lie)
Flimln[(1— |y | “H/(1+ |y | “H1+1In[(y =D/ + DIn[(p?—1)/(1—x)],
x| <1, |y|>1, e>0", (4.61)
. 1+x 1—x (1—x)(1+ytie) ey 2 5
— _ 4+ 11 _ _
el ‘1—y¢ze (I4x)(1—y Fie) |0 HoWEgimin[1—y5/(1=x7]

+1n[(1=p) /(1 4+ In[(1—p?)/(1—x2)], |x| <1, |y]|<l, e>0", (4.62)

and (2.28d). The identities (4.61) and (4.62), in which it is assumed that x and y are real, can be established by
differentiation. The branches of the multiple-valued functions can be kept track of by keeping aj,a;,a3 all near 1 with
a3, k2, and kj all near 0. o¢ is then near 1, 7/81’, y &, v8, v& are near 0, and }/8&, v3, v&, 7/03 are near 2. Identlty
(4.61) is applied with x = —7’61/06, y=—v3/og, with x =y@/06, y = —YGO/UG, with x —‘}/ /o6, y=vd/oa,
and with x = —y&/0¢, y = =y3/og. Identlty (4.62) is applied w1th x = —7’61/00, y=—v3l/og, with x =v&/og,
y= —’}/GI/O'G, with x —yGl/aG, y= ——7/(;2/0(;, and with x = —y & H/oG, y= —v@ /0. The logarithm terms can be
shown to cancel with the aid of (2.28d). The result is

Gy =4mkk30G ' (—u (BGo/Bé) —u (BGBEY +u (BGBEY) +u (BG3/BE)
+u (BGHBED —u (BGIBE) —u (BG1/BEY) +u (BS1/BE)

A consistent choice of branch at a; =a2—a3—1 ary=k,=k3=0 can be had by giving small positive imaginary parts to
(3)

)+u
)+u ). (4.63)

y@! and to y@} when they appear in 8| and B@}. The arguments of the functions u which appear in (4.64) each have
four equxvalent forms, provided by the identities (4.48) for the first four, and by the identities

B /B =BYBY = BB = B0 /B8 .62

BB =B /By =By B =B /Bt (4.64b)

BR /B =5 /B =B /8P =BY /8% (4.64c¢)

BV /B =BO /a0 =) /8P =B /85 (4.64d)

for the last four.

The verification of identities such as (2.9), (2.38), (4.48), and (4.64) from the definitions (2.5)—(2.8) becomes tedious
very quickly. Fortunately there is an easier way. The definitions (2.5)—(2.8) are used to show that B85'BY =8%'8%,
which is the second equality in (2.9a). Interchanging O and 1 then yields the first equality in (2.9a); interchanging 2 and
3 yields the third equality in (2.9a). With (2.9a) verified, (2.9b) can be obtained from (2.9a) by interchanging 1 and 2;
(2.9¢) can be obtained from (2.9a) by interchanging 1 and 3. Formula (4.48a) can be obtained from (2.9a) by replacing a;
and a3, respectively, by —a; and —aj;. Formula (4.48b) is (2.9a). Formula (4.48c) can be obtained from (2.9a) by re-
placing a;; by —aj;. Formula (4.48d) can be obtained from (2.9a) by replacing a3; by —a3;. Formulas (4.64a)—(4.64d)
can be obtained from (4.48a)—(4.48d) by replacing a; by —a;,. Formula (2.38a) follows from the first equalities in (4.64b)
and (4.64c). Finally, (2.38b)-(2.38d) follow from (2.38a) by symmetry.

A formula for G, analogous to (4.64) can be obtained from (4.64) by interchanging 2 and 3. This formula is
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G, =47k k305 ' [—u (BE/B)—u (BEBE) +u (BE oB‘”)Jru(B‘” e
+u (BEBE) —u (BEBEY) —u (BE/BE)+u (BE/BED] 4.65)

The identities (4.48) and the relation u (z)= —u (z ~!) can be used to show that the first four terms add and the last four
terms cancel when (4.63) and (4.65) are added to form G,+Gj3;. Comparing the result with (4.47) and using the
definition (2.7a) of u{®’ then shows that

G, +Gy=man'Flaj,ayasiaky,k;) . (4.66)

The result (4.46) now follows from (4.51), (4.52), and (4.66). _
Extended remark: An alternative route to the result (4.46) begins with the observation that F(a,a;,a3;k,k,,k3) is
an odd function of k. This implies that (4.49) can be replaced by

G(al,az,a3,a23,k2, foc [F(C](kz,k:g,d]) Cz(k3,k1,(12) C3(k1,k2,a3 )+F al,az,ag,kl,kz, )] . (467)

It can be shown that the sum F + F has no singularities in the upper half-plane. Hence a pole at k| =i, is the only
singularity of the integrand of (4.67) in the upper half-plane. The result (4.46) then follows from closing the contour over
the upper half-plane and extracting the residue at k; =ia;3. This route to (4.46) can, of course, only be used after the
function F has been obtained.

G. Integration over k»

The result
H (a,as,a3,a23,a31;k3) = 1672k 30 5 ' [ —u (BR4BHS) — u (BROBAS) +u (B /BH)

+u (BFs/BRN—v (Y@ /o u)—v (Y §h /ou)—v (gl /ou)—v (Y /o )] (4.68)
can be obtained via complex integration. The arguments of the functions u which appear in (4.68) each have four
equivalent forms, as can be seen from (2.9a), (2.9b), (4.48), and

B2 /B0 =BLBY =B /8P =BBLY . (4.69)

The identity (4.69) can be obtained from (2.9b) by replacing a;; by —a .
The derivation of (4.68) begins by using the fact that the function G in the integrand of (4.11) is even in k,. Thus
(4.11) can be replaced by

o de

mG(ahaz,aa,azs;kz,ks) . (4.70)
—< ki+as

H(a,az,a3,az3,031;k3)=

The function G is analytic in k, except for branch points at k,=i(asz+a,;), at k,=tk3*ia;, and at
k,=*xki*i(a,+a3). The most obvious route to follow in evaluating (4.70) is the one used to compute G in Sec. IVF.
H can be written as the sum of a term from the pole at k, =ia3; plus contributions from the jumps across the branch
cuts of G in the upper half-plane. Unfortunately this approach fails; the branch cut jumps associated with the branch
points at k, =*k3+i(a;+a3) lead to intractable integrals.

The method which succeeds is based on the extended remark at the end of Sec. IVF. A function
Glay,asas,a:3;k2,k3) is sought which is odd in k, and which has the property that G +G has no singularities in the
upper half-plane. Then (4.70) can be replaced by

. dky

[G(alra2’a3’a23:k2’k3)+G(alya2)a3ra23’k27k3)] . (471)
—« k3+ai)

H(ay,0;,a3,az3,031;k3)=

The integral (4.71) can be evaluated by closing the contour over the upper half-plane and extracting the residue at
ky =iasz;. The result is

. —1 . ~ .
H(ay,og,a3,a0,a3;;k3)=masz [G(a,azasz,a;ias,ks)+Gla,azas,axssias;,ks)] . (4.72)

The difficult part of this method is finding G and verifying that it has the desired properties. The symmetry of the prob-
lem makes this task much easier. Because only the integration over k; remains to be done once H has been obtained, H
is invariant under interchange of 1 and 2 and under interchange of 0 and 3. This invariance indicates what functions
should be considered when searching for G. The required G is
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Glay,azas,a;ka,k3) =81k k306 [ —u (BEBE) —2u (BEBED) +u (B /BH)
+2u (BH/BI) +u (B /B —u (B /BY)
—v(y§/o6)—v(yl/og)—v(y@/og)+v(y$/oc)
—20(ydl/oc)—20(y$/o6)] . 4.73)

The result (4.68) follows from (2.7a), (4.45)—(4.47), (4.72), and (4.73).

H. Integration over k3

The result (2.1) for I is also obtained via complex integration. The derivation of (2.1) begins by using the fact that the
function H in the integrand of (4.12) is even in k3. Thus (4.12) can be replaced by

o dk3

—— 5 Hlanazas,a,a31;k3) . (4.74)
-« ki+al,

I(ay,azasa;,a3,a31)=

The function H is analytic in k3 except for branch points at k;=ti(a;+as), at k3==xi(a,+az), at
ky==xi(a;+a3z+as;), and at k3==ti(a,+as3+aj3;). Thus I could be written as the sum of a term from the pole at
k3=ia;, plus contributions from the jumps across the branch cuts of H in the upper half-plane. Unfortunately this ap-
proach fails just as it did in Sec. IV G; the branch cut jumps associated with the branch points at k3 =i(a;+a3+ay;3)
and at k3 =i  (a;+a3+as;) lead to intractable mtegrals This difficulty is circumvented in the same way as in Sec. IVG.
A function H(ay,as,a3,a23,a31;k3) is sought which is odd in k3 and which has the property that H + H has no singular-
ities in the upper half-plane. Then (4.74) can be replaced by

© dk3

— 5 [H( ap,aas,an,as;ky)+Ha,a,as,ax,a33k3)] (4.75)
—= ki+ah

I(ay,az,a3,az,a23,031)=

which is evaluated by extracting the residue at k3 =ia, to obtain
I(aj,azas,a,a,a3)=man' [H(a,a,as,a3,a35ia12) + Ha,az,a3,a3,a35ia13)] . (4.76)

The hard part is finding H. Again symmetry comes to the rescue; I is invariant under the permutation group on the four
indexes 0,1,2,3 as was discussed in d~etai] in Sec. II B. This invariance indicates what functions should be considered
when searching for H. The required H is

H(ay,az,as,a2,a3;k3)=16m%kso g | —u (BB —u (BRABED) —2u (BRBIY)
—u (BYY /B —u (B /B —v (v /o i)

3
—v(y@/og)—v(yRd/on)—v(y@i/on E [v(y§}/og)+v(vd) /on)]

(4.77)

The result (2.1) follows from (4.68), (4.76), and (4.77).
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APPENDIX: DIRECT EVALUATION OF A LIMITING CASE
This Appendix will sketch a direct evaluation of the integral K (B81,5,,312) defined by
K (BuBuBr)= [ (rir¥ri)~"expl —Biri —Bors —Burinld ridr; . (A1)

Equation (2.47) shows how K can be obtained as a limiting case of the integral I. To facilitate comparison with (2.47),
the evaluation will be carried out for B, near + 1 and B,B; both near + 2. If rp; exp( —PB12r12) is represented by the
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Fourier integral (4.2), the integration over r, and r, can be carried out, followed by integration over the direction of k.
The result is

w Bi+ik +ik
K (B1,B2,B12)=—87 [ k2 : b l . (A2)

In
0 +[3l2 ‘Bl—ik B.—ik

In (A2) the branch of the logarithm which makes the logarithm zero when k=0 is to be chosen. Branch cuts for the log-
arithms run from +if3; to +io and from +if3; to +iw in the upper half-plane, and from —iB; to —iw and from
—if; to —i o in the lower half-plane. With this choice of branch, the integrand in (A2) is an even function of k, so that
the integral in (A2) can be replaced by half of the same integrand integrated from — « to «. The integration contour
can then be closed in the upper half-plane to obtain

K (B1,B2,812) =K 12(B1,B2,B12) + K 1(B1,82,812) + K2(B1,B82,812) , (A3)

where K, is the contribution from the pole at k =if3|;, K, is the contribution from the jump across the branch cut
which runs from +if3; to +i, and K, is the contribution from the jump across the branch cut which runs from +if3,
to +ic. Itis convenient to separate the branch cuts and the pole by assuming 3> 3, > 31> and adding +i€ to 3; and
—ie€ to B,. Then it is found that

47? Bi1—B1.2 Ba—Bi2
K12(B1,B, )=——In 1 (A4)
12(BuPzbrz B2 Bi1+B12 ] " l.32+.312 ]
Ekm+K1(B1+i€,Bz—i€,Blz) —8m’ f [In(B1—Ba+y)—In(B1+Bo+y) —im][(Br1+y)* —B] !
472 | . B2—B . B2+4B12 . | B2—Bu
S} ) - S ) LAt B S
B2 "2 ‘ Bi+B12 "2 k B1—Bn e Bi—B1, }
Ba+Bi Bi1+B12
—Li 7 In AS
" Bi+Bn J 117 [ﬂl B2 ” (A3)
Ehm+Kz(Bl+l€,Bz—16,B12)— — 872 f (In[B—Bi+y | —In(Bi+B+)[(Ba+y)*—Bh] !
—8im’ [(Bz+,\’ 312]
47? . B1+B12 . Bi—Bu . | Ba—B12
AT, 2P —L
B |~ 2| BB || BotBu ] 2 131—/312 '
. | B2+Bi2 Ba+B12 B2—Bi B1+B12
Li, | =——— |+ iIn? | =——= | —1In? min (A6)
Tt Bi+B12 " {BH—Bu ’ Bi—Bn {51—-312 H
The integrations in (AS5) and (A6) have been performed with the aid of (4.34) and the dilogarithm identity
Liz(—z“‘)z—Liz(—z)—%lnz(z)—ﬂ—:— . (A7)

The result for K which is obtained by inserting (A4)-(A6) in (A3) is not immediately comparable with the result ob-
tained from (2.47), but can be transformed into it with the aid of dilogarithm identities. Equation (A7) and the identity

2
Liy(z)+ Li)(1—z)= —Inz 1n(1—z)+f6— (A8)

can be used to show that

!in})[v((ﬁ’+ie)/ﬁ1z)+v((B—ie)/Bu)]=—2Li2 (A9)

B+B12 B+Bi2

B—Bz }—llnz kﬁ—ﬁ'lz l“*'lﬂ'z

holds for 8> 3;,. Identities (A7), (A8), and
Liy(zw)=Liy(z)+ Liy(w) —Liy[z (1 —w) /(1 —zw)] — Lis[w (1 —2) /(1 —zw)] —In[(1 —z) /(1 —zw) ]In[(1 —w) /(1 —zw) ](A 10)
with z =(B,—B12)/(B1+B12) and w =(B,—B12)/(B2+B12) can be used to show that
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lim (BI_BIZ)(BZ~/312)+i6 timln (B1—Bn)(Br—P12)
e—0+ (B1+B12)(B2+B12) (B1+B12)(B2+B12)
—Li, —%{% +Li, —%—ig—ii—]ﬁulnz ‘%J—gl 2[—%:—21‘2}
st e

Identities (A9) and (A11) can be used to show that the result for the integral K obtained from (2.41) and (2.45)-(2.47)

agrees with the result obtained from (A3)-(A6).
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